CHAPTER I1

LITERATURE REVIEW -io\Y.
<

2.1 Schrodinger Equation i

A wave equation which can describe the covert-like b r of quantygh particle in
the theory of non-relativistic quantum mechanics is :$rbdin er ti'(')(‘,xm’ oudas,
2007; Hamdi et al., 2009; Phillips et al., 2003). Tt ¢ of Schro8nge uation in
quantum mechanics is analogous to that of New ¢

Both described motion. Newton’s second%‘s a Wiff o

describes how classical particle moves, chro er @%ation is a partial
differential which describes how wave tion re\v? %antum particles ebbs
and flows. In addition both were po& arf) tes by@eriment (Phillips et al.,
2003; Tang 2005). \

WA
As a prelude to Schrodinger Equadon m@ tfan also be used to describe waves
of various shapes and s@e l@ go @ details of all waves-types, except

classi mechanics.

nti ‘%quation which
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maybe the traveling Ns gxd }:J‘ (ﬁ_%&husmdal waves. The traveling wave is
the most attractiv tra'g? itl (déﬁnite wavelength A and period 7 or
equivalently def ave n il k N7 and angular frequency @ = 2= (Phillips et

NV
al., 2003) ca\ resented by ma atical function

E1) = Acos(kx —wt)

By

(280)
Where A 15 constant = Amplitude
27

7 s apenod=
1)



[ 1s time.
This function w(x,7) moves with amplitude 4 and period 2% .
Furthermore, these undulation move increasing x with velocity #. For example in
equation (2.1.1), the maximum of w(x,1) corresponding to kx—wt =0, c?s*when
x=9 and the minimum corresponding to kx—wr=7 occurs position
x =4%+%1in all the two cases, the position moves with velocity %mportant to

note in the circle of sinusoidal traveling waves is the linear su crpowition; this is the

general traveling wave with wave number & and frequency o oy y
V/(x,l):Acos(kx—a)l)+Bsin(/Q‘—a)l) \412.1.2)
| g
A and B are arbitrary constant. ' ‘i")
We will also not go into the detail of this ling er 1 due\, the scope
constrain of this work. However, it is imporfant z n in @classwal and

quantum Physics, traveling waves are repr, % yc exét;entlal function of

the form A
- \T &
w(x,t)=Ae'™™ d;~ (2.1.3)
In classical Physics use of real part coMpq@tlal 1s necessary, whereas

in quantum Physics the use of gor e nuthber’ |no aoptlon (Phillips et al., 2003;
French & Tailor, 1978). In th%sequem uﬂsqp we shall see how Schrodinger

equation is derived throug an@ and e function.
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It has already bee% agh i thet?fst person to develop a wave theory for the

behavior of elec

2.1.1 Derivation of 1 oni

as Louis- v1ct ierre, Raymond 7" duc de Broglie, usually

shortened as,

In his Pl

roglie (Schiesser & Griffith, 2009; Phillips et al., 2003; Tang, 2005).
IS postulated that, the wavelength of any matter obeyed the relationship
h is Planck’s constant and p is the momentum. Though de Broglie
approach has solve some simple problems, but the theory did not adequately shade

light on the behavior of an electron when subjected to different types of external

potential field, this led to Erwin Schrédinger to investigate alternatives and ultimately



to derive a wave function solution to describe the electron that, crucially conserved

energy (Schiesser & Griffith, 2009).

The Hamiltonian of an electron with mass 7, momentum p, and coordinate d on
by a conservative force is other way called the total energy of the s usually
represented by symbol H is the sum of Kinetic energy (KE) and Poterfjal edergy (PE)

of the system as in Newtonian mechanics (Tang, 2005; Schiesser riflith, 2009) is

also given by V
i : !

H(]J,q)=E+V(q) \d(,?.].].])
g

2
)
Where u is the KE, 7(q) is the PE and H(p,q) rep@he }0 | eflerg
2m &.

It then follows from the Hamiltonian’s equati [ Mot ion of electron

be given as \%

o) QR 1 - § : )
— =4(t);— =—p(t
o ~I05 =P e 7
Where p and q are vectors, p(r) @1 ) af c 0
Now taking the derivative fro%ation {?J
)

1
q(1) = P p(); p(r) —& (2.1.1.3)

T
A consequence of H@niin’s’%aﬁog‘?f motion is that we obtain directly the

principle of “Con n o}

Cahergy’” THW we have
e

A\ &
H(q(1), p% onstant thereby h’ving

j{é&), p(1)=0,V1 (2.1.1.4)

2.1.2 Wave function

The solution of the Schrédinger equation can be written as



10

u(x,0) > u(x,0) = > g e @27

=1 n=]

Where a, is the wave function?
k, is the wave number /

o, 1s the frequency n (7/s) %\

x 1s the position and

1 is the time

The above equation (2.1.2.1) was an assumption by Schrodinge great insight that
&e finction chosen as

the motion of an electron can be describe in an appropri

above. But from Planck-Einstein relation, we have th Kﬂu , also from
L ]

de Broglie relation k = 2% = i » we will obtain (1%2003) | ‘6‘3'

u(x,1) = Zzamewm/n Eyt/h) Y.
c%’ P

2.1.3 Derivation of Schridinger equatjon,

’\
I\)

..-q
/)
"o

As we stated earlier, in classical wave 51sﬁhe al P 1cs solution energies as

real part of complex quantity, bu\ uant cha&f?s we do not impose this

condition. If we adopt any of w'quat (2 1.2.2) as essential form of
a;w’

the wave function for free p ntum and energy traveling in a

particular direction, (trox 1on t 1 after &terentlatmg twice with respect to x

and differentiating onc h eé)b
o'y 4 Q
—V*—k Ae t// Ny RERY
Q, $
Recall that, p = zzs C,w
~

5

‘ ol A U 23l 3.2
Reca@

E=ho= L, then,
2m

Combining equation (2.1.3.1) and (2.1.3.2) we arrive at,
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Oy -2mE  —i2m oy
5 3 = A
ox h h ot

(2.1.3.3)

For a general case, that is, when the total energy includes a potential energy term, we

put
P’ =2m(E~V) =% C\SL)
It

This embodies the fact that (familiar from classical mechanics) a& ¢ of some

definite total energy £ has momentum P that changes from one another as a
result of spatial variation of PE, V (French & Tailor, 1978). 4gr giantum case, we

have therefore; T
2 .
Py ZME by MOV 2m '
ox~ h° h ot h o
N

These can be written in to two different forms ofeq@, | ‘i")
—h* o'y 4 v

o VW =Ey N Y\'J (2.1.3.5)
@ a \Tw 8
v S

_}‘-2 2
—]al//+V(//:ih

2.1.3.6
2m ox? ot O ( )

\I A
The two immediate equations abov. esgl ti &forms of Schrédinger
equation in one dimension. Equa 'oeg.l.l

known as Time independent Schniei

s n clude time explicitly, is
it @vide basis for analyzing the
}l%}ng)' Equation (2.1.3.5) is not

our concern either, but equigion 12.]3 ost k§dised when dealing with problems

such as actual motion o ‘é@l
of discussion in this w%

l #

| , ’?ZJ >

The Schroding ation, SCh ab,]\,YZOO7) and French & Tailor (1978) have
{c%

- stationary state of atomic sy

(9]

properties th them to be morh)referred over all other possibilities:

