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Abstract. In this paper we prove a precise equiconvergence relation between index of the
Bochner-Riesz means of the expansions and power of the singularity of the distributions with
compact support.

1. Introduction

The effect of the singularity of the distribution on the regular points is essential. For example,
partial sums of Fourier trigonometric series of the Delta function diverges at a regular point.
However its regularization converges.

As a rule the study of summability of Fourier integral much easier than the Fourier series.
Ease of the study of summability of Fourier integral is caused by computability of the kernel of
the integral and its regularizations. Therefore, it is important to compare the Fourier integral
and series.

The urgency of the study of these questions is promoted by the problems of the quantum
mechanics which deal mostly with the singular data. The solutions of the problems in the area
require a more deeper insight the summability of the expansions into the series and/or integral.

In fact, the behavior of the Fourier series and integral in terms of convergence and/or
summability are identical for the some spaces of the functions. This type of behaviour of the
series and integrals is known as an equiconvergence. The uncontested importance of this fact is
that it allows to reduce the study to the convenient one. However there are some cases when
the behaviour of these expansions are different.

Recall that £(T%) is the space of infinite time differentiable on TV = (—m,7)" functions,
with the topology of uniform convergence of the sequence of functions and their partial
derivatives in compact subsets of TV [5]. Elements of the space &(T") we consider as the "test”
functions. The space of linear continuous (with the respect to the topology of the space £(T™)
) functionals is denoted by &£ (TV). Elements of & (T") are distributions with the compact
support on TV = (—m, m)N. The topology in &' (TV) is called weak topology. Any distribution
with the compact support can be expanded into Fourier series in the weak topology. For example,
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in this topology the Dirac delta function can be represented as

§(z) = (2m)™N > exp(ina). (1.1)

nezZN

The support of the Delta function is {0}. But series (1.1) diverges at the points far from the
zero. For example, it diverges at * = 5. In fact, the singularity of the Delta function at zero
has significant affects at the points far from this point.

In N =1 the arithmetic means of the series (1.1) convergence to zero at any non zero point.
This statement is not valid if N > 2. Therefore, the convergence in the case N > 2 requires
higher order regularization.

For any distribution f € & (TV) and any real number s > 0 the Riesz means of order s of
the spherical partial sums of series (1.1) is defined by

_N 2.s
o3 f(z) = (2m) 2 Z ( — |Z2> fn exp(inx). (1.2)
[n|<A
where f;, is value of the functional f on a "test” function (277)_%
then from (1.2) we obtain (1.1).
Let us extend distribution f to RV as follows

. TN,
F:{ ()JiingN\TN. (13)

exp(—iy€). If s=0and f =4,

Note that the distribution F' belongs to the space &’ (RN ). By F' we denote its Fourier
transformation. For instance, the Delta functions Fourier transformation has the following form
0(x) = 1. Then the Bochner-Riesz means of order s of the Fourier integral of the Delta function
is )

O3(z) = (2m) % / (1- @)Sexp@y z)dy. (1.4)
22
ly[<A

Then we can define (1.4) for any distribution F € £&'(RV) as follows
Ri(z) =< F,O3(x —y) >. (1.5)

where I acts to ©3(z — y) with the respect to the variable y.

At the critical index s = %, Bochner [4] proved that the localization for (1.5) holds,
and at the same time fails for the partial sum (1.2) in the class L;. He also proved that the
localization in the critical index is valid for both expansions in Ls. This result for the expansions
in eigenfunctions of the Laplace operator proved by Levitan [7]. Below the critical index %
the problem studied by Il'in [6].

We note that the summability of the spectral expansions of distributions is studied in [1].
These questions for the Fourier series are studied in [8] and for the Forier integral is studied in

[9].

2. Main Result
Let ¢ is a real number and p > 1. By Lf,(T N we denote the periodic Sobolev space of distributions
(in case of integer ¢ called periodic Lebesque space)

Lf;(TN) = {f et Z (14 [n|?)2 f, exp(inz) € LP(TN)}.
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Theorem 1. Let £ > 0 and s = % + ¢. Then for any f € LEZ(TN) with 1 < p < 2 and
suppf C Q cC TN one has

oxf(x) = B3F(z) + O fll-¢p
where x € TN\ Q and || - ||—¢p is a norm in L;K(TN) defined by
_N .

1=t = @m) " Z(1 + [n])2 fu exp(in) -

We point out that nn case s < % + ¢ the statement of the theorem is not valid for any
distribution [10]. In case p = 2 Theorem 1 is proved in [10].

