CHAPTER 3

EXTENDED CHEBYSHEV POLYNOMIALS OF THE F& AND
SECOND KINDS OF ORDER &k s

3.1 Introduction Yv
J

[n this chapter, we propose a new class of orthogonal polygomiNs ngme chdagrCheby-
shev polynomials (ECPs) of the first and second kindsgadbrder k. den d‘aQZPI ”)(.\').i =

01@ Chebyshev

{1,2}.k is positive odd integers; n = 0,1,2,..., why

polynomials of the first and second kinds respectgvely§Th Sof Egvf the first and

second kinds of order k are discussed and dcs@T . chatec eristics behavior

of Extended Chebyshev sequences {Z(ZI.’_’I’I;’l m(); e &Q) 1,2,3,... are de-

scribed when & is sufficient large odd intgasmyMorco v % A ég on the construction of
recurrence relations and the rclationshié*ccx eaclgo ech:"

N

We state some of the slandartb&ﬁc ot',he kig®S” Additionally, we focus on or-

thogonality properties of ECPs oMHIC]irst ang segfngt w s of order k, (Z(‘I.m(.\').i: ML)

sz@ kind%(gf order k Zf;  (x),i = {1,2} are or-
; 5

it was found that ECPs of lh&
. i k1 . ;
thogonal with respect to wgig (I-IQ.(ES E % Wk (X) = X111 — X2

W ful .
X

1
) . ¢ " STe q
respectively on the mlcr\% : ll whyt & lt‘ pakitive odd integers.

Q' N3
‘ A .

Spectral propegl ECPs d#'th hr\s}?ind second kinds of order k are proved. They
will be used in Ar detail in this s&.)plcr. Moving into the applications of ECPs of

the first and sOaQM kinds of order &, we will demonstrate how to use these orthogonal

polynomidg (g d in the solution of SIEs, namely:

e Special class of logarithmic singular integral equations of order k (LogSIEK).

e Firstkind special class of singular integral equations of order k (SSIEK).
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Eigenvalues and corresponding eigenfunctions are found for the LogSIEk of the first
kind, for inhomogeneous LogSIEk the approximate solution are found. For linear SSIEk
of the first kind, the unknown functions are characterized in terms of truncated series of

ECPs of the first and second kinds of order k into two cases:

e Case (I): The solution is unbounded at both end points x = =1,

e Case (II): The solution is bounded at both end points x = +1. .\.%

3.2 Definitions of Extended Chebyshey Polynon the First and
Second kinds and their Properties

ands (Y-Oldu k,
odd.‘ff?ems The

assume that & 1s

rst ds of order k: Extended
llﬂi& , where k is positive odd
/almn (for fixed k):

e\t — () 5159 T8 (3319

\'sl eVpoldigm ofthe second kind of order k: Extended

Wt /10 Sdcon, n@"mdw k, l/‘ )(.\‘)) where k is positive odd
integer, is a p()/v\‘n(:wm X (ﬁ( rde (/\ v defined by I/I(’ relation (for fixed k):

ﬂnl“&%— 1)6)

e UM T A o 215)
E\ /‘3_,,. = ) : B a— LOS(G) (3.2)

where & 1% itive odd integers; n =0,1.2. .. ..

Chebyshev polynomi

The range of the variable x is [ 1, 1] and the range of the corresponding variable 6 is [0, 7].
These ranges are traversed in opposite directions i.e. when x = — 1. corresponds to 8 = 1

and x = 1 corresponds to 68 = 0. The above definitions are well defined for x € [—1,1

with [cos(0)| < 1, implies |x[* < 1.
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The relationship between Extended Chebyshev (ECPs) and Chebyshev polynomials

are:

Zf; (%) = (3.3)
U/z(-xk)* =2, \z

where 7,(x). U, (x) are Chebyshev polynomials of the first and secondAdchspcctively,

k is positive odd integers, n =0.1,2.3. .., the proof directly comes ing u = x", and

a special case for k = 1, we have: V

Tn x), i=
Zl )(.\_) e (\) l 1
o Up(x), i=2,
1

where 7, (x) and U, (x) are Chebyshev polynomials of first anfl se r)d N@Z respec-
bvely, =101 205 8 j A
b 4
3