. T%/e properties of linearity, so that if y, and ¥, are specific solutions to

one ofthcSNwequations, then, any linear combination of them is a solutions to one of
the same equation. This property of superposition is one of the basic properties of

waves.
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o The solutions are perfectly suited to the interpretation of y as a probability
amplitude
. Finally there is all the accumulated evidence that the Schrodinger equation’s
work; they provide the basis for correct analysis of all kinds of molecular, ¥ and
nuclear systems. What ever questionable features there may be in the N of their
formulation are swept away in evidence of their manifest success. &%

To set this discussion in order and clear, for mathematical co ence equation

(2.1.3.6) can also be written as, V

_du(x,t)  —h? 3tu(x, ) Y'
f‘:“\_*_ _,‘,[ V_, 2]37
. ot 2m  ox? M A % l ( )

Let Vix)= — q]u]z and let also normalize # and 2m to u:ﬁty, henfwe s \v%obtain

the preceding normalized nonlinear or cubic Sc inger edqu

Griffith, 2009) that is Jv \ ﬁ

2 A2
i@ e lj - qu[u‘z =0 & (2.1.3.8)
o 2m ox’ \ O
In equation (2.1.3.8), the term Mzre ts tl1e\t$b' @density of the wave
. : ] i .
function. This means that the pro ol elecypoff b@? in a state defined by

u(x,r)is given by p(x,l)zu*Y}
conjugate of u (p(x,¢) should r% onfi

Griffith, 2009). The norma wn CopdIQlY | hat the probability is given by;

hlre J‘p(x,l)dx% () N | O
=l Ly
That is the probabi &Pele}l ji @\ted some where within the domain under
£l

consideration ¢ N
QO

2.1.4 So u% Schridinger equation by Computer Approach
aye s?

aQ

We h in the presiding section how analytical mathematical methods can leads

to solution” of Schrédinger equation. However, in the current or contemporary

research, almost all the manipulation of Schrodinger equation is done numerically
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using computer but not analytically. This is because, the solution of differential

equations constitutes an entire discipline of mathematics.

In contrast to analytical methods, the computer solution procedure
dimensional potentials can be standardized. Therefore some professio l use
computer methods for all problems where accurate wave function or 1 values

res that solve

of energy are required, even for those special cases for which analytj al solutions exist
(French & Tailor, 1978). Now, we shall discuss some relevant llter;:

this Schrédinger equation using numerous computational approQg f their choices.

As far back as 1970, the numerical analysis has bee to olut1on of

Schrédinger equation by Canosa & Oliva (1970)Rasically, C 1(,sa @Y.Ohva

approximated the potential in the one-dimensiona rodn},e e atlov-by a step
function with a finite number of steps. They t hg nt Ig'm terms of

circular hyperbolic functions. The resulfy 161 Wia quapio has constant

coefficient. They then matched the solutlon\ e_interfagk of 6@1 layer in order to

construct the eigenfunctions in the :1%0111:11 g 1 @d out that the unique

features of the numerical method w (a)All't slg@nctlons and eigenvalues

are obtained with the same abs [ the ne number of steps in the

Q%.elge ;f la@entuncnons are obtained in
one single pass without ang ne mtla@esses for the eigenvalues (c) for
any number of steps in \ntl th obt

spectrum of eigenval N efeantfu (ln ough they stated the simplicity of its
p 'l plicity

potential; (b) any desired n
in the principle the whole infinite

application as on s a dl of the method, but also admitted that,
there is need f I veme‘ﬁt ferror analysis, which according to them, is

a question t

1d not yet explox@ly

Ster% yave a brief analysis on the various methods for computing radial wave

functi nd scattering phase shift of short-range local interactions and presented a
numerical result for a static electron-hydrogen potential. He then found that, a

quadrature solution of integral equation is highly competitive in terms of accuracy
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especially at very low energies where it has superior numerical stability over

differential equation methods and is also less demanding in computing time.

Using Fourier method Kosloff, D. & Kosloff, R. (1982) found a solution me-
dependent Schrédinger equation. They discretized the space and tim% id and
produced both special derivatives and second order differencing for 4 €

They added that, the method conserved norm and energy and wuves quantum

rivatives.

mechanical communication relations. V
Then in 1994, Simos and Mitsou (1994) proposed anoth a 1'10 the numerical
solution of Schrodinger equation called “Expert system” WJsing ¢ er Qackage

N
they called ODEXPERT designed for numerical sol "phasg sig }Jmhpm of the
one-dimensional Schrédinger equation. Finally, thv ed% ge -vazalculation

T
9
Based on Galerkin-finite element fornthi \p@Ia dAe of time stepping
{

of the phase shifts of some potential. \'

A

techniques (a modification of Runge* mgMods ea’%‘1994) constructed and

: % o
analyzed a fully discrete method fo& nli%jréd&ﬁer equation. Lee approach
arfl (agedr

consisted of an extrapolation tec?f!e € d'n§o him) has two advantages

over the usual implementati% t, thepde IQ plicit in the linear term and
explicit in the nonlinear tgfgas a 'es\the li@ system that has to be solved at
every time level involv@ m cc@/ by choosing the extrapolated values
appropriately, the te?@ ratel of vﬁr%‘ﬁ?e can be shown to be those of classical

ones. % ’ $

&
Due to the #gher’ demand of nu&rical solution of time-dependent Schrodinger

equation %wo hundred years ago (litaka et al., 1995) the quest for it remained

constgntly Wwprogress with multiple number of researchers (in Physics and Chemistry)

—
jama

L

using various approaches and techniques to see to the actualization of their dreams.
Again in 1995, Titaka et al. (1995) study the stability of the Multistep scheme (ESM)

as a numerical method of solving time-dependent Schrédinger equation. litaka used
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the most general set of ESM and found a set of coefficients that gives the widest range

of stability (i.e the coefficients that work stable with larger time step at cost of round

¥

Ramos & Villatoro (1994) did their research in this area of Schréidingi%a ion on

off error).

the nonlinear Schrodinger equation in the finite line. Their work ed on the
numerical study of the nonlinear Schrédinger (NLS) equation subjec omogeneous

Dirichlet, Neumann and Robin boundary conditions in the ﬁnitew hey compared

lugroblem (IVP) of the
c di@ihey shows
that the initial solutions obtained by truncating the exagt N-s#®titog solwi®n b@e IVP
of the NLS equation into a finite interval devel%m‘y \Y hgt-\italave as
solitons, even after collisions with the boundarie 0S oro ﬁ;ier added
Y.
Ng¥timamn ndar;

that for periodic and homogeneous Dirichlet a

the result with both the exact analytical ones for the initial-

NLS equation and the numerical ones for periodic bou

nditions, it is
observed that the interaction between s '%nd bo es éﬁquivalent to the

collision between solitons in IVP or guarterpla \FQTG fe.z is shown that for
4 !) A

homogeneous Robin boundary condit “yerscg'rat trap and delay the

for&(e soliton amplitude at the
boundary points and for the Wn’s maxgmlim @plitude show a recurrent

soliton are formed at the boundari se diatg

% . .
phenomenon, and are similar se ofgi cypip uling equation. Finally they also
showed that, the phase dj Ms welre g fupetrons of the parameter that defines
the Robin boundary co@s. 'of tl&'achicvement , a method of images,
K

similar to the one u %}016 ia] t *oﬂ'y, (5? developed for the NLS equation in the
quarterplane wi%%;en’ S ;’1 'Ch@ﬂd Neumann boundary conditions at the
finite boundary. (;y

