CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

ry find has close rela-
tions with many different areas of science. Many problem¥ aghSmg@al physics can
4

be formulated in the form of 1Es. ' (}Y-
\
' i

The first classical theory of IEs was by FredhoWg, wt \u{ the ntial for trou-
bleshooting and in elastostatic boundary valu Wy p s in wfstic deformation;
the boundary value problems in malhemaliﬁ%ics an me@‘ig are recast to SIEs
of the first or second kind ( Becker (1992 Dzhdra \(sL‘i anwal (2013)). These
different problems have led researchers % %"em ﬁds for solving the 1IEs
9‘; : akhov (1963), where the

analytically and numerically as cite

authors solved the SIEs for those 1 to the theory of elasticity and
hydromechanics. Many author{{ Likg i||1g~®990) and Golberg (2013), imple-
mented the CSIEs. However.%g are @-ﬁted to certain situations.

For the first time, th N
rfa

‘I‘i o
es

researchers began 10% cresfinhi arel\(ﬁovering the most diverse areas of engineer-
ing such as physi% pme i }s‘lic@propugating voltages, viscoelasticity. in the
tension; mcchunic:. ol Yoil and rocks, gegpact, percolation, fracture mechanics, vibrations,

wave propagafgg, soil-structure inler\arction. plates, shells, stress concentration, combi-

nations wi

(1963),anc

~methods for the analysis of various problems, among others Gakhov

avchenko & Litvinchuk (2012).

In recent years, much attention has been driven to the numerical methods not only
on applied mathematics but also in the general sciences. In addition, many articles on

numerical analysis for the IEs Golberg (1979) and Golberg (1984a), contained applications



of SIEs. The computational implementations were carried out, and a numerical approach
was presented to solve the problem. Researchers identified that individual cores appearing
in potential problems and the whole that existed towards the Cauchy principal value (CPV)

should have a special attention.

In the last four decades or more, many authors have described, discussed and stud-

ied the numerical solution of CSIEs and among the methods, in these studies

quadrature method are used, see Tuck (1980). Jen & Srivastav (1981) apgtic

approximation method to obtain a numerical solution of CSIEs; the sity#lunction 1s

expanded as the product of an appropriate weight function and a cub%vline. which can

O

itWof GSIEs. The method
had a generalization to engineering problems with the w M whic Cjolv' g techniques

CM?z)l\qkins and
Nystrom methods (Golberg (1984a), Noble (1973) ar ssarl et dl. 1‘)){?1‘0111 there
p

reduce the problem to a system of linear algebraic equations.

From these studies, the scientific communities aroused cu
of IEs were calculated numerically using different meth
the SIEs begin to be seen as numerical methods. Y.

One of the formulations which singular@d I

by Li & Chen (2007) who established Gauss q

structed orthogonal polynomials of scalir %tiox&b
<>

wlaN urepr ﬁca@

In particular, in the Galarkin, thg co culiox\;jofis oakimidis (1981) and Phillips

(1972) have importan applicationts 1jdiffergt o @f problems of the numerical mathe-

are anftctive means of numerically solving

eJentec ﬁ!ﬁ'ojeclion method for solving bounded

e | . : :
operators in Hilbert spa 11d @ b & H%Dl()d for solving the CSIEs by using a se-
W

quence of orthogonz %'mn: Jth {’ 11

Moreover, 1'&\'01‘1\' has shown o{mde applications of Galerkin method and Galerkin

analysis meth using piecewise polynomials. In particular, much work has been done

on the effé
and dis
et al. (2014) describes a new technique based on the discrete Galerkin to solve LSIEs of

the second kind.

Gong (2007) proposed a method based on Galerkin method, and also provided the



error bound and the rate of convergence for this method. Deloff (2008) presented an exact
expressions for efficient computation of the weights in Gauss-Legendre and Chebyshev
quadratures for selected SIEs included in CSIEs. More information about the numerical

methods in various areas of applied mathematics can be found in Golberg (1979).

In these studies, the integrals are calculated using the CPV direction Hadamard finite
portions and applies a system of orthogonal coordinates in the point located inswmre by
calculating terms which appear at regular integrals. The numerical soluti d shows
effectiveness when compared to the classic formulation, thus validating\ts #rmulation.
More work by Muskhelishvili & Radok (2008) developed the theory o s, they assumed
a different technique and increased important applications in vz 'ious%'lreas of science.
Since analytic solution to these of SIEs are usually not availableggo®attention has been

bz

concentrated on the numerical treatment cited by Golberg (1

merical approximations are obtained. Indeed Gerasoulig

polynomials in the solution of the SIEs.

