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CHAPTER I11
METHOLOGY

In the previous chapter, we have learnt much about the compreherive literature

review of the problem; starting from the derivation of the Schrid; er equation down
to how researchers used other numerical computational met 10Nﬁnd the numerical
n

solutions of different kinds of linear and nonlinear Sch

" eqpation dating back

since 1970s to date, we have also shown what MOL i dis&usscgdlully how this
method can effectively used to find the numerical s@ution¥of 1 ost @'t 10'1"‘) £ System

of equation. In the preceding chapter, we are goil sive accqun@Pt ho%v"_this method

can be fully used and applied to this problem of?‘ Sd% r eq@‘lon.

=3
7((/:
“®

3.1 Element of MOL \
Basically, to apply the Mol normally icolve 1&?

1. Partitioning the solution r: into lagers o * Q%

2. Discretizing the differe atIy 1 ofe coddinate direction
d

3. Transformation to ¢btaia §ecoupldd OPE! 0

iy e i s S
4. Inverse transformgtion #d i uwtion undary conditions
5. Solution of the,

Schiesser & G

(boundary valg) ¥erivatives in lh()o, £ with algebraic approximations. Once this is

Or in clearer pic % regfr @ of steps above, Hamdi et al. (2007) and
%’2 :

done, thg®watial derivatives are no longer stated explicitly in terms of the spatial

inde ariables. Thus, in effect only the initial value variable, typically time in

problem, remains. In other words, with only one remaining independent
variable, we have a system of ODEs that approximate the original PDE. The challenge,
then, is to formulate the approximating system of ODEs. Once this is done, we can

apply any integration algorithm for initial value ODEs to compute an approximate



40

numerical solution to the PDE. Thus, one of the salient features of the MOL is the use

T

Let us start by illustrating this procedure or methodology with s@}amples

suggested by Hamdi et al. (2007) and Schiesser & Griffith (2009). consider the

MOL solution of equation (2.2.5.1). Following the above stepsveed to first
n

replace the spatial derivative u, with an algebraic approximatiow lis case we will

use a finite difference (FD) such as Y'

0, =2 \d
u, ~ ! (6389

Ax ¢
é A\
. b

where i is an index designating a position along d?ﬁm ,\s% is (/NBpacing in x
e le&

along the grid, assumed constant for the timew Tth nd value of x,
i=1, and for the right end value of x, i he., the in @s M points. Then
the MOL approximation of eq. (2.2.5.1) E :\7
6
, 157 8

du U = 2 &
= Sl 9.2
dl . A A $ e

X
X , )
Note that equation (3.1.2) 1 itten o8 % since there is now only one
independent variable, 1. &\also ltha quath@(&l.Z) represents a system of M

ODEs. N

(} ‘}:' &’

This transformati QK P? # 0@6.5.1), to a system of ODEs, equations
(3.1.2), illustra @essence f

derivatives, |

of existing, and generally well established, numerical methods for ODEs.

e

ﬁleg'OL, namely, the replacement of the spatial

ase iy, so that tﬁg:golulion of a system of ODEs approximates the

solution of t iginal PDE. Then, to compute the solution of the PDE, we compute a

solutio;& approximating system of ODEs. But before considering this integration
in 7, ve to complete the specification of the PDE problem. Since equation
(2.2.5.1) is first order in 7 and first erder in x, it requires one IC and one BC. These

will be taken as
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u(x,t =0)= f(x) (3.1.3a)

N

Since equation (3.1.2) constitute M initial value ODEs, M iniadconditions are

required and from equation (13.1.3a), these are v
u(x,,t =0)=f(x,), 1<i<M Y\., (3.1.4a)

u(x =0,1)=g(r)

Also, application of BC (3.1.3b) gives for grid point & \d
g
u(x,, 1) =g(1), 120 ' .1.4b)
’ <

Equations (3.1.2) and (3.1.4) now constitute 1l UEWMOL roximation of

equation (2.2.5.1) subject to the initial a I&étated In equations

(3.1.3a) and (3.1.3b). The solution of this - system g functions

uy (0,1, (1), o1y, (1) (3.1.5)

that is, an approximation to u(x e gfid pQ Y 8
N
What remains now isgthe €o n o(}{e numerical integration of the

N T
approximating ODE, &s case,_cquflition .2), but before then, let us consider

further the finite cumf ce J(MD) P’oxﬁgﬁ){ion of equation (3.1.1) which can be
written as Q, \(J

A
l k8

M + O(Ax) \‘}' (3.1.6)
.

linearly with Ax); thus equation (3.1.6) is also termed a first order FD (since Az is

to the first power in the order or truncation error term). The term truncation error
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reflect the fact that the finite difference of equation (3.1.1) comes from a truncated

Taylor series.

When we note equation (3.1.1) again, we will see that, the numerato g, i

difference in two values of u. Also, the denominator Ax remains 1i& , (nonzero).

Hence the name finite difference (and it is an approximation because oM™he truncated

Taylor series, so a more complete description is first ()rdei Inite difference

approximation). In fact, in the limit Ax — 0 the approxm t equation (3.1.1)
becomes exactly the derivative. However, in a practical dfased calculation,
Ar remains finite, so equation (3.1.1) remains as an a 1matj

Yf
a\% al tity such as

- concentration of a chemical species or tempe e eprEYente by mJrom left to right
sing t pro§i}iation of equation

@‘e left (in x) of u; or is

> g
hus@uatlon (3.1.6) is termed
foél‘r’ongly convective systems

upstream or upwind of u; (to use a
a first order upwind FD app/'()xinm.
such as modeled by equatio (ZW), sgme gorgn ﬁnwinding> is required in the
numerical solution of the desch P% W‘tﬁj@o]\ at this requirement further in

the subsequent dlSCUSSlOI Q

~i°
| g)(-’
3.2 Integrating OD % j‘ 4 (J
1 te of the M ODEs of equation (3.1 WA ke b

Let us now cons nun}l on

we dpprO‘(IdeC & rivative <* b@sr order FD

+0mo (3.2.1)

where 7 1s"an index for the variable #( moves forward in steps denoted or indexed by

n), then a FD remains an approximation to the derivative of equation (3.1.2) is
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n+l
1

S
@ —u)Ax = v(~u," —u,_")At A
N

or solving for u

1

1
u; " Ax = v(=u," —u, " At +u’ Ax

At
u™ =—o—@! —u,_ ") +u"
Ar Ao

S7E
w!™ = — A M)W, —u, "), =12, 4 ¥ 6.2
Q NN

Equation (3.2.2) has the important chara@ that

can solve for the solution at the advanc%mint i \q\ ; 9{\{116 solution at the base

g\/.
b

g

~~
K4
g

=

=

o g

fov]

g

\.;‘

<

(@]