Table 3.1 refers to the first few ECPs of [irslw C011 Kgs of@gr-k. Z(k. ()0 =
i.n)

{125 n="0 12" Tespectively: \%

Table 3.1: Extended Chebyshev mis hgs@nd second kinds
n Z(I‘l_ll)(_\‘) =T, (" > §(x xx
0 1

BE— S\ o8

8]

N | & | W
< A
.z_h
»7
9 LY
S
5
’_

64x5% — 80x* + 24x2F — 1

6 ; 5
A S’
ECPs u“%ibrnmlion of Chebyshev polynomials, smoothly and simply. Indeed,
polymm tions can be used to model science and describe real-world phenomena.
In addit 1other reason for their advantages is in analysis and other science branches.

In particular, among many polynomial functions properties appeared in approximation
I g p pp

e
J
TN
i
oo
3

theory; every continuous function defined on a compact interval can be approximated by

polynomials. In this sense, this family of polynomials are rich and useful.
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3.2.1 Plotting of Extended Chebyshev polynomials of the First and Second Kinds

Figures 3.1 - 3.5, we show the respective graphs of the Extended Chebyshev polynomial
of the first kind Z(‘I_H) (x),n=1,2.3.4, k =3, starting with a value of —1 and finishing with

a value of 1, since whenx =1 = cos6 = 1, thatis mean @ = 0 = cosn0 = 1 yield

Zf Pl =slior any'n = 0015205 &% T

On the other hand, whenx=—-1 = cos@ = -1 — 0 = x, and S@he ECPs of

the first kind has two values at x = —1 depends on n:

—1 n=od z

Z() py(=1) = cos(nx) = { ’ (3.5)

1l n= ev
NY.
The Extended Chebyshev polynomials of the frist kkMNgare cohtir up &ﬁ;ﬁl 1] and
differentiable on (—1.1) and thefore integrable. ECPMNQI thepfifst

nd hzwc n zeros in
[—1.1]; indeed, these zeros are related with value OR’ (se

1.n)

where k is positive odd integers.

“3J.3). Wp\a’rticular, it will
be noted that the shape of Z("'l.”)(_\') on [—1,1] 'Nlum een ®xtreme points with
il? to the dgihiticq JECPs of the first kind

equal magnitudes, see Figures 3.1 - 3.6. AcC
(Defintion 9), the zeros for x in [—1,1] 0@"?': ) X) E\(\%
[0, 7] of cosnB, i.e: ?

This means \ '
]
n (m 4

nd to the zeros for 0 in

Y

§ T,(5=0;, n=1,2,3,....m, (3.7)

2 ==kl ) =\ [(COS = s S 11 D BN S T (3.8)

where x(y ;) denoted that the zeros of ECPs of the first kind of order k.
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Figure 3.3: Plot of ECP of the first kind of order 3. 251.3)("')
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Figure 3.4: Plot of ECP of the first kind of order 3 4L ;.\')
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The ECPs of the second kind (Z}, , (x)) are plotted when n = 1,2.3.4.5 in Figures
3.7 -3.14. It is clear that ECPs of the second kind like the first kind, it is an even or odd

function, involving only even or odd powers of x, according as (n x k) is even or odd.

The ECPs of the second (Z("z_”)(.\‘)) kind has precisely n zeros in the interval [—1,1]
(Figures 3.7 - 3.14). The definition of ECPs of the second kind (defintion 10) shows that
the zeros of (Z(kz.”)(.\‘)) for x in [~1, 1] are determined in a similar way fro& zeros of

sin(n+1)6 as: !%

sin(n+1)8 =0, V
= 1;171'7 m——A523 5 A T z
g I

‘igure 3.7: Plot of ECP of the second kind of order 3, Zé.l)(.\')

28



o

|
)