N e
Ramo studied numerically, the nonlinear Schrédinger equation in one-
diméssionl Cartesian coordinates by three linear implicit finite difference methods
that resulted in block triagonal matrices at each time level as a function of the

damping, pumping changes in refractive index. As part of his procedure, Ramos

performed the numerical experiments to determine the effects of time step, spatial step



16

size and implicitness parameters of the dispersion and nonlinear term shows that the
most accurate result are obtained when both the dispersion and nonlinear terms are

treated by means of second-order- accurate trapezoidal Discretization and full

linearization of the nonlinear terms. Ramos further showed that if either the ion
or the nonlinear terms are treated with first-order-accurate approximati tantial
errors are found and these errors became very large when the nomgar” terms by
means of first-order difference and don’t decrease substantially ber of grid

points is increased. As regards to the nature and formation ofepJolitons, Ramos
observed that when they move from a medium to anoth ,?Tharacterized by a

higher refraction index, the amplitude and speed i }lerea its width

decreases. That, upon approaching the interface, the, amPWtudd of

found to increase down stream while some radiation

Schrodinger equation has find a place to stgy. av@QOOO) presented

a new approach for solving the Schrodipger eJuaidub omda magnetic algorithm
—GA). They used what they calle@{e ard heutraywork™ to represent the
(#~GA). They y p ey éﬂ;\v P

solution, while random point evaw met P was also introduced to

define the fitness score to bg.m 1zed I,u§71 breeding procedure. And
finally Nakanishi & Sugawara am odff td EK}, convergence of final stage of

searching was accelerate@okir{g th ome&optimizer.
NS
] ! (.)0
Jimenez et al. (20 @elo edzn tﬁ.e@w adaptive multigrid finite difference

in t

7

scheme useful f% nalyi av%@lapse process. As a test of validity of the
ideas beyond Asc eme, they ap@ﬂ it to the simulation of collapse in the critical

nonlinear S nger equation. They verified the width evaluation which satisfies the

viral 1 ags and rate of self-similar collapse near singularity. The scheme as
Jimefagethl., highlighted was able to follow numerically the collapse process up to
amplification of 10" and to determine the collapse time with high precision. As part of
its application as Jimenez et al., pointed out was that, their scheme may be used to

approximate many other collapse phenomena related to recent problems, example non
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local collapse in Bose-Einstein condensation, collapse in saturable media exectra.
They also stated that their scheme is linearly implicit, which allows fast
implementation and conservative, which is a desirable property of any numerical
scheme which is to be use in the simulation of the Hamiltonian wavg, e8ation.

However, it is not clear to me whether the fastness of its implement %nay not
‘x&t

cause the results to have large errors when compared to the other € methods

Van de vyver (2005) introduced yet another new way 4or %nstructing efficient
Wor )
-Kutfa

used by other researchers.

Runge-Kutta (RK) method for the numerical int of dbne-gimensional

Schrodinger equation. Van de vyver modified Run ethegs® it Ker to

| e N\ S I G

integrate exactly the test problem with his theoreti vestigatipn @F t e'ésymptotic
L 4

expressions of local errors for large energies an num% csuli®whe became

convinced that his proposed new Runge-Kutt rgach ?!\mo fruis@d™procedure for
integration of the Schrodinger cquation&;aher R ce@“és known in the

literature. \Y &k
) N
o )
4 Q—
Han et al. (2005) had another comN in%IbleQ"ﬁhder study. In their finite
N
-déyehd

difference method for one-digien}nal tiv{e I ﬁchrédinger equation on the
unbounded domain, they in ed_agndic ‘.CQEI itions to reduce the original

problem in a finite comp&Ml dolnhy the¥¢ of method of reduction of order,

they constructed this 1'11&1 crcﬁ? <ime @%lve the reduced problem. Han et al.,

also maintained t ir gchen &a roved to be uniquely solvable, un-
amg Col

conditionally sta% pefiac )
)\ S

Inui (2007 Nd the numerical errors resulting from finite difference approximation
in con of one-dimensional Schrédinger equation with Trotter formula. In his
rescdggh, i used parallel algorithm for solving time-dependent Schrodinger
equations devised by De Raedt and based on the Trotter formula. He also added that is
not only simple but also unconditionally stable, explicit, and local. Inui then consider

the numerical errors resulting from the finite-difference approximation of De Raedt’s
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algorithm by comparing an exact solution of a free particle with the approximate
solution calculated by using the Trotter formula which depends on the size of the
spatial-temporal lattice. He then further noted that his algorithm can be applied to even

high dimensional quantum system but he was only able to use one-di 1onal

O

equation given as

. Ow(x,t ~

zh—"/—é;—)z Hy(x,1) Y' (2.1.4.1)
Where H is a self-ad Joint Hamiltonian and w(x, ¢) is the wave ion of the system.
If the wave function at the initial time 7, is given by i, (x) & f(lrma solution at

times 7 > 1, is given by

i(t=ty)H

wxn=e " y,(x)
Inui further introduced the Trotter formula by i Ha&;nian

consists of the kinetic operator 7' and the w ' e-e@ﬁtion operator is

_i=t)

_ T+V)
expressed bye 7 ( g % "
therefore Trotter formula is given b\e ?

e—r(/w/)‘) s l‘inl[e—lxt/ne—/lf/n Y , (2]43)
After solving the problem, Inui coapared\ﬂ'gjﬁ&th the analytical once. Finally
he admitted that there wa&%tal @at is @norm of wave function diverges
fairly quickly. : L

N3

Samrout (2007) very’ gstin,@ork in his new second-and fourth-order

accurate num@ schemes for n@ﬁear cubic Schrodinger equation. Samrout’s
problem w. N¢ similar to our problem only that he used two different algorithms
and tack{cNQis problem. Samrout (2007) combined Method of lines (MOL) and
Lanc@ au Method. According to him, the methods are self-starting and prove to
be stable, accurate and energy conservative for long-time integration periods.