N

point 7. In other words, explicit num ifitegrat®on quation (3.1.2) is by the

is.gglerally termed the forward

(@)

possible limitation. If ghe Wme
2

becomes unstable, w&@s mgni (g;éssive changes in the dependent variable,
n+l o \
Au=u" —u cpmeng 1. nd

ntually unbounded as the calculation moves

forward in ¢ @Nmreasing n). In@f, for the solution of equation (2.2.5.1) by the
method of &ion (3.2.2) to remain stable, the dimensionless group U(At/Ax),

which 1 the Courant-Friedricks-Lewy or CFL number, must remain below a
critica %, in this case, unity. Note that this stability limit places an upper limit on

At for a given vand Az ; if one attempts to increase the accuracy of equation (3.2.2)
by using a smaller Ax (larger number of grid points in x by increasing M), a smaller
value of Aris required to keep the CFL number below its critical value. Thus, there is

a conflicting requirement of improving accuracy while maintaining stability.
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Let us now circumvent the stability limit of the explicit Euler method as implemented

via the forward FD of equation (3.2.1) by using a backward FD for the derivative in 7.

therefore Yv
du, u"—u"" %
k]

¥ ————+ O(A1)
dt At
so that the FD approximation of equation (3.1 .2) becomes V:

n n n n
u' —u _ gt T z '
At Ax \d
*AX

SN
. ~ 1-1 ' io
or solving for #"”" we have
’ %4
uAx —u" Ax = —ou! At +vu” | At Vz 0‘\ g
—u" Ax = —ou' At + vu” | At - u,”A\ O
T ) A
(o N
"l _ppyn A roun, M2 6 C}
i i Ax -1 K Q’
n-1 n A’ n ,
u, =ou —-vgt R—i—ll, ( 3.2.3)
i i A,\' b : 0 (
NG
Takingar = U% , We hQ Q
X

\ ¢ :l c')
I+« o Au) i1 (JM
&
Note that we 4an

t now solve egygtion (3.2.4) explicitly for the solution at the

—Uu

.

advanced Nu,". in terms of the solution at the base point u"'. Rather, equation.

(3.2.4§ licit in u because /", is also unknown; that is, we must solve equation
(3.2

bidiagonal equations (bidiagonal because each of equation (3.2.4) has two unknowns

tten for each grid point i=/,23,....M as a simultaneous system of

so that simultaneous solution of the Jull set of approximating algebraic equations is
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required to obtain the complete numerical solution u;,uy,....uy, . Thus, the solution of

1

equation (3.2.4) is termed the implicit Euler method.

We could then naturally ask why use equation (3.2.4) when equati ¥.2) is so
much easier to use (explicit calculation of the solution at the next st mgof equation

(3.2.2) vs. the implicit calculation of equation (3.2.4)). Well thi answer is that the

implicit calculation of equation (3.2.4) is often worthwhile becaus he implicit Euler

method has no stability limit (is unconditionally stable in ¢ agson with the explicit

method with the stability limit stated in terms of the CFL 'on} However, there is
a price to pay for the improved stability of the implic er n th 1s, we must
solve a system of simultaneous algebraic equationsggguation (3.2 )'is:\ a%?;xamplc.
Furthermore, if the original ODE system approximaWgg the ? 2} nonlizmar, we have
l 2 Yi\'c’ linear, so the
g s Qé%ally solved by a

dix:ﬁQmputationally if the

to solve a system of nonlinear algebraic equatior (eq

solution is much easier). The system of n TaES

variant of Newton's method which can bm very den

number of ODEs is large (due to the %a 13;&»1?@
? (]
1

MOL approximation of the PDE, ally wh We@empt the solution of two
dimensional (2D) and three dimﬁi& l (’ 5s) (QMdi et al., 2007; Schiesser &

Griffith, 2009). (

g © &
Additionally, although & no llmlt r A@h regard to stability for the implicit
method, there is a [ '\wz/l regoRd e)@racy. In fact, the first order upwind

c ¢

approximation of ey 1ndequftions 2‘.’2@), equation (3.1.6), and the first order
approximation , Y equt 2. *& equation (3.2.1) or (3.2.3), taken together
limit the acc& of the rcsulting@’approximation of equation (2.2.5.1). One way

around thi Nracy limitation is to use higher order FD approximations for the
L% e

patial grid points in the

Res

derivaig quation (2.2.5.1).

For example, if we consider the second order approximation for u, at i

qu _ul~l 2 3
u, ~——=+ 0(Ax 14
: A (Ax?) (3.2.5)
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substitution in equation (2.2.5.1) gives the MOL approximation of equation (2.2.5.1)

du, B ==L

e R L S R PP
dr ok ¢ W

We could then reason that if the integration in 7 is performed by t caylicit Euler

method, i.e., we use the approximation of equation (3.2.1) foru, wmmey. the resulting

numerical solution should be more accurate than the solution fré eghation (3.2.2). In

fact, the MOL approximation based on this idea T

l

At
™! :U—‘(u,ﬂ,—u,'[l),i:1,2,...,M \d-@ )

178
4 b

1s unconditionally unstable; this conclusion can nonsira yQ\_V(m Neumann
stability analysis that we will not cover here IS urp?‘sin esulﬂ&monstrates that

replacing the derivatives in PDEs wi 1gfder ordePytippi <‘Ynafi()ns does not

necessarily guarantee more accurate so%m, or \N?b e;@{utions.
N,
([ A 4?
Another vital note that was highlagh®g agal chﬁseer & Griffith (2009) and
Hamdi et al. (2007) is the nume diffgsiorgahd @llation in respect to the just
!

solved example. That, Even i mplicipLu Jngbl d 1s used for the integration in ¢

of equation (3.2.6) to ac&ﬁabili‘y
a

is used that automatical\

the solution ()scillate;:‘ %ﬂlist a

observed forms ot? ricgp Srrof. he@ﬁer numerical distortion is diffusion which
would be manifa‘ 1Y the solution f@nquation (3.2.2). Briefly, the solution would
N

exhibit exc:% smoothing or rounding at points in x where the solution changes

mogdSOphisticated explicit integrator in ¢

hieéﬁ' prescribed accuracy), we would find

172]
—
2]

1 @(%erical distortion is one of two generally

rapidly, verall observation that, first-order approximation of u, produces
numeygal Jillation is predicted by the Godunov order barrier theorem). To briefly
explain, the order barrier is first order and any linear approximation, including FDs,
above first order will be oscillatory. Equation (2.2.5.1) is an example of a difficult
Riemann problem) if IC equation (3.1.3a) is discontinuous; for example, u(x,

1=0)=h(1) where h(1) is the Heaviside unit step function. The (exact) analytical
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solution is the initial condition function f{x) of equation (3.1.3a) moving left to right
with velocity v (from equation (2.2.5.1) and without distortion, that is, u(x, £)=f{x- v 1);
however, the numerical solution will oscillate if u, in equation (2.2.5.1) is lcplaced

with a linear approximation of second or higher order.