Traditionally in literature, the CSIEs are %0@

collocation methods. However, there are mm: . "
are based on polynomials for IE in one dj} %on. >’
? 6

Berthold et al. (1992) discussed CSNgs W] \Ajor e\‘iﬁ{mtc under a Sobolev norm;
they devised a fast algorithm fgr thyfquadrgture nf:ll which permits the solution of
the linear system arising fmm%\clhod{ etvtb the uniform convergence of this
algorithm was presented in&wmns'&\l.cr @
L

Linz (1977) expand %\nc of'C lu foams of Chebyshev polynomials. He estab-

lish convergence ratg

~~

1on. Moreover, loakimidis (1981) proposed

a numerical meth ca’solq‘mn of CSIEs based on the approximation of the
density 1‘uncli0\ juncated series (»@'lmgonul polynomials. He shows that the identi-
cal correspongMmethod depends on the reduction of CSIEs to an equivalent Fredholm

IE of the &gc

kind and the application to the latter of the weighted Galerkin method.

Gong (2007) gave a new error estimate under the weighted Chebyshev norm. Miller &
Keer (1985) extended the piecewise quadratic method in terms of truncated series to solve
SIEs of the first kind, Abdou & Nasr (2003) treated the SIEs based on Orthogonal polyno-

mials method. The technique depends on isolating the singular part of the kernel, which



corresponds to the selected domain of parameter variation and expanded the unknown and

density functions in Chebyshev polynomials.

On the other hand, Gong (2009) used Galerkin methods to approximate the CSIEs
of the second kind with constant coefficients; he decomposed the unknown function as a
terms of Jacobi polynomials and used it in the discussions. More references related with
this topic can be found in the book (Elliott, 1982). Venturino (1992) used Galelwelhod
to get error bounds for CSIEs. Ramachandran (1993) proposed numerical Ev s based
on Gaussian quadrature to solve LSIEs of the first kind, product inlegra@lhod&

Bialecki & Stenger (1988) developed numerical method based,on lz’onomelric func-
tions (sine functions) to get an approximate solution of CSIEs. Thg tained an approxi-
ase

mate solution to the Fredholm IEs by means of Nystrom’s m ii on a smooth sine

quadrature rule . \d
X

od accufac 01" %ximalion
LOX LAt elho@’rto solve the
S \bysh YEolynomials as
‘enegy when compared to
’IQ) solve CSIEswhere
: Qﬁon can be expanded in
we @gebraic equation. Okecha
La@@e interpolation and Gauss-

Considerable efforts have been devoted to achievi
CSIEs. Eshkuvatov et al. (2009) proposed efficien
first kind of CSIEs. They chose the zeros of fgur K
collocation points. The numerical solutions fo wow
the classic methods. Abdou (2003) prescnle&me%?

APPLOX
sysﬂ:m

the singular term has been eliminated ar

terms of Chebyshev polynomials form
(2007) presented an efficient quadrauN €

Jacobi quadrature. The unknow;fmﬁion 1s gxpr

of them is a regular function and Othg 1slhe\= &
LSIEs are usually difiggult™o sc ' 'yli@f.

proximate solution. Th% eetfor! 1 ﬁdcgﬁAlkinson (1997) is the commonly used
f

approaches for the 1 Q!al }(;v?s " fsSe types of IEs. The piecewise polynomial
method¥, &ius% ainikko (2006). Cao et al. (2007) studied the

| weakly singulz@by using the hybrid collocation methods; they

numerical solu\
proved the opﬁez rder of convergence for this method.

st 2 product of two functions; one

l-‘uq&llon related to Jacobi polynomials.

It needed to obtain an efficient ap-

collocation and Ggl8

HafgawF& Sugiura (2007) presented an approximation solution based on quadrature

method for LSIEs and approximated unknown function into finite sum of Chebyshev poly-
nomials and expanded the given indefinite integral in terms of Chebyshev polynomials by
using auxiliary algebraic logarithmic functions, by making a good approach to formulating

CSIEs using polar coordinates.
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Eshkuvatov et al. (2010) developed new quadrature formulas based on the modification
of discrete vortex method for approximation CSIEs and presented results that confirmed
the effectiveness of the method with discussion of convergence and error bounds. Sizikov
& Sidorov (2016) proposed the generalized QMs for IE. They reduced it to nonsingular

system of linear algebraic equations; error bounds are discussed and derived.