Approximate were sought on segmented sets of parallel lines finite expansions in

terms of a given orthogonal polynomial basis. In the same work, Samrout carried out
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numerical application concerning several cases of the propagation, collision and bound
states of N solitons, 2<N<5. Accurate results were then obtained using both shifted
Chebyshev and Legendre polynomials. Samrout then said his results were found to be

competitively compared with some other published results obtained us'%qlfferent

methods. These was the equation he used: %
i, +u_ + qu’ulz =0 -—oo<x<o,f>0 A

ux,0)=g(x) —0<X<® Y. (2.1.4.4)

Where u(x,1) is a complex-value function defined over the real line, 7 is the

imaginary complex number and g is a real parameter. Sa m(pﬂ further gave

some convincing reasons as to why he chose the techniquigirst pe SmdfFhe Lancozos

Tau method has been proved to be highly accurate spe technjque Jllje ‘k 10d has

been discussed analytically and applied numericall varighig'n in%YSystems of

%' 08 of L4¥s (MOL) is a

s adgantages over fully

ordinary and partial differential equations. Second.\ghe

well known powerful method. It was proved e

) of e Tau method and

discrete methods in several contexts. Third, 001{@

MOL yielded the so called TLM, and j lt% X or@ compared with other

cntedsqutor t?cﬁ&egmented, self adaptive
edyrCs forythe @roximate solutions in terms
I;‘ sengr Ial'&Chebyshev polynomials. This

choice, Samrout added, is o&nter st] g tl &ability, algebraic manipulations,
differentiation, inlegratior&ev f so@on. Finally, Samrout noted that, the

time-integration step s@e spatta gcliné'%étween the parallel lines and order of

O

well-established schemes. Fourth, h

and simple-to-implement numeri

of finite orthogonal expansio

approximations ca matgeall e $onlrolled and error can be checked
simultaneously oRout the ultfer@' process in order to ensure that it is kept
within the re nt of problem ah&’then maintaining the stability in the numerical

solution. %
AnolherQ:rical analysis done in this area of Schridinger equation were by Koch et

al. (2006). In their work titled “Approximation of time-dependent-electronic
Schrédinger equation by multi-configuration time-dependent Hartree-fock method

(MCTDHF) where they discussed numerical approximation of the solution of the
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time-dependent Schrodinger equation arising in ultrafast laser dynamics. Koch et al.
reduced the linear electronic Schrodinger equation to a computationally tractable,
lower dimensional system of nonlinear partial differential equations by the multi-
configuration time-dependent Hartree—Fock method (MCTDHF). The m IR—. they
added, uses an ansatz for the wave function on a nonlinear manif Ing into
account the antisymmetry inherent in the model to reduce the Amon of the
solution space. Koch et al, also showed that the ansatz is consistem the original

equation and the solution can be represented exactly in p11nc1p1e the solutions of

the nonlinear PDEs associated with MCTDHE. For th Rlcal solution of the

MCTDHF  equations, several numerical technique ssedg and it is
demonstrated that physically relevant problems ca solved shtisfapt r1T K'och et
al. also employed the use of MOL for spatial tization Jof*fwvha 'h,ey called
“working equation”. Some of the advantages of us his 1"&@{1{ heyygMed that, the

cod¢d Schrodinger

fial @rodmger equation

&%mble computational
S
~
A‘Q
N

The nonlinear Schrodinger q has ,bee qul@ of many studies aimed at
r1cai>n

building and comparing nume ve or not its invariant quantities

approach reduces a lower dimensional, no
equation for those who are interested in
tractable for numerical computation, th

complexity in relation to the number

’%s%r

(mass, energy and monk&m (M ebs; 1998@ven in the optical fibers, Moebs
(1998) considered a i&m

propagation. In his

nor | \'dmger equation as a model for its
desC bed@e modeling of the problem and described
teddh fnult‘l%/el method for its solution. The method he

the objectives. H

said gives bet tgr :u

numerlcal 1 s used in the literature.

ality results wn@gmhcamly shorter computing time than other

F ib1c0(2005) also tried their own method in solving the numerical solution of
Schrédinger equation. In their work — New singular solutions of the nonlinear
Schrodinger equation — they presented numerical simulations of a new type of singular

solutions of the critical nonlinear Schrodinger equation (NLS), that collapse with a
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quasi self-similar ring profile at a square root blowup rate. They then found and
analyzed the equation of the ring profile. They observed that the self-similar ring
profile is an attractor for a large class of radially-symmetric initial conditiops, but is
unstable under symmetry-breaking perturbations. The equation for the age¥rofile
admits also multi-ring solutions that give rise to collapsing self-sin 'hulti-ring
solutions, but these solutions (Fibich et al. added) were unstable evel$e radially-

symmetric case, and eventually collapse with a single ring proﬁle‘gy eventually

observed that, the collapsing ring solutions were also observer supercritical

nonlinear Schrédinger equation. ! q
Coupled nonlinear Schrodinger equation can also be salved nd 1eir\gtfo®§n be
found, as it has been proven by Aydin & Karasozen 7). In thg ti
L 4
n

“symplectic and multi-symplectic methods fo ple hear$chrodinger
equation with period solutions™ tried their eﬂw ee ]avi«)@Y:he periodic
plane wave solutions of the coupled nonli %ﬂ'éding i
After a semi discretization in space variz & i tgem of Hamiltonian
ordinary differential equations for wmM agous s pl@ integrators can be

q
applied. Next they gave a symplet\ egrat%jd (ﬁ@he splitting of the semi-
discretized Hamiltonian system in ra &l e F%rls. At their findings, they

I
admitted in the method that d% litlin? f

.H@ tonian in linear and nonlinear
parts and using compositiop SEtwo e'lu in ;@ the symplectic method requires
more computing time thag mMti-s i: intgdxAtor.

\ L] C)
g
Another similar b% ougl}i a le@thrédinger equation is the work of Wang
et al. (2008), i\t numerical sim@ion of nonlinearity coupled Schrodinger

equation. ThegorK described a finiteMifference scheme which is linearly uncoupled

in computér a nonlinearly coupled Schrédinger system. According to them the

numegca eme has been proved to preserve the original conservative properties

—

Using thdiscrete energy analysis method, they also proved that the scheme is

unconditionally stable and second-order convergent in discrete Z2-norm based on
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some preliminary estimation. Finally, they added that their results showed that the new

scheme is very efficient.

Utsumi et al. (2006) also proposed another solution for one-dimensi& oupled
nonlinear Schrodinger equation (CNLS) by the constrained interpola@ﬁl&Basic

set (CIP-BS) method by introducing matrix representations clarifying thWelation with
differential algebra to adapt it to nonlinear partial differential equaligs.. They reduced
the linear and nonlinear partial differential equations (PDEs Mnary differential
equations (ODEs) for values and spatial derivatives at SrINQONts. They also proved
that the method gives stable low diffusion and accurate d \d

%
Also, Chang et al. (2007) provided a novel algorit r con’]p tir 111!€'g0:1)111d state

rodinger quat@g (MCNLS).

staﬂ.’\ one) by USg separation of

S an 1nit 5 puting their counter
S)aTh SO @retlzed the system via

1 ;@wle governed by
edict ectidy Ycontinuation method was

and excited state solutions of M-coupled nonline

They first transformed the MCNLS to the st

variables. They then used the energy >

Schrodinger eigen value problem (SEP

part of nonlinear Schrodinger equation

centered difference approximation®
then exploited as an alterna 'veYeﬂlod ’o tgc lon curves and surfaces of
MCNLS, where the chcmical%tials W&J&!e@cominuation parameters. Chang
et al further found that lh‘@ fun(ltio\n be %S'l)ly obtained whenever the solution
manifolds are numerica% ed. \ NG

)l BR Lt

# O
AN : :
06)ghdd :lhcw&earch examined the possible solutions for

Mazzone & Mor
many parliclm ependent Schrpjhger equations. They focused on the use of
Monte Carlg&gethods and on num&cal integration. And in all the two cases, they
observed eal space formulation can be adopted. Apart, they added that it avoids

the iggreasqmn the computing time with the system size.