Furthermore, we should also mention one point of telmn&; for FD
approximations. The RHS of equation (3.2.5) is an exam C a centered
approximation since the two points at i+1 and i-1 are centedd apBund the point i.

0 vind approximation

thelpossibility would
be to use the points /i and i+1 in which case the ;appiim tNu\ Qquld be

downwind (for v>0). Although this might seem l@gcal It t'va@ equation

(3.1.1) for approximating equation (2.2.5.1) at . thg f'e ]\.@L' system of
ODE:s is actually unstable. Physically, for a w
(2.2.5.1), we would be using informati %

(point /) and thus unavailable in a sy ’m

Equation (3.1.6) is an example of a noncentered, one-sidg

since the points 7 and /-1 are not centered with respect ¢t

n m d by equation

point of interest

sijve velocity v. If v is

negative, then using points 7/ and 1% depCu ndiltg}(and thus stable). This
illustrates the concept that the dir of flow be c&%/y consideration in forming

the FD approximation of a )e of hy, ,l (§ DE. We can also show this
centered approximation wherrwe 01lsldg eries of two functions such that

\l\é’
If \&Qéo

N ) (x (J/fy'"(x)
+ Emes s T Py (a)
Fv’s 2!‘5 3!
S
~N

e, Y@ Hy@
! 3 ®)

h?.)}/l(x) + /72))”(,\‘)
2! 2!

= y(x + h) + y(x - h)=2y(x) +
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,1*(.\‘ + /7) + y(x — /7) =2y(x)+ 1’ y"(x) +... (c)
Approximately, equation (c) can be written as

‘ 2.
~Vl:+l + )y/h] = 2)’u ('\) Eg /7 -yn +...

< n-1 "

h*

Likewise (a)-(b) z '
= y(x+h)- yx - /7) =2hy"(x) A
S
? &

)‘n‘l b })H*] = 21])’:: ('\‘)

&
O (e)

So far we have considered gmly ze M;)!jlio * first order hyperbolic PDEs,
n

such as  equation (2.2.5.1%’\: ill\ 6'1@0 this discussion of the MOL by

considering a second 01‘& llc pglaboligsquation (2.2.1.1). We have to first
n

3’ t
begin by finding the : Nim,tipl?r: ﬂleée’ond derivative u,. A commonly used

“OX T al?n S q&ln, derived from the Taylor series, so the

term O (Ax*) rep he i )
&
\— 2u, ~U, > :
u, :\k — 14 O(Ax?) (3.2.8)
Ax”

SubstitutM equation (3.2.8) into equation (2.2.5.1) gives a system of approximating

ODEs

Uiy 20 bl
u, ~a—- : =120 M (5.2.9)
Ax
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Subject to the IC (2.2.2.1) and the two BCs (2.2.2.2a) and (2.2.2.2b) the Equation
(3.2.9) can be integrated and solve using any method, be it Runge-Kutta, explicit Euler
method, the implicit Euler method. or any other higher order integrator forw value
ODEs. This is because, stability is not as much of a concern as wi N previous
hyperbolic PDEs (a characteristic of parabolic PDEs which tend tﬂ@

rather than hyperbolic PDEs which tend to propagate non h conditions).
However, stability constraints do exist for explicit methodwjx;mplc. for the

h solutions

explicit Euler method with a step At in 1, the stability congtra alt/ Ax* < constant

11 ‘ Agmust also be
\d. .

(so that as Az is reduced to achieve better spatial acclk

reduced to maintain stability).

merely be %V

u =u, %
and therefore the ODE of cquatio@ )A] {"required and the ODE for

(3.2.11)

|
e
. isf alZgb 'u'c\&v[d with equation (3.2.11) will turn to
uatién %) M@m. Our target is to have a system of ODEs,

Anyway, we j 11 achieve our aigBut before this, let look at this equation, at i=A/

Though equation

differential alge
we have (3.4

du u —2u,, +u
A ~ M+ .\3 M +1 (3212)

df Ax~*

Since we have uy.; outside the grid in x that is M+ 1 is a fictitious point. As we

mentioned earlier we can approximate the BC in equation (2.2.2.2b) so that equation
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(3.2.12) can be integrated. This will make upr+1 1o have an assigned value. Now using

centered FD approximation of equation (3.2.5)

o Mava TUy

) 2Ax -

Uppor = Uy T [3:2.13)
Substituting (3.2.13) in (3.2.12) we obtain (4
=%

du,, 0 Uy, —211‘\7, Tl ' .@.2.]4)
dt Ax”
’ b 4
2.1

And arrive at an ODE system (3.2.9) for i=3. ... w,%q aﬂ% 2. @‘br i=2 and
equation (3.2.4) for i=M CV “‘ 3

3.3 Origin of the name “Method of linf \ &
The name “Method of lines” (Schiesgeg riffith, ) <g\i'@derived from integration
of ODE system (say equation 3.N w£' duc@he solutions (1), us(t,)...,

up(t). (Note: u;(t)=up, a conptant¥rom BC .2.@). We could then plot these
functions in an x-u(x,1) plane as Jr ertk{ af‘édh x(i=2,3,..., M), with the height
of each line equal to u (@otl@is, tl@ot of the solution would be a set of
: : . N
vertical parallel lines s Mm t%}d W’d of lines.
e ) Y

To illustrate this w;etali& Jis ider a 1- dimensional (1D) heat conduction
\ &’

\ (3.3.1)

E ou oO’u
or — =
o  Ox?

e Dirichlet boundary condition at the left end, u (x=0,1)=0

u

equation ;
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e Neumann boundary condition at the right end, u,(x=1,1)=0 (spatial
domain (0 < x<1)
e Time domain 0 <7<5.0

* Initial condition u(x, t=0)= sin(g) (Schiesser & Grifﬁt{m;)

The MOL solution for the problem is shown in Fig (3.1). The num%solution was
obtained by MATLAB and MOL library routine dss042, 044, R,.(MS or 050 of
Schiesser & Griffith (2009) (Program is listed in Appendix ANh number of grid

points M=31 (so that the grid spacing is [1-(0)]/31-1) = 0. i '
o . L
u(x,r)=e * sin(—)(Schiesser & Griffith, 2009) \d&-
2 ' C.}
A\
The plotted output shown below clearly indigg e 01‘53' 3 mej?)d of lines
\ Y'
(MOL). \; X\ <
N o

= 75 )
&
=1 \ N
Q\\
8
06 \\\\ S o -v\5
0.4 \\\ ~ < 5 4
N A».-~\2 3
0.2 ‘ <
. \\' | 1
X, distance 0 0 fgne
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Figure 3.1 three dimensional graphical outputs from Listing 3.0.1 illustrating the
origin of MOL \R
3.4 Using Library Routine in MATLAB A