N ) ;! e
Q b?é*
Q Alv 0.5 0.5 VI

Figure 3.10: Plot ECP of the second kind of order 3, 252_4) (x)
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Figure 3.12: Plot f the §ecoffd kindof order 3, Z o)
e

&\ Q _\(}{‘fék:in: 15

|

Figure 3.13: Plot of ECP of the first kind of order 5, Z?HS)(.\‘)
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Figure 3.14: Plot of ECP of the second kind of 01der%:
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3.2.2 Behavior of Extended Chebyshev Polynomials o e Figs econd Kinds

when k is Too Large \
.é\ .S
’ N3

In Figures 3.15 - 3.17, we show the respective g aph%f 4 Y'4 and different
orders of k, k = {1,3.5,15,25,49,63}. It chNOl e ma es of ECP of the
first kind on [—1,1] when & is sufficiently lar N 135@ classified into three

distinct categories dependenting on mdex%cl us L\M_l g [fQ&r sequence of ECPs of
]

the first kind: r.}

Q-
A=AZ1) (0),0 )zb%; L)} (3.10)
where n =0,1,2,3,... and assgncié (— 1,1) tex* becomes very small when &

is too large, we assume that approa es Q}a“* cos 6 also approaches to zero

3“
,_.

—> 6 — 5 and hence, lh % of| l wlh order sufficient large k can be

approximate:
C |
\ l "
Q} ’ v/
ll,ggg)' cos( n- 3.11)
The ECPs i 111 1) have approximitely three values dependent on index n:
E n = odd,
Q 2y (%) = cos(s n=202m+1), (3.12)

n=4m.

Figure 3.15 shows that the behavior Extended Chebyshev sequences when n = 2 with
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differenterderofik; { k=.1.3.5 11}. The behavior of Extended Chebyshev sequences
converges to —1 which coincides to our expectations in Eq . (3.12). Figure 3.16 shows
that the graph of Extended Chebyshev sequences when n = 3 (odd positive integers) with
different order values of k, {k = 1,3,5,---,1 1}, the behavior of ECPs converge to 0.
Figure 3.17 shows that the graph of Extended Chebyshev sequences when n = 2 (has form
2(m+ 1)) with different order values of k, {k =1,3,5,--. 1 1}, the behavior of Extended
Chebyshev sequences converge to 1 which coincide to Eq . (3.12). \Y~

1

0.5
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Figure 3.17: Plot of EC sequences of the first kind for dil'['ererwcrs k, Z(k1 4) (x)
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Figure 3.18: Plot of lilC afP q{ [ 51’1@‘1 of order 15, Z(lf.li)(x)
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Morover, if we ass hﬂ kf "?! 71,2,3,... and define an infinite sequence
of Extended Chebysjpey yngn al gt mQ\ﬁ kind such that:
ey
1 N 73 S 72
4{Z(1.”)(.\).2“_@.2(1_”)(x) ..... Zin(G)h) (3.13)

/7*().1.2.3%\
N

The be

into three categories:

ior of an infinite Extended Chebyshev sequence A when I — o is classified

e Whenx = —1



g By -1 , n=odd,
Z“_”)(-I):hmZ‘[H(—l):{ , 1= oad, (3.14)

l.n
I—e0” (1) 1 ., n=even.
e Whenx =1

Zi (1) =1limZ2 (1) =1

gl \2
e Whenxe (—1,1) &

n 0, n=odd,
Ziyx) =cos(nz) = ¢ —1, n=2(Ie). (3.16)
15 n —ZIT

m=10%152-8 5 FLI:
NY.

| &

. A

It should be noted that when x = l,/lgl;cos(n cos (1)) = god(nQy = }Ysmce cos(x)
_

is a continuous function, also when x = —1, lim COS()ROSI S& E) Q\t’os(;m) — |
[—roo
depending on the index n even or odd. If x € [N il 3 Vx e (—1,1)=