In 2005, Muslu & Erbay (2005) did almost the same work as done by Aydin and

Karasozen, only that, the former used higher-order split-step Fourier schemes for the
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generalized nonlinear Schrodinger equation. As mentioned in Aydin & Karasozen
(2007). The basic idea in the split-step method is to decompose the original problem
into subproblems which are simpler than the original problem and then to compose the
approximate solution of the original problem by using the exact or agpr¥&imate
solutions of the subproblems in a given sequential order. Muslu & Er éﬁd that
the choice of operator splitting one should use depends solely particular
application, and no general method is known. However, for nonlincaNlispersive wave
equations that are derived by balancing the effects of dispersion wnlinearity, such

as the GNLS equation that we will be solving, an approprg ¢ %roajch 1s to split the

original problem into linear and nonlinear subproblem take iwunt purely

dispersive and purely nonlinear effects, respectively. ’ \Y'
|5
4

Zisowsky & Ehrhardt (2008) did well in t:}@.xpl& m%_ﬂxas on the

numerical solutions of Schrodinger equati rete artificial

k:
S, @ duo proposed,

ﬁ(ABCs) for different

boundary conditions for nonlinear Solg@Inger equas
constructed and analyzed discrete artifi mnﬁT
finite difference schemes to solv% cap chr'“ing&ﬁ?quations. Ml
discrete boundary conditions we\ livwhe tinuous ABCs recently
obtained by the potential str tegVSze,el. 'llce @e new nonlinear ABCs are
RIS o el /\BCS% linegp pr m@:y therefore first reviewed the
well-known results for tl Mr S¢hrowygzer cgéﬁon. Zisowsky & Ehrhardt further
i)f i"@' difference schemes, including the
fnzcéana scheme, the DuFort-Frankel method
J%\des such as the Lie splitting, the Strang

presented their approa ¥ a
¢

Crank—Nicholson s¢ %ﬂle urat
and several Spli%fwac’io al :e
splitting and ti§ réMxation scheme e&esse. Finally, they added, several numerical
tests 1illus the accuracy and\s'ability of their new discrete approach for the

conside e difference schemes.

Chang & Kang (2008) described a new accurate discretization technique for integro-
differential Schrodinger equations whose kernel of integral part can be discontinuous

along main diagonal. The new method according to Chang and Kang was based on
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Clenshw-curtis quadrature for the numerical solution of the integro-differential
Schrodinger equation. They also added that, the method showed it converges quickly

and that, the truncation decreases faster than any power of inverse number of

Chebyshev support points. \Q

In the area of Nano-physics, Shao et al. (2006) found the accurate ulation of

Green’s function of the Schrodinger equation in the presence Wock layered
potentials. In their paper, they proposed a method for calculatingwrcen’s function

of the two-dimensional Schrodinger equation in the s&:'of block layered
potentials. The Schrddinger operator is assumed to b%e 1'lhe resence of
such potentials. Their overall procedure occurredgin o pte «i&ux'they
represented the Green’s function by means of separ@: Schifpdi ’0 "

pkator into
vertical and horizontal components. An infin qu s
generated from the vertical equation while 5&1‘ or @orresponding
infinite series expansion are obtained by@ the holisafital @’ation. Shoe et al
also noted that, the eigenfunctions cgh be pﬁ ing one-dimensional
Sturm-Liouville eigenvalue-problem rs gfor i“ew' \constant coefficients.
Secondly, the continuity condition\ GreeMR ncti\&‘ﬁélong the potential block

boundaries via a collocation ndeas,use tl ?\ﬁnc the coefficients in the
eigenfunction expansions o% irst ;Jke so found that, such Green’s
functions have various actictl \ﬁcatioé‘fn quantum modeling of electron
transport within nano@ET Jors. @‘mwrily, they added their proposed
method was basc@pan on‘s ﬁec(lgenfunctions of the subordinate Sturm-—

Liouville probl% age 11 fon@tching procedure along possibly curved
interfaces of th§po¥ential blocks. Thgysr'l'lenlioned accuracy in their numerical results

was pro&validate the propos&’ algorithm.

Nagy (20W/) proposed another method for the solutions of extended nonlinear

p

Schrédinger equation. Nash used Fourier-Bassed method and showed to be capable of
at least qualitatively resolving pulse filamentation. With no certainty, Nash admitted

that the method could be adopted to provide numerical solutions of pulse propagation
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problems for other system that are governed by linear and nonlinear, local and
nonlocal, Schrodinger types of equations and that, those effects may have important

implications and application in practical fields such as laser-initiated fuwnd

optical communications. \

Moreover, in the area of nuclear physics — deformed nuclear field Rizea e¥al. (2008)

presented a grid-based procedure to solve the eigenvalue problety for the two-

dimensional Schrodinger equation in cylindrical coordinates. T, Miltonian, after a
‘1& t

variable transformation which removes the first derivati he Laplacean, is

e I‘W and they

. ®
arrived to an algebraic eigenvalue problem with lardR (sparse)f ma WL, 1 was

discretized by using finite difference approximations

solved by the package ARPACK, based on Implic estar.t'e M lO!Q-bAmoldi.
Rizea et al then introduced new special finite m

. e.\foQ ae aézfned to the

behavior of the solution near the origin. Th in coﬁems deduced
a er{Yemonstrated on a

one-dimensional equation. The formulayygre thelﬁ‘\&@ léwo dimensions. The

mnfetric lho@ther constraints on the
shape) and the Hamiltonian includ& in—og pli{ignd, for charged particles,

the Coulomb potential. The \¢lcgsllape as

method, Rizea et al added, the Jingle gsic &iggnstates of nuclear systems with

w2

ria@dy Cassini Ovaloids. By this

arbitrary deformations me andeused in different investigations.