Generally, when applying the MOL, integration of the approximg ODE/DAEs
(e.g., equations (3.2.1) and (3.2.9)) is accomplished by usmg rary routines for
initial value ODE/DAEs. In other words, the explicit pro ng of the ODE/DAE
integration (such as the explicit or implicit Euler ; rather, an

established integrator is used. This has the advantag

1. the detailed programming of the integration c avo{ tlcxﬂg. ly the linear
ir

algebra (solution of simultaneous equatior ev\by 1 mm&‘lt integrator, so

that the MOL analysis is substantlally d, an
2. ibrary routi S itte g @ures that make these
routines especially effective (robust) a gnt f as @()malic integration step
size adjustment and the use of lngf/u *int n nz&ftbds (beyond the first order

accuracy of the Euler methods Wncrllly ey I been thoroughly tested.

ro/ 2 4
routinedd usually an essential part of MOL

di e 2007).
&

Thus, the use of quality OD%
analysis. (Schiesser & Gyftt 20

Since the MOL ess

p8®tem PDEs with systems of approximating
ODEs, the dddl othg ¥s 1$Zsi1y accomplished; this might occur, for
example, if th fa PDE are slta as ODEs. Thus, a mixed model consisting of
systems of nd ODEs is readily accommodated. F urther, this idea can easily be
exlmd tems of ODE/DAE/PDEs. In other words, the MOL is a very flexible
proced #r various combinations of algebraic and differential equations (and this

flexibility generally is not available with other library software for PDEs) (Schiesser
& Griffith, 2009; Hamdi et al., 2007).
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3.5 Solving the Problem — Schridinger equation — with MATLAB
Discussions about the Schrédinger equation and its derivation have been so far given
in the previous chapters. And again, explanations (with examples) on how the Method

of Lines can be applied on PDE have also been concluded. In the presidi cussion

we are going to solve the Schrédinger equation using the method S% d in the

above subsections. We shall also use the MATLAB library routinés a numerical
MOL solution used by Schiesser & Griffith (2009) (though with s&e modifications)

to find the numerical solution of the problem V
Recall, from equation (2.1.3.7) of cubic Schréding@m .'We rewrite this
equation again for smoothness of our discussion thus; Kdo X
N
IS
The one-dimensional (1D) cubic Schrodinger (CSE) eQwationgt \’Y"

N ?Y'
Ou  0'u 12 V ?
I—+_—+qu u=0 % &
o ox? \ O
E‘—) =
Or in subscript notation Py

s S
¥ s

X isa boundarcmc( pati i}Ge ent variable

BN

¢ 1s initial-galiNnde vari®l
5

7 1s afegtrar

&
qi x\ parameter (con%t) and
@Emaginary complex number /-1

the term “Cubic” in CSE originate its name the term glu|* =0.(

o

denotes the

ul,

absolute value of complex variable u).
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Note that the formalities to be followed in solving the above equation (3.5.1) are
already stated in the previous discussions. Following the steps one after the other, we

have that:

First as mentioned earlier, we have to replace the spatial deriva N\ with an
algebraic approximation such of FD. But before this, for nun | treatment of
nonlinear Schrodinger equation the complex u(x,7) must be rcpwyby its real part
u(x,t) and imaginary part o(x,r) ie V

u(x,t) =v(x, ) +io(x,0)=u = [vw] : ' (3.5.2)

Substituting the new value of u(x,1) into equation (J“Qéwc obfain; ' ‘\6_’\
’

. . e
i(v, +iw)+v, +io, +qv+iol (v+1(o)¥. \ !Y'

. . 2 2 . y
or w, —o, +v +io +qv: +o )N =

0
)~
N
Equating real and imaginary part to ™, W& obtai th@owing nonlinear system
e &
of PDEs
z ? (
v+, +q(v’ +(u2%) s s (QO (3.5.3a)
v, +q(v’ + 0il = ‘?Q & (3.5.3b)
3

Solving equations Qﬂ) an
For the (3.5.3A \C)V

bl bl ‘}7
or -=—q(v + o )o - (9 +=0 (30, 4a)
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Also for the (3.5.3b),

0%v i > ow
Stq(v o )v-—=0
preil U

(3.5.4b)

ow > 2 0%y )
or —=q(v +o Ww+—
ol

ox?

Applying the three point central difference scheme to theWtions (3.5.4a) and
(3.5.4b) we get

From (3.5.4a), s \d
"3
IS
o o, -20,+o0,
= e s &y (35

And from (3.5.4b), \o)
(911' _— vn+l —21'” g vn—l E% GA\T §

: - 5.5.90

Ox* h* a A$ ( /
\ &

h is the spacing between theghiscr¥ized lige angd 7 i number of grids.

PR %

Substituting equations (34 % and |3. D) in e@¥ttions (3.5.4a) and (3.5.4b) we get;

(3.5.6a)

B ) v :
4& (v, +o; )y, — a v = ‘) (3.5.6b)
d% h*

TheWNgstiph we may ask our selves is whether equations (3.5.6a) and (3.5.6b) going
to make any sense or impact in the choice of our BCs and ICs. Thus, we shall see here

in our discussion.
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Now for the next step is that; equation (3.5.1) is first order in ¢ and second order in X,
it therefore requires 1 (one) IC and 2 (two) BCs respectively. The IC is taken from the

analytical solution (with g=1) (Schiesser & Griffith).

u(x,t) = \[2e' 5540750 go . h(x—1) %

Since we already mentioned that we have to analyze u(x,1) as a Y&al functions, we
then therefore say from equation (3.5.7a) V

u(x,n) = V2 sec h(x—1) : ' (3.5.7b)
We will use equation (13.5.7b) for comparison with¥wmalyticalkolu 01’ Ld%n with =0
in equation (13.5.7a), the IC is

..‘ v-
6‘

u(x,t = 0) =/2¢"®% se¢ h(x) T \&\ (3.5.8)
C»)

o,
]
Ideally we are suppose to wmndcw Mlh&“ﬁt going to be possible since
for a class of rapidly decrez nml L(:? (x, /)’ —0 as } ,—) +00 that, if
PDE is analyzed over an €b¢ll '&Q omég/ © < x <coand if changes in the
solution occur only oy, X1 @l in e BCs at infinite have no effect: In

N

u(x,t = 0) =+2e" "9 sec h(x - 0)

other words, we do got s;egr{y BCs (since they have no effect). This
situation will be @tl rqugh)P E tion (Samrout, 2007; Schiesser & Griftith,
2009). V)f

\"’
Conseque quatlons (3.5.1) and (3.5.8) constitute the coupled PDE problem,

.7a) and (3.5.7b) is used in subsequent programming and analysis to

CquatlgliSg.
cva!b‘ numerical MOL solution. Note that equation (3.5.7a) and (3.5.7b) are

traveling wave solution since the argument of sech function x-¢ (Schiesser & Griffith,

2009).