Zf‘l’.”)(_\‘) = cos(n%). Here the infinite ExlendNeb shev s

of continuous functions for each /, but ll%ncllon §’ X L
1
m% 0% z% Y1

1scontinuous function

chA contains sequence

(precisely at end point x = 1, lim Z( )é}}_n is odd, also the limit
| s S

does not exist at x = — 1, this means N as t thgsd¢quence of ECPs of the first

J, thefl thi ﬁluence has incomplete on the

kind formulates a converge Caughy \quenc s
space of continuous function ( ). 2 s &

. A | il 4
Figures 3.19 - 3.21 sh e g;;‘é,,of Z(kz.n)(-")’” = 2,3.4 with different

orders of k, {k =1,3,9, ¥63}). (3|th apes of Extended Chebyshev sequences
of the second kind OQ' ] w en; B syfiCient large odd integers are classified into
three distinct categ N gicpenlc e eh theghdex n. Let us describe Extended Chebyshev

sequences of thamsglend Kind Z(kz.”)(.xt}']d consider the finite sequence of ECP of the

second kind: \
1 5 3 2
B ={Z(3,1) (), 20y, (), 203 1 (%), .-, 25y ()} (3.17)

where /\Qe positive odd integers, n =0,1,2,3,... and assume x € (—1,1), the term

¥ becomes very small when & is too large, we assume that approach to zero = cos 6

[y

(o))

also approaches to zeroi.e cos® — 0 = 6 — %, so the Extended Chebyshev sequences

of the second kind when & is sufficient large odd integers can be approximate as:
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Z6y y(x) ~ sin((n+1)

SRR

), xe(-1,1). (3.18)

The Extended Chebyshev sequences in Eq. (3.18) has approximately converge into one of

the three values depending on index n

0, n=odd,
: : T
Z{y (x) & sin((n + })3)=9 -1,  n=22m+1), \? '(3.19)
1, n=4m. %
where k is sufficient large positive odd integer, m = 0, 1,2, S &

Y-

Figures 3.19-3.21 show that the behavior of Extended ChebyshNuences of the sec-

ond kind when n = 1,2, 3 respectively, with different orders of; {W 3,9,15,25,49,69},
@ bee

the behavior of Extended Chebyshev sequences converge t 1e ghtee vglues {0, —1,1}
=
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Figure 3.19: Plot of ECKq&:
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Figure 3.20: Plot of EC sequences of the second kind for diffa?,ylers k, Z{‘g 2 (%)

Figure 3.21: Plot of EC squceka)flﬁfe nd E@/for different orders &, Z&j) (x)
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Figure 3.22: Plot of ECP of the second kind of order 15, Z('§35) (x)




3.3 Extended Chebyshev Polynomials of The First and Second Kinds
of Order k& and Weight Functions

Orthogonal polynomials play an important role in numerical analysis and functional space,
mainly because functions belonging to very general classes can be expanded in the sense
of orthogonal functions, such as, Fourier series, Fourier-Bessel series etc. Avvltant
class of orthogonal systems includes of orthogonal polynomials Pn(x

This class consists of degree n such as Legendre, Jacobi polynomials, R ! Laguerre,
and Chebyshev polynomials. Moreover, the orthogonality property of thes® polynomials
has many other general properties, the most important property of 01th onal polynomials

is their orthogonality. In many mathematical models, 011h000na1 nomials are used

eieq of orthogonal poly-
nomials. Additionally, one problem of a particular intere g h\ddll)’ property;
actually orthogonality property is defined with respect o armnngr pr e ikwe have

a linear space of functions, a function space Lﬁ

as a basis and this basis converts an IEs as a simple algebrai

a‘le_\f‘gl valued,

functions on [—1, 1], we can expand a function on of{?}ﬁse bases, in
which the contributions of researcher mathematicians Qrein, ChByshev, etc play

a distinguished role see Mason & Handscomb

However, for the purposes of proving the main results, we need to state two Lemmas

are precisely related for the proof.
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Lemma 3.3.1 Berthold et al. (1992)
T cos(nB) sin(ng)
/(J do=nm (

(9]
o
}}
N

cos(6) — cos(¢) sin(¢)

forany ¢ in[0,7], n=1,2,3,-.