Additionally again, as M i at:
from fissioning nu 1;. !’ study thi
which the sciss%ken 3 j

configurations. hevscission neulrmggg characterized by their wave functions just-

con@ered the emission of scission neutrons

)

x&:@ they used the sudden approximation, in

7

sition between two very different nuclear

before-sci \and immediately-aﬁr-scission. Numerically, these wave functions
were d states of the bidimensional Schrédinger equation with different
dei@ parameters and, consequently, with different potentials. They have
illustrated the formalism in the case of the nucleus %205 The approach allows the

evaluation of important physical quantities: the number of emitted neutrons per fission

event, the excitation energy of primary fission fragments and the spatial distribution of
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the emission points. Calculations of this type for a large series of isotopes would open
new perspectives for improved description and evaluation of neutrons emitted during
nuclear fission. Also, the quasi-stationary eigenfunctions provided in this way were
appropriate as initial wave functions for the solution of the time d&rﬁent

Schrodinger equation in two spatial dimensions, a very attractive dynani roach

to be used in processes with temporal evolution as the quantum t

time-dependent potential barriers. Y-

One of the latest literatures that contributed immenselg

g through

iMthe computation of

t §1%(20Q9). In their
uatfon 1all
! }'Ofl\?ﬁ . y
fitted Runge-Kutta-Nystrom method”, they c®@ REN@fMét with
exponentially fitted property and applied these Yﬁeds@ nd 3;356) to the
e

computation of the eigenvalues of the SCIHW t10my Fro eir tabulated

result they concluded that their new meth@upcn

to the classical RKN methods for low sgate eiden iifher state eigenvalues

the new methods produced much more? tegSSults g}

“
N ¥ &

In 2001, another similar brcakthv way wit sed.@‘cn Lambert (2001) used an

integration approach to sol% eige ﬁﬁig@ eigenvalues of Schrodinger

L%b’ert made use of Shooting method

croséﬁ(e specific well and the calculated

rrier provided with a tool to investigate

(@)

cigenvalues of Schrodinger equation is the work of Kal

research titled “computation of eigenvalues of Schrédipger

oIt e in comparison

equation in a one-dimeng quan‘u
and Runge-Kutta metisQd ™ nt

¢
eigenvalues. They als edjat, i

the use of struct e&'sem}- byc‘[ rs@d even gave them a glimpse of yet another
&
future in the {0 %quamum comp@

x

. The idea of quantum ‘binding” between the

splitting sues, forms the foundation of the concept of ‘qubits’ or quantum bits.

two ways :Wn um tunneling thra?gh an intervention potential and the energy level-

Lar ;0 admitted that they investigated the limitation of their method via the
propagation of errors in the potentials with corresponding analytical solutions, and
loss of accuracy with the Landau-Lifshitz potential. While we can be fairly certain

that. this won’t occur with our finite barrier potential, it could be a problem if we
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wanted to apply shooting method to an application which involves similar ‘high-

frequency” errors as Landau’s Cosh potential — Lambert highlighted.

A perfectly match layer technique was also presented by Zheng (200Ke for

absorbing boundary conditions (ABCs) which are generally required ulating
waves in unbounded domains. Zheng applied this method to nonli chrodinger
equation. In this paper we apply PML to the nonlinear Schréding e equations.

The idea (Zheng highlighted) involved is stimulated by the gOOWrmancc of PML

for the linear Schrodinger equation with constant potenti ether with the time-

transverse invariant property held by the nonlinear Sc

both nonlinear Schrédinger equations and some Sclagésiner-co S}Lt&'g in each
Cs\heng said,
perfectly matched layer (PML) has achiey S fo@‘ﬁ linear and
nonlinear wave equations. Though he adl@at usin nuéqical test, it is not
applicable to all Schrodinger wave cq@s. Theg LT e, 8q¢ of the set back of

AL
Zheng method. @

¥ .
Last but not the least among t lwaﬁrc e fo i \@’nteresting and relevant in the
IEC} ph.vj

G S e PS quati l# (ﬁiﬁearch conducted by de la Hoz &
Vadillo (2008) whom plv& an fixpo tial L@c differencing fourth-order Runge—

Kutta (ETDRK4) metE\ wa@%’rlved by Cox and Matthews in [S.M.

Cox, P.C. MatthewsgEXgbNE e‘:ijg;zncing for stiff systems, J. Comp. Phys.

176 (2002) 430% d wgt jlicd4y*Kassam and Trefethen in [A. Kassam, L.N.
Trefethen, Fqﬁorder time steppix& stiff PDEs, SIAM J. Sci. Comp. 26 (2005)

1214-123 \ Hoz and Vadillo then computed its amplification factor and plotted

spatial dimension. As one of those approaches'gh

S

equation, obtaining excellent results for the cubic equation and the critical exponent

case and, later, as an experimental approach to describe the various possible

asymptotic behaviors with two space variables. The proposers of the ETDRK schemes
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also argued and concluded that they are more accurate than other methods (standard

integrating factor techniques or linearly implicit schemes); they have good stability

properties and are widely applicable to nonlinear wave equations. However, t
gzlhod

Cox and Matthews were aware of the numerical instability for the ETDR

when computing the coefficients. Later, Kassan and Trefethen 11$ ed the
ETDRK4 method with very good results. The authors opined that, th® modified

ETDRK4 is the best by a clear margin compared with other methods.

2.2 Method of lines: \d
X

The method of lines (MOL, NMOL, NUMOL)(Schi 91; War el &%007) is
a technique for solving partial differential equan D.{ hicldl.l but one
dimension is discretized (Sadiku & Obiozor, % 20033 kipedia, free
encyclopedia, 04 November 2009: Cutlip %acham, : Pé'ﬂa, 2008; Shakeri
& Dehghan, 2008; Wouwer, 2009; Schig h%‘g%

@l proge ds@ first discretizing the

st often refers to the

construction or analysis of numerica

spatial derivatives only and leavir time e Cﬁﬂlﬂuous This will lead to

ordinary differential equatiog ( tlnc 1um®\dl method for initial value
: . . [

ordinary equation can be (Wl‘k % encyclopedia, 04 November

e the&ﬁcal physics (Pregla, 2008; Lee et
al., 2003; Shakeri & 4&gh em&&a et al., 2005).The idea was first
applied by German %malcmn Elc 1('Rothe in 1930 to equation of parabolic

type. But it can kmu?l 10% d(@\\‘Plegla 2008).

By differeny d'[lOIl (Susan, 2Ok\f{anv1le etal., 1997) we mean, an equation of a

2009).The MOL also has Napplif:

uncuo or more variable that includes derivative of / with respect to one or
moﬁ variables. Susan also added that, when we have a function of more than

such as y(x, 1) and equation involve partial derivatives with respect to x

and ¢, is referred to Partial differential equation (PDE).
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Furthermore, MOL according to Sadiku and Obiozor (2000) is a well established
numerical technique (or rather a semi analytical method) for analysis of transmission
lines, wave guide structures and scattering problems. It was also used by Scigkasser &
Griffith (2009) when they solve Schrodinger equation for one dimensio & ethod
originally developed by mathematicians and used for boundary val rp%olems in
physics was introduced into electromagnetic (EM) community (%ikg & Obiozor,

bler

2000). The method involves reducing initial boundary value pr, to a system of

ODE in time through the use of discretization in space. The re ODE system can

be solve through standard initial value software, whicl uscid variable time

Pre aw MOL has

0
~ ~ ~ * . e '
therefore advantage of finite difference method and Yalytical fmet ct, i@;s not

step/variable order approach with time local error co

yield spurious modes nor the problem of relative ¢ creenge dikuq& Obiozor
N

A\Y'

of b“formulation leads
:&.te results with less

computational effort than other tg -0 c}
L]
&
12t %

b. Numerical stability:- by s ar%g (‘il ion &L 3pace and time, it is easy to

establish stability and congfer ’eze for Wide adg@e problems.
‘g’ L&

c. Reduced programn'@ort:l b

When compared wiw m

¢
(2005) found that %Iont Car r&lué? more processing effort than MOL.
L N
d. Reduced oplatiohalyfing'- SiQee only a small amount of discretization are

necessary: computation, th@ 1s no need to solve large system of equations;

added. MOL has the following properties that justi&ﬂs

a. Computational accuracy:- the semi %al char

to a simple and compact algorithga whichwl d?