57

As already stated, we will consider some MATLAB routines for numerical MOL
solution of (3.5.1) and (3.5.8) that were used by Schiesser & Griffith (2009). The
program is “main program”, pde 1 main which calls the dss library 044 with a listing
6.1. Further more, full detail on the subroutines called by main progr \&;\Ien in
Appendix B. For the purpose of preparing the values of paramete %ired by the
DSS library in the MATLAB, we explain in the following progra$ step by step
parameter assignment for different set of cases in the experiment. Is crucial to notice

the changes in the parameters involved and that is why we dncIWE this listing in the
k !

text rather than in appendix. Thus the program is given b
Listing 3.1: program solution of CSE when the disgretiz®io
grid has 301), spatial domain is — 10 < x <40 and %c is

% Clear previous files

clear all G)V °‘
cle \

% \T &\

% Parameters shared with the OD ing C}

th t‘le solution;

nfsiz

global ncall x xI xu n

o/
/0 \

% Boundaries, number of oric ts ,

x1=-10.0; toz o f’l %0
xu= 40.0;

n=301; &\ ® @)

% Initial condition \ ¢
€0=0.0; (') I L
u()=inita1_l(t())'Q' P )t <
% Q/ T

% ODE integration
mf=1;
reltol=1.0e-06; abstol=1.0e-06;
options=odeset( RelTol' reltol,' AbsTol',abstol);



%

% Explicit (nonstiff) integration
if(mf==1)[t,u]=0de45(@pde_1,tout,uO,options); end

0/

% Implicit (sparse stiff) integration
if(mf==2)

N
S=jpattern_num; A
Y

pause
options=odeset(options,'JPattern‘,S) ;
[t,u]=0dcl55(@pde;1,tout,u(),options);

end Yu
%
}

% One vector to two vectors
for it=1:nout \d
' o, o

for i=1:n N
v(it,i)=u(it,i); % :J ,Y‘g—,
N

w(it,i)=u(it,i+n);
‘ Y NN X
end
cxzd %V Q‘ 3
% @)
nje

% Analytical solution and differencg betw¥ee ‘&W\T

% analytical solutions

for it=1:nout o “« Q-
fprintf(" t x x-t v~ 2 Ajw’lﬁq errhnl):
fprintf(' an , an %\‘\n'

for i=1:n

v2w2_anal(it,i)=ua(t(it),x(i)f; \.f ;(50
v2w2(it,i)=u(it, i) "2 AN |2
err(it,i)=v2w2(it,i -&—
% \
1

(
%  Output in thgege

bonll

if(abs(x(i)-t(ip) WT0) p

fprintf(' % a8 11%8. W% 15.6/%15.61%15.6f\n, ...
t(it),-ﬁ&i)-t(it),vzwz(itgip w2_anal(it,i),err(it,i));

end \
end %

te and display three invariants

%
%
ui=u(it,:);
uint=simp(xl,xu,n,ui);
fprintf("\n Invariants at t = %5.2f' t(it));
fprintf("\n 11 = %10.4f" uint(1));
fprintf('"\n 12 = %10.4f, uint(2));
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fprintf("\n 13 = %10.4£\n\n',uint(3));
fprintf("\n');
end
fprintf(' ncall = %4d\n\n',ncall),'
%
% Plot numerical and analytical solutions %\
figure(1) A
plot(x,\'2w2,'o',x,v2w2_anal,'-')
xlabel('x') Y'
ylabel('u(x,t)")
title('CSE; t =0, 5,..., 30; o - numerical; solid - analytic
print -deps -r300 pde.eps; print -dps -r300 pde.ps; &

% Clear previous files
clear all

cle
% \
% Parameters shared with the ODE@stine \Y ,{k

global ncall x xI xu n E
%
% Boundaries, number of grid &ts
x1=-10.0; %‘ , ?

’ !
xu= 40.0; % P 2 0’

n=251;

W
% Initial condition
t0=0.0; (} l e 27 6

u0=inital_1(t0); Q,
At
A\

% IndependerfyyvMable for ODE@KIgration
tf=30.0; ~N

tout=(t0: x,

noutz é

ncall=(0;

%

% ODE integration

mf=1;

reltol=1.0e-06; abstol=1 .0e-06;
options=odeset('RelTol',rcltol,'AbsTol',abstol);



o/
/0
% Explicit (nonstiff) integration
if(mf==1)[t,u]=ode45(@pde_l,tout,uO,options); end
%
% Implicit (sparse stiff) integration Y'
if(mf==2) (}
S=jpattern_num; A
pause
options=odesct(options,'JPattern',S),' Y.
[t,u]=odclSs(@pdc_l,tout,uO,options); V
end
%
% One vector to two vectors
for it=1:nout
for i=1:n
v(it,i)=u(it,i);
w(it,i)=u(it,i+n);
end
end
%
% Analytical solution and differenc
% analytical solutions c)
for it=1:nout

fprintf(" t x x-t VR

fprintf(" n

for i=1:n z
a(t(it), x({J;

! i+n\'®
crr(it,i)=v2w2(it,i 22 a it
% \ ¢
%  Output in th ﬁﬂ\bo# )
if(abs(x(i)-t(j %m) ’H‘j N
fprmtf(zﬁu.n%& %85 6IF15.6£%15.60\ ...
b (

(i) ;g (1)-t(it), V22 its§¥2w2_anal (it i) ere(it, i);

end \
end %
0,
0
% &bﬂ

e and display three invariants
ui=u(it,:);
uint=simp(xl,xu,n,ui);
fprintf("\n Invariants at t = %3.2f' t(it));
fprintf("\n 11 = %10.4f, uint(1));
fprintf("\n 12 = %10.4f, uint(2));
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fprintf(\n 13 = %10.4f\n\n',uint(3));

fprintf("\n");
end
fprintf(' ncall = %4d\n\n',ncall);
. 9y
% Plot numerical and analytical solutions %\
figure(1) *
plot(x,v2w2,'o’,x,v2w2~ana1,'-')
xlabel('x") Y.
vlabel('u(x,t)") V
title('CSE; t =0, 5,..., 30; 0 - numerical; solid - analytic
print -deps -r300 pde.eps; print -dps -r300 pde.ps; mn > -r300 pde.png
1
Listing 3.3: program solution of CSE when the discre 1 SMFO

% Clear previous files

clear all gu‘

cle
%
%o Parameters shared with the ODE %ine \Y &k

global ncall x xI xu n %

% Boundaries, number of grid poi

x1=-10.0; , ?
o !

xu= 40.0; % ’ 2 400'
n=301; \ O

% Initial condition
t0=0.0; (} ’ e
uO=inital_1(t0); N

% ‘S! ’ 57y Q\

% Indcpendensa ble for ODE i&g yration

tf=30.0; N
tout=(t0:5!

nout=g&

ncall=0;
%
% ODE integration

mf=1;

reltol=1.0e-06; abstol=1.0e-06;
options=odeset(’RCITOI',reltol,'AbsToI',abstol);