The numerical treatment of SIEs has been discussed by many researchers many

numerical methods have been proposed. Okecha & Onwukwe (2012) deyel two ef-

ficient quadrature formulae for evaluating numerically SIEs. The uum& plied four

special cases of the zeros Jacobi polynomials. Y'

Bougoffa et al. (2013) applied the ADM to get a new approa Nsolving CSIEs by
transforming it into a suitable form. Setia (2014) developed fagn®rica] method based on
Bernstein polynomials for solving various cases of CSIEs \d

A

Abdulkawi (2015) extended the differential lrans@clho

with two kernels types degenerate and convo]ulimv a 1'\’216{11 Araghi &
e

ap;@gle method for

S 11@ second kind, then
E. hbord et al. (2016)

Noeiaghdam (2016b), the authors presented a ngw €

solving CSIEs of the first kind and lranslknm@in
Iv&ghe qptai

applied the homotopy analysis method to so he

investigated the numerical solution of C %asc&ﬁ.
? ]

v

method.

2.2 Background g \', vj"éy\}
S s

$lypsom hcagmall background, which is used directly

In this section, we discugs
101\~ joncepts to carry the algebraic structure of
=rfo|ﬁi~bn them. The main subject is that of linearity,

functions and the 0% S
a concept that prC\EL Whe theory of inL;&a.ll equations and functional analysis in general.

to describe 1Es. We n

o)

Many p problems are modeled by IEs. The numerical solutions of IEs have

been high&udied by many authors. In recent years, numerous studies have focused on
the deve ent of more advanced and efficient, effective methods for IEs such as the

Bessel polynomial and the collocation approach.

Numerical solutions substantially reduced to systems of linear algebraic equations.

11



More importantly linearity is obvious in the functions and equations themselves concepts

that apply in infite dimensional function spaces.

We introduce a brief of 1Es and some of the main characteristic occur repeatedly in
various styles. In the study of IEs from least to most specific, these spaces are the vector

space, normed linear space, Banach space and Hilbert space. The material in this section
is only apparent overview, for a much greater depth see any introductory te> h real

analysis, for examples see Eidelman et al. (2004), Zarowski (2004) and Bqgd 1).
IEs occur in many practical applications, however, very few cas &Can be solved
analytically. For all other cases, they must be solved numerically. An ifjeg
%/E

an equation with unknown function ¢ (x), arise within an integraggioil¥ A typical of an IE

in ¢(r) is the form: l
Bx)
o) =g+ [ kG mpmé . =
( ) < ;‘ 3 :

where k(x,1) is called the kernel of the IE, ¢¢(x) and B (x

ral equation is

IEs are called linear IEs when the unknown function

N

The most frequently used linear IEs are diW e; under t mai@asses namely Fred-

holm and Volterra IEs. However, the classi%on of \k) us y'\gh three basic categories
which together describe the structure 0@ Edgivey ¥s fo@rs:

1. Fredholm IEs: ? ' I 0
The standard form of Freh lingadHgedlred® adyen by
¢ (x)u(x }+ x,r)@dl. x,t € [a,b], (2.2)
(my 3

¢
where a.b are cop® 5, () 15 & :
, f & ,
Ly fo lo@g kinds of Fredholm linear IEs:
3
—(01Bq.4(@:2) b@pmes

%\ g(x)+A .bk(.\‘.t)qi(t)df =0 x,t € [a,b] (0:8))

Ja
Q is called Fredholm IEs of the first kind.

(b) when u(x) =1, Eq. (2.2) becomes

linearly, otherwise it was called nonlinear.

The value of

ill g

o(x) =g(x)+A ‘bk(.\'.l)(})(r)dt. x,1 € [a,b] (2.4)

Ja

and 1s called Fredholm 1Es of the second kind.

12



2. Volterra IEs:

The standard form of Volterra IEs are the form

O (x)u(x) = +/1/ k(x,1)¢(r)dt (2.5)

Eq. (2.5) can be viewed as a special case of Fredholm IEs. The value of u(x) will

give the following kinds of Volterra linear IEs: Y.

(a) when u(x) =0, Eq. (2.5) becomes:
g(x)+ 24 / k(x.t)¢(t)dr =0, A (2.6)

and is called Volterra IEs of the first kind.