3. Preliminary statments
Recall that the Riesz means of the partial sums of the series (1.1) is

2
— n $ .
Di(@)= (2m) N Y (1 - ’)\’2) exp(inz). (3.1)
[n|<A
Then (1.2) can be written as follows
oxf(x) =< f,D}(z —y) >, (3-2)

where f is acting to D5 (x — y) by y.
Note, that the integral (1.4) can be directly evaluated as [2]

N_s
AE= Ty (el)

03 (x) = (2m)N22°T(s + 1) , (3.3)
a3+
where J, () is the Bessel function.
Using the estimation for the Bessel function
|, (r)] < t ! >1
r const—, 1> 1.
14 — \//F’
from (3.3) we obtain
|03 ()] < const(1 + |z|)~N - (3.4)
Note that the Fourier transformation of the function (3.3) is
. _ ﬁ)s - <
05(¢) = <1 ) A=A (3.5)
0, otherwise.
Thus, we can write a similar estimation for (3.4)
O3] < const(1+]€)~" " (3.6)

where £ > 0, s = %—1—6.
From the inequalities (3.4) - (3.6) and the Poisson formula of summation [2] it follows that

Z O3 (z +2mn) = (27‘1’)_% Z 63 (n) exp inz. (3.7)
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Obviously from (3.5) it follows that the left side of (3.7) is equal to (3.1). Hence, from (3.7)
we obtain

Di(z)= Y ©%(z+2mn). (3.8)
nezZN
Rewrite formula (3.8) as
DX(z) = ©3(z) +O5,\(2), (3.9)

where ©7 , (7) is a function
i@ = ) iz +2mm).
nezZN n#0

From (3.9) and estimations (3.4) and (3.6) one finds
Lemma 2. Let £ >0, s = % + £. Then one has

_t
©ia(2)] = O(A74),
uniformly in any compact set K C TN

4. Proof of Main result
Let f€ L, Y(TN) with compact support. Then from (3.9) one gets

< [ Dz —y) >=< f,05(z —y) >+ < f,0] \(z —y) >, (4.1)

where the distribution f acts with respect to variable y .
Comparing the left side of (4.1) with (3.2) and the first term on the rights side of (4.1) with
(1.5) we obtain
oxf(z) = RF(x) =< f,0% \(z —y) >.

Lemma 3. Let s = Y2+ 0 ¢ > 0, f € LATNYNETN), 1 < p < 2 and let
suppf C Q cC TN. Then one has

< [0z —y) >= OW)|fll-ep

uniformly in any compact set K c TN\ Q
Proof. Let Qg such that Q¢ CC Q2 and suppf C Qo . Then taking into account that

—¢/mN . . . .
f € L,5(T") we obtain the following inequality
| < .00z =) < [fll-2p102 0 (= = Y)llepo

where [|© y(z —y) > |l¢p,0 is a norm of O3 ,(z — y) in Lﬁ(Qo) via y € Q.
There exists a constant ¢ > 0 such that |z — y| > ¢, for all z € K and y € €. Thus we have

3 )
10276 = 1)llo = OOT), 42

where ||©F ,(z —y)[lo is a norm of a function O3 ,(x —y) in the space La(£).
Then the statement of Lemma 3 immediately follows from (4.2) and

S L S
1€ (& = )lleo = OAT) €5 \(z = y)llo,

Hence, Theorem 1 follows from Lemma 3.
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5. Conclusions

The behaviour of the regularized Fourier integral and Fourier series are the same in the considered
spaces of distributions under certain conditions for the index of summability of the expansions
and power of the singularity of the distributions. The results of the present paper can be
extended to the more general operators.

6. Acknowledgement
This research work is supported by the MOE grant FRGS 14-142-0383.

REFERENCES

[1] Alimov Sh A 1993 Doklady Math. 331 661-662.

[2] Alimov Sh A, Ashurov R R and Pulatov A K 1989 Itogi Nauki i Tekhniki. Ser. Sovrem. Probl. Mat. Fund.
Napr. 42 7-104

[3] Bastis A Y 1983 Annal. Math. 9 247-258.

[4] Bochner S 1936 Trans. Amer. Math. Soc. 40 175-270.

[5] Egorov Yu V 1984 Linear Differential Equations in Major type(Moscow: Nauka) (Russian)

[6] I’'in V A 1995 Spectral Theory of Differential Operators: self-adjoint differential operators (New York:
Consultants Bureau)

7] Levitan B M 1954 Mat. Sb. 35 267-316.

8] Rakhimov A A 2000 Doklady Math. 62 163-165

9] Rakhimov A A 1996 Math. Notes 59 298-302

10] Rakhimov A A 2016 AIP Proc. 1739 020060