%
% Explicit (nonstiff) integration
if(mf==l)[t,u]=ode45(@pde_l,tout,u(),options); end
% Implicit (sparse stiff) integration Y'
if(mf==2) N
S=jpattern_num; b
pause
options=0dcset(options,'JPattern‘,S); Yv
[t,u]=odel5s(@pdc_1,tout,u(),options); V

end
% Y'
|

% One vector to two vectors
for it=1:nout \d
* X

for i=1:
\7I(it,i)::_1(it,i)} e g J ’Y$
w(it,i)=u(it,i+n);
cm; VY' °‘ \ éY\"
%) % g‘ §

(@)
lon
()
)
=
j=;
()

% Analytical solution and differenc
% analytical solutions

for it=1:nout @% “ Qo
fprintf(" t x x-t v AQIW2 A w’%‘/ err\n');
fprintf(' n "\ ')
for i=1:n V' , |
‘&

\72w2_anal(it,i)=ua(t(it, 1

s
v2w2(it,i)=u(it,i)A2+q%’im)A N %0
crr(it,i)=v2w2(it,i)-&_an it,] &

% \ M

% Output in the 1Y ox/moa f%h

end \

if(abs(x(i)-t(i ) N
. .1f%§.m&.6 GR5.6(%15.6f\1,...
~V2wW2(itd w2_ana1(it,i),err(it,i));
end
%
% culg¥e and display three invariants
ui=u(1™);

uint=simp(xl,xu,n,ui);

fprintf("\n Invariants at t = %5.2f' 1(it));
fprintf("\n 11 = %10.4f", uint(1));
fprintf("\n 12 = %10.4f, uint(2));
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fprintf(\n 13 = 7%10.4f\n\n',uint(3));

fprintf("\n');
end
fprintf(' ncall = %4d\n\n',ncall);
%
% Plot numerical and analytical solutions \Y.
figure(1) %
plot(x,v2w2,'0',x,v2w2_anal,'-') A

xlabel('x")

ylabel('u(x,t)") Y.
title('CSE; t =0, 5,..., 30; o - numerical; solid - analytical'
print -deps -r300 pde.eps; print -dps -r300 pde.ps; pri

Listing 3.4: program solution of CSE when the di

grid has 301), spatial domain is —10< x <40 and s

% Clear previous files

clear all z \ S'
cle V

% @)

% Parameters shared with the OD}E roXxe \?

global ncall x xI xu n
% %
% Boundaries, number of grid\ S

x1=-10.0;

xu=40.0; C z f S
n=301; P 4 J‘%
9, \ NN @
% Initial condition & NS
10=0.0; o Vg al 5Y
uO=inital_1(t0); % @

. - N

; XLV AR

% Independeg able TOWOBE iRregration

(<
) S
t=32.0; A S

tout=(t0. )",
nout=7;
ncalf=g:

%

% ODE Integration
mf=1;
reltol=1.0e-06; abstol=1.0e-06;
options=odeset( 'RclToI',reltol,‘AbsTol',abstol) 2



%
% Explicit (nonstiff) integration
if(mf== )[t,u]=ode45(@pde_l,tout,uO,options),' end
%
% Implicit (sparse stiff) integration
if(mf==2)

S=jpattern_num; %\
pause A
opti0ns=odeset(options,']Pattern',S),'
[t,u]=0d0155(@pde_l,tout,u(),options); VY.

end
3
% One vector to two vectors l
for it=1:nout \d
for i=1:n " \3'
v(it,i)=u(iti); e J P,
. _ .
w(it,i)=u(it,i+n); 2 \’Y'

. (_}T N7 S

%
% Analytical solution and differ

% analytical solutions %
for it=1:nout %v o

Tprintf(* b, wig it
fprintf(' :m
for i=1:n
v2w2_anal(it,i)=ua(t%’ :
vzwz(it,i)=u(it,i)A2%,J@ %Q
err(it,1)=v2w2(it, ;hg2W2_aglal(itd);

(ti=v2w2 it )R LI &

- N |
%  Output in th&emIhbprioad & E}j@soliton peak

8.10otpalp15.889615.6£%15.6f\n,...
1)-t(it),v w2@ w2_anal(it i) err(it,i));

()

=

8
'J//;D
-
7),?:

t(it), ),

end

end \

%

70 g5 alCPate and display three invariants
ui=wft,:);
uint=simp(xl,xu,n,ui);
fprintf("\n Invariants at t = %5.2f',t(it));
fprintf("\n 11 = %10.4f, uint(1));
fprintf("\n 12 = %10.4f, uint(2));

64



65

fprintf("\n 13 = %10.4f\n\ n',uint(3));
fprintf("\n');

end

fprintf(' ncall = %4d\n\n',ncall);

0/
/0

% Plot numerical and analytical solutions \Y.

figure(1) %

plot(x,v2w2,'0',x,\'2thanal,'-') A

xlabel('x")

ylabel('u(x,t)") Y.
title('CSE; t =0, 5,..., 30; o - numerical; solid - analyt
print -deps -r300 pde.eps; print -dps -r300 pde.pg

t-dpng -r300 pde.png

Listing 3.5: program solution of CSE when the di<tI&iz: §
has 251), spatial domain is —10< x <40 and Stc@is 0F7<)2) i—\,“
% Clear previous files b 4 ‘U'/

clear all \
3 Q? g
global ncall x xI xu n % X
% ]

u

% Boundaries, number of gri pts AQ%
x1=-10.0; $
xu= 40.0; i ! 0,
n=251; L , \.' -‘(4},

% Initial condition &\ \%,%
t0=0.0; : | (_)(J
uO=inital_1(t0); s O

N3

o/

/0

% Indepenc / ;iablé b)@DE\ﬁgration
.
’

tf=32.0;

tout=(t(R
nout=7;
1cafl=n

1
%
% O integration

mf=1;

reltol=1.0e-06; abstol=1.0e-06;
options=odeset('RelTol' reltol,' AbsTol',abstol);

o/
/0



% Explicit (nonstiff) integration
if(mf== )[t,u]=ode45(@pde_l,tout,uO,options); end

%
% Implicit (sparse stiff) integration
if(mf==2)

S=jpattern_num;

pause %
options=odeset(options, JPattern' S); *

[tu]=odel5s(@pde 1,tout,ul ,options);

end
%

% One vector to two vectors v .

for it=1:nout

for i=1:n
v(it,i)=u(it,i); \d‘e}'
w(it,i)=u(it,i+n); e J 'Y:\
end L 4
end Y' \ =~

0,
(¢}

% Analytical solution and differen e%yren °\ 1 m&éal and
% analytical solutions \
for it=1:nout \?