(b) when u(x) =1, Eq. (2.5)becomes:

Y'
¢ (x) )+ A / i )dr, \d (2.7)

and is called Volterra IEs of the second ]\md | _{.,\T

3. Singular Intcgral Equations (SIEs): 4 \‘f
auo@lplopu either
the integral is infinite or the integral is cd v 01V6domam may be an
IE can be singular on both cases; i.e 1& on ofl tegrifon limits or interval
is infinite or the kernel is unboun thc 1 4& ective singular can be
divided into two parts: 0 &
(a) Weakly singular kerne IY-
‘—) Ky ﬁo_’("*b. 28)
\ ) 1

gular kcrm] c\

%

\
g fY!? (x,1)log|x —1|, (2:9)
w huA is bounded n@ﬁu considered as weakly singular

(b) S w singular kernel or Cauchy singular kernel:

Q k(x,1) = A\("’) (2.10)

The homogeneity property: if we put g(x) = 0 in Fredholm or Volterra IEs of the second

kind given by Eq. (2.2) and (2.5), the resulting equation is called a homogeneous IEs

otherwise it is called inhomogeneous IEs. For more details see Wazwaz (2015) .

13



2.2.1 Eigenvalues and Eigenfunction

If we write the homogeneous IE as
b

/. k(x.t)¢(1)dr = ug(x), u :%_

then we have the classical eigenvalue problem; p is the eigenvalue and ¢ (7) isghe corre-

Definition 1 (Kanwal, 2013) A function ¢(t) defined on a set D is said ¥ satisfy the
Holder condition with exponent o if for any t|,t2 € D, the inequality i

x,1 € [a,b], (281

sponding eigenfunction.

[9(11) = @(12)| < M|ty —1|* \' 20
holds with constant M > 0 and 0 < o < 1. : ,

NY.

We simply say that the function ¢ (1) satisfies the H-co@m‘ befongs o’ll}@vu:s H on

the set D. Such a function ¢(z) is also called to be HolM conghifouy! WeWgrsually write

o(1) € H(a) or ¢ (1) € HX(M, D). - N Y-\’
QR

@)
e

S

-9

2.2.2 Cauchy Principal Value (CPV) c\ :\

a.lz.]\i%hich is unbounded in the

leééach of the intervals (a,d — €)
V1

Consider a function ¢(¢), defined in\ tery;

neighborhood of a point d,a < ¢ <w is ﬁ
i al

and (d +n,b) where € and 1 ar8 rary, sp ive numbers. Then, the limit

b \‘ ' \ (J b
qb(zk in 0 (IR + / o(1)d] (2.13)
Ja £ AN

if it exists, 1s called the 1 \cr 11;%51'1119&{110&011 ¢(r) in the range (a,b). Here, it

is implied that € and to zgro igdgperntly. But it may happen that the limit does
end l({z‘
bove limit cxisl@f the special case € = n, this limit is called the

not exist when € a Hhdegeiidently of each other, but it exists if € and 7

are related, then

Cauchy princi ue (CPV) or Cauchy principal integral Kanwal (2013).

2.3 Ortlfogonal Polynomials

Orthogonal polynomials play an important role in numerical analysis, mainly because

functions belonging to general classes can be expanded in senes of orthogonal functions,

14



such as, Fourier series and Fourier-Bessel series. An important class of orthogonal sys-
tems include orthogonal polynomials p,(x),(n =0,1,2,...). where n is the degree of the
polynomial p,(x). This class consists of many special functions commonly faced in the
many applications, such as, Legendre, Jacobi, Hermite, Laguerre, and Chebyshev poly-
nomials. Moreover, the orthogonality property of these polynomials have many other

general properties, in which the contributions of researcher mathematicians like Bernstein

One of the most orthogonal polynomials that plays an important ro %Es are the
four kinds of Chebyshev polynomials. The following section is devotggeg@ dcfine Cheby-
shev polynomials with some theorems and basic properties (Mason% pdscomb, 2002).

\%

2.3.1 The Chebyshev Polynomials
NY.

N\
'é:z’al on the
(x) if

ction w

and Chebyshev play a vital role (Boyd, 2001).

Definition 2 Tiwvo functions f(x) and g(x) in Ly[a,b

. I ] . . .
interval {((./)‘i with respect to a given cContinuous anc

(2.14)

(2415)

|
where w(x), f(x) and g(x) are fimct @%ncn the orthogonality condition

(2.15) is equivalent to suyinw'(-\') Is ¢ 80“&&’(-") if

C} .\f.@ﬁ (2.16)
@]

The formal Llciinilim:&ﬂnn}r HIC reNunctions of a real variable is as follows.
AN >

ner product (.,.) is @ linear function of elements f,g.h,... of a vector

s,

Definition 3 /

space that s = /1c following axioms:

I. (f.f) =0 withequality if and only if f = 0,
2. (f,8)=1(8&[)

3. (f+g.h)=(f,g+(f,h),



4. (af,g) = a(f,g) for any scalar c.