kin ¢ of state-of-the-art well reduced.

or @mple Monte Carlo), Demirkaya et al.

hence ing time is small. In what follows, we shall discuss some basics

abdagt DEs, the types of solutions, system of PDE and element and origin of

2.2.1 Some Basics about Partial Differential Equations (PDE)
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Spacetime is an abbreviation for the three-dimensional (3D) space and time Science

and engineering to describe the physical world. PDEs provide a mathematical

description of physical Spacetime, and they are therefore among the most mmsed

forms of mathematics. As a consequence, methods for the solution of Pe ch as

the MOL, are of broad interest in science and engineering (HamdNet <€l., 2007;

Schiesser & Griffith, 2009).  As a basic illustrative example of a% we consider

the equation V

@=a@ Y' (22ed)

o1 ox’ é |
Wllele ' % J ' . G}Y'
uis a dependent variable (dependent on x a A
fis an independent variable representing ti \.’ Y.\JY.
x is independent variable representing OJ:nsqn 0 -dimqg‘lonal space
a 1s Constant \% o“

\I -

%x % pntic ent variables — which
ny dmgre af! e&ﬁ?on with more than one
i é&gwsser & Griffith, 2009). A
y; en :J! @able is generally termed an
(ODE). Equation (2.2.1.1) wz’g usj \aq.k ion, “g the temperature in Kelvin (k), ¢
is the time in seconds (s& 1 \@ma UTusivity in metre square per second

O

(m°/s) given by k/ tj e gllt, 91) thermal conductivity & in W/m.k, the

. &
density pin kg/n %ea}
r“

agt CQﬂ J/kg.K are all considered to be constant.
S-is the partlals tive of u with a;;gct to 7 (x is held constant when taking this
partial deri which is why parta is used to describe this derivative). Eq.(2.2.1.1)
1S first g since the highest order partial derivative in 7 is first order; it is second
o;.da@ce the highest order partial derivative in x is second order. B (20 5l94s
linear or first degree since all of the terms are to the first power (note that order and

degree can be easily confused) (Hamdi et al., 2007; Schiesser & Griffith, 2009).

Equation (2.2.1.1) (if wee can observe

is the reason it is classified as a P
independent variable is a PDE)

differential equation with

Q

<



2.2.2 Initial and Boundary Conditions \z
ca

Before finding the solution of any PDE, one must specify some auxili ditions.
The number of required auxiliary conditions is determined by highest order
derivative in each independent variable. V

der in 7 and second
I@ auxiliary

conditions in g N X
| S
P 4

t is termed an initial value variable and therefore vs inge ch. g:m (1C). It
alu d m@ forward over

w@ut any additional

I%M' 1al value variable is

LSt

Now taking equation (2.2.1.1) as an example, since it is

order in x, then, therefore it requires one auxiliary co

is an initial value variable since it starts at an w

a finite interval 1ty <t <t, ora semi—iizﬁM’ al t, S
conditions being imposed. Typically in%E app!\o_l'g'g,
time, as in the case of equation (2.2% 6

¥ &
x on the other hand is termed av o val ’ari@ and therefore requires nwo
boundary conditions (BCs). % out \/

dar
nd
interval xy <x <x,, a&W—inﬁrz \imervaé(-)xo <x<owor a fully infinite

R

ue &1’ ble since it varies over a finite

interval—oo < x <0, va@ of x, conditions are imposed on x in

equation (2.2.2.1) d'v@ s of x correspond to boundaries of a

[)(@Gl‘y conditions.

Y—

physical systen

NV
As exampe " auxiliary condOns for equation (2.2.2.1) (there are other
possibi@
QIC could be
u(x,t =0)=u, (20250

where u is a given function of x.
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e Two BCs could be

u(x =xg,0) =u, -2.2a)

dux=x,0) N fCEEE
ox V e

N3

where u;, is a given boundary (constant) value of v \6{4161 common

possibility is where the initial condition (IC) ls%as abgve d’t@oundary
1)

conditions are u,(x = x,,1) = Jo () andu(x = x imp tant@’nmduatlon

N

W) ucec%g.emmple by

which can cause

is the possibility of discontinuities at the bou aries,
differences in initial and boundary condl% Lt 10

computational difficulties, pamculaxly for erb ic p'

ari
: i@ch as classic linear
wave equation {T/“ = i\—”) (Hamdi et éi 73\ & /\lﬁlth, 2009). They also

u &
added that BCs can be of three ty& A

1. If the dependent v% specl iii-sl 1@C (2.2.2.2a), the BC is termed
Dirichlet. éy

2. If the derivativ \de varl is specified, as in BC (2.2.2.2b), the

223 Ty E Solutions
é 2.1.1), (2.2.2.1); (2.2.2.2a) and (2.2.2.2b) constitute a complete PDE

d we can now consider what we mean by a solution to this problem (Hamdi
et al., 2007; Schiesser & Griffith, 2009). Briefly, the solution of a PDE problem is a
Junction that defines the dependent variable as a function of the independent

variables, in this case u(x. 7). In other words, we seek a function that when substituted



in the PDE and all of its auxiliary conditions, satisfies simultaneously all of these

The solution can be of two types: C\:

1. If the solution is an actual mathematical function, it is termed %in analytical

equations.

solution. While analytical solutions are the gold standard foRPDE solutions in

the sense that they are exact, they are also gen "Nifﬁcull to derive
mathematically for all but the simplest PDE prob %mrch the same way
those solutions to nonlinear algebraic equati nere I}W be derived
mathematically except for certain classes of 1 inear eqatic )' .‘_}

If the solution is in numerical form, for c%u(\ /) Jta late%"}hmerically
as a function of x and ¢ it is lermew :()luli(g?\."ldeally, the
numerical solution is simply a nume Walu ' the ®alytical solution.
But since an analytical solutiox\%crally u aila@ibr realistic PDE
problems in science and é@ccring, Y ETcal  solution is  an
approximation to the ana/yi? sol@yion “d \expectation is that it
represents the analytical N n wit d ag\Macy. However, numerical

. ; N
solutions can be Compwﬁmh mo

o

4

-dgaomputers for very complex
problems, and they

be established d'.w by@ison the analytical solution since the
latter is usuallyalin N wn s &
. |
G? .=
The focus ofthc@ S thefeal Qul ioﬁ'accurale numerical solutions.
‘v’
Vital inforn]atS1 ‘obably we nec@;ghlight on the “PDE solution is the subscript

is an alternative way of representing the PDEs such that, it will be

é"z’lccuracy (even though this cannot

notation. 4
casient and bears a closer resemblance to the associated computer coding. For

ex le;Ywe can write equation (2.2.1. 1) as

u, =au (@221
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where, for example, u, is subscript notation for 2 In other words, a partial derivative

is represented as the dependent variable with a subscript that defines the i ndent

variable. For a derivative that is of order n, the independent variabl \ eated n
times, e.g., for eq. (2.2.1.1), u . represents ;TI” 5 )