fprintf(' t x x-t A 2.8 VO WQ%\ err\n');

fprintf(' alyf L&A
for i=1:n \A'
v2w2_anal(it,i)=ua(igit),N)); ,
v2w2(it,i)=u(it, 1)“2‘%‘ 7
err(it,i)= v2w2(1t1& al
%
%  Output in the 11g

if(abs(x(i)-t(it
fprintf( "%

qf tL)Q\;bhton peak

o : 5.6£%15.6f\n',..
2w2_anal(it,i) err(lt i));
% : ate and display three invariants
mp(xl Xu,n,ui);

fprintf("\n Invariants at t = %5.2f' t(it));
fprmtf( \n I1=%104f, uint(1));
fprintf('"\n 12 = %10.4f, uint(2));
fprintf("\n 13 = %10.4f\ n\ n',uint(3));
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fprintf("\n');
end
fprintf(' ncall = %4d\n\n',ncall);

% Plot numerical and analytical solutions

plot(x,v2w2,'0',x,v2w2_anal,'-")
xlabel('x")

ylabel('u(x,t)")
title('CSE; t = 0, 5,..., 30; o - numerical; solid - analyti%z

figure(1) _{')\Y.
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print -deps -r300 pde.eps; print -dps -r300 pde.ps; prin®™lpng -r300 pde.png

Listing 3.6: program solution of CSE when the dis& ™ t'o‘ sizg Ax =0.25 (MOL
grid has 201), spatial domain is —10 < x <40 and ste Naize i MJZ ‘

% Clear previous files

clear all ¥4
cle Y' \ év\’

0

% Parameters shared with the OD\I%]G O‘&

global ncall x xI xu n

IENES
J% Boundaries, number of grid phg® @ )

& “ Q&
x1=-10.0; \ A‘Q
xu= 40.0; -y
n=201; q , [ §
§ LY
ey )

% Initial condition

t0=0.0; lK\ Q
u0=inital_1(t0); .3
r

S
% Independe Q'rablelo
tf=32.0; s

tout=(t0:5.08f)% N
nout=7 \G,
ncall=

%
JoQDYntegration
mt=%

reltol=1.0e-06; abstol=1.0e-06;
options=odeset('RelTol',reltol,' AbsTol',abstol);
%
% Explicit (nonstiff) integration



if(mf==1)[t,u]=odc45(@pde_l,tout,u(),options); end

%
% Implicit (sparse stiff) integration
if(mf==2)

S=jpattern_num; Y'
pause \
options=odeset(options,'JPattern',S); %
[t,u]=ode155(@pde‘1,tout,u(),options); *
end
. X~
% One vector to two vectors V

for it=1:nout T
for i=1:n l
v(it,i)=u(it,i); \d
™ o

w(it,i)=u(it,i+n); N
end ,é\ 1S
end b g \,Y'

% \

% Analytical solution and difference PN tfﬁe nu erité\and
% analytical solutions
for it=1:nout \

fprintf(' t x x-t \’AZ%Z \E?&V g err\n');
fprintf(' nux? enal, ¥ o?h')

for i=1:n

v2w2_anal(it,i)=ua(t(it i NG
v2w2(it,i)=u(it,i ’\ZC(it, n ’\2;' ? [ 0

)
err(it,i)=v2w2(it,i)-v anal(pgi./ &
% NGl
%  Output in the %or !)o the@diton peak
if (abs(x(i)-t(it YN O
fprintf("’o().% : . °o(B.6f%15.6f\n',...
t(it), x (A=t (i ,')ﬁwz_anal(it,i),err(it,i));
end

end s v

%
% Calc and display three invariants
UM, );
fpLe

imp(xI,xu,n,ui);

F ('\nInvariants at t = %5.2f',t(it));
fprintf("\n 11 = %10.4f, uint(1));
fprintf("\n 12 = %10.4f, uint(2));
fprintf("\n I3 = %10.4f\n\n',uint(3));
fprintf("\n');
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end
fprintf(' ncall = %4d\n\n',ncall);

%

% Plot numerical and analytical solutions
figure(1)

plot(x,v2w2,'0',x,v2w2_anal,'-') i
xlabel('x') (,}
ylabel('u(x,t)') A

)

title('CSE; t = 0, 5,..., 30; o - numerical; solid - analytical'
print -deps -r300 pde.eps; print -dps -r300 pde.ps; print -dpw!BOO pde.png

Listing 3.7: program solution of CSE when the discretizati we Ax=0.167 (MOL
grid has 301), spatial domain is —10 < x <40 and step siz& ~1%35;

|

L}

% Clear previous files \d. S
clear all | C’\
cle Y-'\

NI

% Parameters shared with the ODE routir év
global ncall x xI xu n 6\’ °‘

% Boundaries, number of grid point \ NS
x1=-10.0; % o >’
xu= 40.0; \e

n=301;

X .

% Initial condition % p rl‘?
t0=0.0; O
u0=inital_1(0); 'K\ ®

% Independent vari@r DEy t;(!;r&%){i
tf=35.0; Q’ L
tout=(t0:5.0:tf)% ’ V)’ é
nout=7; A \,Y'
ncall=0; \ \G’

%

% OD '@tion

mf=};

relto -06; abstol=1.0e-06;
options=odeset('RelTol',reltol,' AbsTol',abstol);

0,
(o]

% Explicit (nonstiff) integration
if(mf== )[t,u]=ode45(@pde_1,tout,uO,options); end



o/
/0

% Implicit (sparse stiff) integration
if(mf==2)
S=jpattern_num;
pause
options=odcsct(options,'JPattern',S);
[t,u]=odcl55(@pdcj,tout,u(),options);

<

/0

0/ o -
%o One vector to two vectors
for it=1:nout

for i=1:n T
v(it,i)=u(it,i); '
w(it,i)=u(it,i+n); \d

end X

end é | ﬁ
% 2 X

% Analytical solution and difference betvwn'th )N cal%ﬁ
% analytical solutions \’ °‘ é
for it=1:nout % &
fprintf(" t x x-t \7’\2+v\ v/ \2+veR2 Oerr\n');
fprintf(' nun% ana\? @7
@

for i=1:n
v2w?2_anal(it,i)=ua(t(it),x
v2w2(it,i)=u(it,i)"2+u(igd

err(it,i)=v2w2(it,i)-vgw it]); :

% P P

%  Output in the neaghborh he S%(&n peak
if(abs(x(i)-t(it))&

fprintf('%6.2L M1 % 2
t(it),x(i), Nmy1t), y2w?2

end Q'

end ’ b 4 v
% : &
% Calc% nd display thre®invariants

ui=u (1%

u %m(xl,xu,n,ui);

%'\n Invariants at t = %5.2f't(it));

fprMtf("\n I1= %10.4f, uint(1));
fprintf("\n 12 = %10.4f', uint(2));
fprintf("\n I3 = %10.4f\n\n',uint(3));
fprintf("\n');

end

%I6PL%15.6£\n',...
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fprintf(' ncall = %4d\n\n',ncall);
% Plot numerical and analytical solutions
figure(1)
plot(x,v2wZ,'()',x,\72w2_anal,'-')
xlabel('x")
vlabel('u(x,t)")
title('CSE; t = 0, 5,..., 30; o - numerical; solid - analytical')
print -deps -r300 pde.eps; print -dps -r300 pde.ps; print -dpng¥-r300 pde.png