An inner product defines an L, type norm

1A= 1fll2 = v/ {f ) (2.17)

Definition 4 (Mason & Handscomb, 2002) The Chebyshev polynomial T,% the first
kind is a polynomial in x of degree n, defined by the relation *

Ilx)=cos(nd lzx=cos(6),n=0.1.2.... E (2.18)

degree n, defined by the relation \d
®

sin((n+1)0)

Definition 5 The Chebyshev polynomials U, (x) of the second¥ sa lm/wmmial inxof

Uati= : 2:19)
nl sin 6 b :
v
The range of the variables x and 6 are the su@
Definition 6 The Chebyshev polynomials s a polynomials in x of

COS
@(jc (2.20)

n=0,1,2,... when x = CO\@&\
S
& |
Definition 7 The (‘/;’ TGV p’l no :1 S 4@1({/01”‘1/1 kind W, (x) is a polynomial in x of
[ ]

degree n, defined A elations G}’
~N

€ sin((n+1)6
Q W, (x) = E ((” l ”> —).\\'/1('/1..\‘ —Gos((0)): (2.21)
sin 5 6

=) RIS

16



Theorem 2.3.1 The Chebyshev polynomials T,(x),U,(x),V,(x), W, (x) for n =0,1,2,...
are a set of orthogonal functions over [—1,1], with respect to the weight functions w(x) =

; &) 1 /[1—x 1+x :
2l sy WIS et = 9.3 eover
v l=x5 iV o\ Tor respectively, n.m =0,1,2,3,..., Moreover

T T ) 0, M7
PSR n\X X .
(Iny Tn) = o ﬁth — % m=n, (2.22)
T, m=n=0. YV
& 0, m
Wl = / l \/l — x2Up (x)Upp(x)dx = % =\ (2.23)

/ 1 V14
(V,,.V,,,> == / =

- ’ 3
| s

, LAl 0 )@ n,
(W, W) = / W, (W, 0 1.:- S% 595)
iy i J-1v14+x ! : : &%:11. (
? ) S

:
/s
[,q g
%5
®)
[§®)
=

The proof of Theorem 2.3.1 and more
and Berthold et al. (1992).

Theorem 2.3.2 (Residue Th

holomorphic except for m 1{
q‘i ?) :
&v
and the rcsidm% Wy pole of order n,
Q' b gl

Res(f(z),zp) = lim —— —— {(: - ;())”f(:)} : (2.26)

x—z (n—1)! dz1

The proof of Theorem 2.3.2 can be found in Spiegel (1965).



2.4 Projection Methods

Projection methods (PMs) have been around for a long time, and their general abstract
treatment can be traced to the paper of Kantorovich in mid-twentieth century. Indeed
Kantorovich & Akilov (1964) set general schema of defining and analyzing approximate
methods to solve linear operator equations. The treatment given in this sectiogeggnuch
simpler than that of it, we discuss briefly a special case of projection me%z More
discussion and analyzing can be found in Atkinson (1997), Golberg (1 %ld Elliott
(1982). &

Other discussions that have influenced a treatment are given ixwapers of Prenter
(1973), Phillips (1972) and Noble (1973). Elliott (1982) pres ntTﬂvaper that contains
niats‘ and Chebyshev

a collocation method based on the properties of Chebyshev
expansions, and this often leads to excellent convergence witlMaginedr s, of relatively

small order.

2.4.1 Orthogonal Chebyshev Polynomials wi

integration and functional space that ar&‘ ; ‘ YCh is certainly not possible

in virtually all realistic situations. Y-

effects of numerical integration,
function approximate. Reg nalyses of Cauchy and logarithmic

SIEs have taken up morc@ ‘d&gtrchers with related work have done for

very general classes ol% A&

[n this sectiongu§brictly discuss zu@scribc the approximation solution of linear op-
crator mnsidcr'Ncir projections into finite-dimensional subspaces, which is more con-

venient for al calculations. It is assumed that all operators are linear and bounded.

al results concerning the convergence of the Galerkin methods will be

'ing LogSIEk and SSIEK.