<

Let us consider some general PDEs. For example, a gene < firgt order in 7 can be

considered \d
L ]

_l, = lf'(f,[,ﬁ,f(\-aﬁ,E,v"") é ' gﬂl. ])
Ky
S TN

where an overbar (overline) denotes a vector. van s no@é vector of n
dependent variables V W é

§ ) @)
U=y, u) \ \ &

That is, a system of n simult&

derivative functi . N
erivative functions
g (_J? J S
) ‘g © &
f=Uh 1 /4\ N O
& N
wﬁ%étor is transposed to a column vector).

where T denotes a %()s (laer f!)
Note also that X, ctor pf sgatihl ﬁrﬁinates, so that, for example, in Cartesian
% *oflE i

PV, 2) 1 mwlmd/'ica/ coordinates x =(r,0,z)" . Thus,

2.2.4 A System of Partial Differential equation

W

coordinates
equation (24 can represent P In one, two and three spatial dimensions.
Sinc lon (2.2.4.1) is first order in ¢, it requires one initial condition (0))

((x,t =0)=uy =(x,u,u,,u_,..) (2.2.4.2)

where #; is an n vector of initial condition functions
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Uy = (UygsUpgseeeslhyg)

The derivative vector f of equation (2.2.4.1) includes functions of various spatial
derivatives, u = (u,u,,u,...), and therefore we cannot state a priori uired
number of BCs. For example, if the highest order derivative in%gr:f the
derivative functions is second order, then we require 2 x d x n mv ere d is the
number of spatial dimensions. For each of the spatial independen‘hbles, e.g,2x2

x n for a 2D PDE system, 2 x 3 x n BCs for a 3D PDE swgemy¥Thus for equation
(2.2.2.3), the number of BC is 2 (second order) x (one dimet x (PDE) =2.

We can now state the general BC requirement of eq@ 4.%
N3
|9

o
Q\Y\J (2.2.4.3)
&

ition functions, f, has

ACAREELY

the subscript b denotes boundary. T

o

a length (number of functions) dete erivative in T in each

PDE (in equation (2.2.4.1)) as N

2.2.5 The Geometric cla%
Before we go into de% 1th a%ic idda Of MOL and its origin, let us shade
some light on the cl&:ati { RgE ge@rically as pointed out by Hamdi et al.

(2007) and schie@m' fith ¢ we go!

&
ctiofs g (2.2‘!?1) contain only first order derivatives in T, the

PDEs argcl&sified as first ordenc¥perbolic. As an example, the equation
! : L p q

%uuux =0 (2.2.5.1)

1S rally called the /inear advection equation; in physical applications, vis a linear

on of
P 4
l

If the derivailvg f

or flow velocity. Although equation (2.2.5.1) is possibly the simplest PDE, this
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simplicity is deceptive in the sense that it can be very difficult to integrate numerically

since it propagates discontinuities, a distinctive feature of first order hyperbolic

P DES. T

Equation (2.2.5.1) is termed a conservation law since it expresses Qtion of
mass, energy or momentum under the conditions for which it is d, i.e., the
assumpltions on which the equation is based. Conservation laws ar g rock of PDE
mathematical models in science and engineering, and an extensi\Mature pertaining

to their solution, both analytical and numerical, has evolve ve?;an years.

Equations (2.2.5.2a) and (2.2.5.2b) %ute etn g‘?wo linear, constant
coefficients, first order hyperbolic P% 9 “q ‘4%

Differentiation and algebraic gubsNglitton chn o api y be used to eliminate some
dependent variables in syste%f PK ra‘e@nple, if equation (2.2.5.2a) is

differentiated with respe(@nd @n (2.22D) is differentiated with respect to

x we then have (} .?’| (_)&
Uy
4

U.\‘ F u.\:\' VY.
RN RS
we can @ni’nate the mixed partial derivative between these two equations

(ass%, in the first equation equals v, in the second equation) to obtain
T

e O

i XX

This equation is the second order hyperbolic wave equation.
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If the derivative functions in equation (2.2.4.1) contain only second order derivatives

in T, the PDEs are classified as parabolic. Equation (2.2.1.1) is an example of a

parabolic PDE. ‘

Finally, if a PDE contains no derivatives in { (e.g., the LHS of equat'(%\A.l) is

zero) it is classified as elliptic. As an example,

U, +u, =0 Vz (220.%)

is Laplace's equation where x and Y are spatial indepen

coordinates. Note that with no derivatives in 7, elliptic

are entirely boundary value PDEs. é ' .\‘:}
e | Y S
PDEs with mixed geometric characteristics aerblh\a n @’, are quite

common in applications. For example, the PD@ °‘
o)
4, =, +u,, C\ \T A (2.2.5.5)
6

is hyperbolic-parabolic. Since it fr

the term u, and diffusion (para o, it 1S generally termed a

'n!:lu%‘s a function of the dependent

(@)

- L »
o

5

; )

convection-diffusion equatio

s

variable u such as &\ @
U, =-u, +u_ %M 5 ’l (_)O (229.0)
&

then it might be yor a c’%n-dwi(m-reacﬁon equation since f(u) typically

models the rate & a¥hemical reacti f the function depends only the independent
A e

variables, i.¢ \

Q,u‘ +u,, + g(x,t) 2.2.5:7)

the equation could be labeled an inhomogeneous PDE.
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With this long discussion given by Hamdi et al. (2007) and Schiesser & Griffith

(2009) clearly indicates that PDE problems come in an infinite variety, depending, for

example, on linearity, types of coefficients (constant, variable), coordj' aty system,

geometric classification (hyperbolic, elliptié. parabolic), number (g ependent
variables (number of simultaneous PDEs), number of independent les (number
of dimensions), type of BCs, smoothness of the IC, etc., s0 it mig m impossible
to formulate numerical procedures with any generality that ress a relatively
broad spectrum of PDEs. But in fact, the MOL provyj esvrprising degree of
generality, although the success in applying it to a new P 1 n' depgnds to some

extent on the experience and inventiveness of the analy mtq-single,
LS
ef, general

straightforward, clearly defined approach to PDE
concept (or philosophy) that requires specificgtion
problem. We now proceed to illustrate the formul:Xeon

with the caveat that this will not be a gen r@sio
&4

to any conceivable PDE problem. In th chqw7

é;t might be applied
d‘r_ck oing to discuss the
methodology to be involved when so %ﬂ' gl%
“« Q-
NS
, N

/%/
G
7



	Image019.jpg
	Image020.jpg
	Image021.jpg
	Image022.jpg
	Image023.jpg
	Image024.jpg
	Image025.jpg
	Image026.jpg
	Image027.jpg
	Image028.jpg
	Image029.jpg
	Image030.jpg
	Image031.jpg
	Image032.jpg
	Image033.jpg
	Image034.jpg
	Image035.jpg
	Image036.jpg
	Image037.jpg
	Image038.jpg
	Image039.jpg
	Image040.jpg
	Image041.jpg
	Image042.jpg
	Image043.jpg
	Image044.jpg
	Image045.jpg
	Image046.jpg
	Image047.jpg
	Image048.jpg
	Image049.jpg
	Image050.jpg