Listing 3.8: program solution of CSE when the discrelizatiWe Ax=0.2 (MOL grid
=304

 Nd

% Clear previous files e \Y'
()
clear all
’ iy

N oy
% Parameters shared with the ODE %Nc 1
global ncall x xI xu n \ \$

%

% Boundaries, number of grid & 0>! &
x1=-10.0; &
xu= 40.0; N Aj Q
n=251; T L}Ib
& e

% Initial condition \ @ O
t0=0.0; &

N
ul=inital_1(t0); | O
% (—} l ‘?.‘ (:')
% Indcpcndent%ﬂvlef i i

tf=35.0;
mut=(to:5g& {:,v

nout=7; \
ncall=%
%

LN

>gration

has 251), spatial domain is —10 < x <40 and step size g8 t

mf=1;
reltol=1.0e-06; abstol=1.0e-06;
options=odcsct('RelTol',rcltol,‘AbsTol',abstol);
%
% Explicit (nonstiff) integration
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if(mf==1)[t,u]=ode45(@pde_1,tout,ud ,options); end

o/
/0

% Implicit (sparse stiff) integration
if(mf==2)
S=jpattern_num;
pause \Y.
options=odeset(options,' JPattern',S); CO
[t,u]=odel55(@pde_l,tout,uO,options); A
end
\3
% One vector to two vectors V
for it=1:nout
for i=1:n
v(it,i)=u(it,i);
w(it,i)=u(it,i+n);
end
end
%
% Analytical solution and difference bet

% analytical solutions \%

for it=1:nout
fprintf('" t x x-t v’\2+v%
fprintf(' num a
for i=1:n
v2w2_anal(it,i)=ua(t(it),x@i ,\ Aj
v2w2(it,i)=u(it,i)"2+u ; ,
err(it,i)=v2w2(it,i)-v2 v% 1(i ,i} j
% \

% Output in the n &%ho b of e s

if(abs(x(i)-t(it)) <w O
fpnntf('%6 1T Ty f%l ‘1@3%15 6A\n',..
t(it),x (i), : j,l v anal(it,i), err(lt,l));
end
end AQ, i C}’Y'
% oy
% Calcu \1d display three invariants
ui=igoWN
uigt=sep(xl,xu,n,ui);
fprin n Invariants at t = %5.2f't(it));
fprintf("\n 11 = %10.4f, uint(1));
fprintf("\n 12 = %10.4f', uint(2));
fprintf("\n I3 = %10.4f\n\n',uint(3));
fprintf("\n');
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end
fprintf(' ncall = %4d\n\n',ncall);

%

% Plot numerical and analytical solutions
figure(1)

plot(x,v?_wZ,'o',x,v2w2_anal,'-') q
xlabel('x") C\
ylabel('u(x,t)") s

title('CSE; t =0, 5,..., 30; o - numerical; solid - analytical')
print -deps -r300 pde.eps; print -dps -r300 pde.ps; print -dpr 00 pde.png

Listing 3.9: program solution of CSE when the discretizati e Ax=0.25 (MOL
grid has 201), spatial domainis —10< x <40 and step size 1 5'30;

| \.

% Clear previous files é ’ | _{"

clear all 4 33
el s SN,
% \Y."\ 3

& @)

% Parameters shared with the ODE ro&)

global ncall x xI xu n AL
% cﬁ >, S
% Boundaries, number of grid poa f “ Qc:"
x1=-10.0; \ ¥ A‘Q
xu= 40.0; Y- %\
n=201; (ﬂ ?:I )
0/ : <°
/0
% Initial condition \ l \ ,é(J
t0=0.0; & 60

u=inital 1(0); ¢ . xl
% \(;J
% Independent Q*% fqr#int@atio

e
—9

n
tf=35.0; ' \’Y'
tout=(t0:5.0) A \“)
nout=7; \
ncall= ;%

%

% O
mf=1;
reltol=1.0e-06; abstol=1.0e-06;
options=0deset('RelTol',reltol,'AbsTol',abstol);
%

gration



0/
/0

%o Explicit (nonstiff) integration
if(mf==1)[t,u]=ode45(@pdc_1,tout,uO,options); end

0

0,

% Implicit (sparse stiff) integration
if(mf==2)
S=jpattern_num;
pause

options=odeset(options, JPattern',S); A

[tu]=odel 55(@pde_1,tout,uO,options);
end

o/
/0

% One vector to two vectors Y-
for it=1:nout '
for i=1:n \d
v(it,i)=u(it,i); . ', 4

\
w(it,i)=u(it,i+n); "i—,
end P b, &
end
G
% Analytical solution and difference b%ym thaduu er8{and
% analytical solutions \

for it=1:nout ¢ 3 h\”

fprintf(" t x x-t = vA2AN a V2
fprintf(' n

for i=1:n \
\72w2_‘a17al(1t{1)fua(t( )XW '0
v2w2(it,i)=u(it,i) 2+ ’\2,'., LI
crr(it,i)=v2w2(it,i)-\%2 n ; #

% ol
%  Output in the %orh 'thoé'{mn peak
if(abs(x(i)-t(it))ﬁa;&) . S

fprintf('%6 (%8l 6£§€.6f%15.6f\n',...
t(it), x @ x (t(it)dt it 1) Rw2_anal(it,i) err(it,i));
end -\. %3.
end \ ~
% @and display three invariants

o,
uir mp(xl,xu,n,ui);

fprintf("\n Invariants at t = %5.2f' t(it));
fprintf("\n 11 = %10.4f, uint(1));
fprintf("\n 12 = %10.4f', uint(2));
fprintf("\n 13 = %10.4f\n\n',uint(3));
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)

fprintf('\n‘);

end
fprintf(' ncall = %4d\n\n',ncall);

%

% Plot numerical and analytical solutions
figure(1) i
plot(x,v2w2,'o',x,v2w2_ana1,'-') 0}
xlabel('x") s
ylabel('u(x,t)")

title('CSE; t =0, 5,..., 30; o - numerical; solid - analytical')
print -deps -r300 pde.eps; print -dps -r300 pde.ps; print Ngng"-r300 pde.png
As for the invariants discussed in the program, its integ ‘Xthe'single soliton are

(Schiesser & Griffith, 2009); \d
N

w(t)= ‘ﬂu(.\‘.r){za’,\‘

U

.5.9a)

u,(t) = '[i(uui —;uv\_)dx = _[i[(v+i(u)N )
(—) ¥ >’|

+00

u,(r)= J.i[(\'\"‘_ tiov, —ive, +N ,( —\TTOV o, + oo, )]|dx

LSS

. (3.5.95)
S

$ (3.5.9¢)

£y
p—
I
QE
%
‘KJ
s

The comp Nlues of these in invariants (in all the programs) are also tabulated and

discu$scqucnlly.
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