Then, t

-

applied to sc

Definition 8 Ler X and Y be two Banach spaces and suppose T : X — Y be one-to-one

operator. Assume that X,, C X and Y, C Y, be two sequences of subspaces with dimX,, =

18



dimY, =ndefined P, :Y =Y, be the projection operators The projection method generated

by X, and P,, approximates the equation
T =f (2.27)

by its projection

P,T¢ =P, f. (2.28)

This PMs is called convergent for operator 7', if there exists a natural nfiu N such
that for each f € ImT, Eq. (2.28) has a unique solution ¢, € X,,,Vn >N]€> ¢ solutions
converge ¢, — ¢ when n — e to the unique solution ¢ of 7¢ = £, th ergence of the
projection method in operators theory means that for all n > N. The Wite-dimensional

%'e T, 'PT¢ — ¢

c
thil the convergence
NY.
e

;ulfy - 1enJ€ X can be

ce TANS P, T is a linear

operators 7, P, T : X;, — Y, are invertible and the pointwise cor

when 11 — o holds V¢ € X. In the general form, one may an R

happens if subspaces X,, form a dense set

(Pin{: lo—0| = 0,n— =,V (2.29)

Formula (2.29) is called the approximating propert :
approximated by elements ¢ € X,, with an arbitragy n(zn
operator acting in finite-dimensional spaces, lhAJ%N
linear system. The Galerkin method will be Mgsidered as@Re PIQ under the assump-
éprojcclion. Indeed, for
actfhg a 'lh(@lal projection into finite-

(@]
o

olvc@\ nite-dimensional

tion that the above definition is valid in

2.4.2 Collocation Mcth()dS\ ®

. X = \ ¢ | . .
Both Galerkin and C 0110&,1 Mg¢thod &JI(EQ same way. One seeks an approximation

to v, the solution of K &97) (}f 1e JorM yAS S, where S, is a suitable finite dimensional
linear space. The g %h mightéde !sp\}&t’ of piecewise polynomials. The two methods
differ in the wof™ssyhich the uppro’s&hmion vi 1s selected from the space S;,. In the

\nnc chooses a set of distinct points 71,75.13, . . .. 1, € [a,b] where n = ny,

collocation meMQL
is the dimdgg ot Sy, and imposes the conditions

yu(t;) =kyn(ti) — ;) =0,i=1,2,...,n (2.30)
In practice, of course one chooses a basis uy,uz, usz, -+ ,u, for S, so that y, is a linear
combination
n
Yhi= Z”i“i- @.31)

i=1

19



Then the coefficients ay,as,as. . .. .a, are determined in the collocation method by the set
of linear equations

n

Y a; {zlf(z‘,) —kui(t)| = £6;),j=1,2,....n. (2.32)
i=1

Let the IE being solved be denoted by

o= Y‘,Z.?ﬁ)

Indeed, both Galerkin and collocation methods approximate ¢ with 1‘unclim€N a finite-
dimensional family, denoted by H,,. The methods try to minimize s

Ri=To,—f (2.34)

as ¢, ranges over H,, in hope that the minimizer ¢, will also be CN) ¢. The methods

differ in the criterion for making R, small. Y"

On the one hand, Galerkin methods minimize R, by forc he Founggeflicients of
R, 1o be zero for all elements of some basis of X,,. If wetNgme tifat {J;. @ ..... O}

is such a basis, then we choose ¢,, € H,, such that:

a; (2.36)
the coeffiecients a; are determin fl'&] ?
n %

Y al ), S (2.37)

J CQ )
Hence in most cases, l@l' " prc iucr el (t.‘.grals which must be evaluated numerically.
}]MN’ cgl

On the other location mclh@gyl;uke Basmallibyiforcin g Rt )5 =19 8 5= n
N

to be zero at a pidsglected set of points 7; 1n the integration domain [a, b]. Letting {#;.12,... .. It

be points in .4 e need

[\)HU/) —i() 1 =N WONE Sy ! (238)

If {@1,02,¢3,..., ¢n ) is a basis of H,, then we seek the solution ¢, in the form Eq. 2.36,
the coeffiecients a; are determined from

n

Y aToj(t) =f1), i=1,2,3,...n, (2.39)

J=1

20



2.4.3 Solution of LSIEs via Fourier—-Chebyshev series

One can decompose functions in the Fourier series in Chebyshev polynomials (the Fourier—

Chebyshev series)

or

2(x) = ¥ bili(), e _\ 2.41)
where 7j(x). U;(x) are Chebyshev polynomials of the first and second l\'ili respectively. We
assume that g(x) be a real-valued function, so the Fourier cocﬂicicnwl)i are determined

as follows:
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