Lemma 3.3.2 Berthold et al. (1992)

NI
7 sin(nB)sin(6) &% :
./() cos(0) — cos((j))d6 = —mcos(ng). (3.23)
N3
.

The main properties ECPs of the first and second ki '()1‘dc1Wummarized in
L 2

| _{-)\Y

S,

el))‘ssl?-pol.\'nonnals of

that T weight functions

r ,),%
L Lrgi) g aieine

forany ¢ in [0,7], n=1,

the following Lemma:

4
Lemma 3.3.3 Let Z{kim(.\').i = {1,2} be the set (g;i.\'felr

the first and second kinds of order k, respecti Ml co
w(ix):1 = {1,2} defined in Eq. (3.20). Then\)

)}!.)Q(vl.n (%), (3.24)

‘ 5 d)(ﬁv) —Zy (). (3.25)
(i1) The rclulinnsh@“ > #st and second kinds:
& !
Z (\ = ey 3.26)
(2,n) (2,n—2) \" =< (11%n) X (J.._
AN RS
(111) ()r(hoivéwé:b' y property of ECPs of the first kind of order k:
Q 0, i
[ 7k —~k T =
\Z1|.ll)‘l(l,m)>\|‘(1./\') o 2k> sl (327)
s m=mni—0

where (.) and w( 4)(x) defined in Eq. (3.21) and (3.20) respectively.
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(iv) Orthogonality property of ECPs of the second kind:

—k k 0, THZ T i
<‘£(2.n)'Z(2.1n)>w(2.k) = { = (3.28)
o m=n.

where (.) and w4 (x) defined in Eq. (3.21) and (3.20) respectively.

(v) Foreacht e (—1,1)
- Zf) () z
l.n T_ .
) Zea-n®),  n=1 2(,} (3.29)

!
(vi) Foreacht e (—1,1)
. (\‘2.11 l)<[) T _ :
ﬁdx = *ZZ“_”)(I). n —“N i (3.30)
NY.

Proof:
|
Even if equality Lemma 3.3.1 is a known proof tis not 1VCR In "‘fall Here, we
T&LQ nd %}ddue Theorem,
L

ot

prove the Lemma 3.3.1 based on complex trigonon fur

therefore we sketch the proof in detail. First w

e ) i cos(nB) )
(@) = ./() cos(6) — cos((/))d6 Y

&
M e (0,7, (33D

Now;
1 /~7r cos(nb)

xcos(6)—cos(¢)

i A cos(ng)
/0 cos(0) -cos((p)de
(5:52)

;

For the first right hand side of Q6> —~du=d0,when 0 = -, u=m,

also when 6 = 0.1 =0, we \ Q éJ
&
S

[0S (nd)
/0 cos(@)—cos(gf))d6

I i cos(n@)
E,/ncos(e) -cos(¢
Q’ [ cos(n6)
% & c E/() COS(Q)*COS((D)(IG
A i 817 Q}JCOS(”G) I Ziicos ()
e

N /‘” cos(n0)

= do
Q Jo cos(0) —cos(¢)
ine function is an even function and u is a dummy variable, switching bounds

Since the

of definite integral.
[t is known that the cos(0) related with a complex variable z in the form:

)

cos(6) = (3.33)

o | —
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where z = re'® with |z| = r = 1.

If = moves on the unit circle, centered at the origin, cos(8) traverses the interval [—1,1]

twice. Using Euler formula
¢'® = cos(6) +isin(0), (3.34)
we obtain
e X~
0 <
I=re’ =df=— 359
¢ = c\ (3.35)
Y A
= (3.36)

61119 s né
cos(nf) = 5

b P

e qdratic term z

Substituting Eq. (3.33)-(3.36) into Eq. (3.31) and note that
cos?(9) — 1,= z; = €%,

2cos(¢)z+ 1 has roots z = cos(¢) +

(3.37)

(3.38)

where,

(8359)

Thus, 1,(¢) in (3.37) is @1
e For the firsLMY (¢) of ghf‘ha\n’mlde of Eq. (3.38), the function
= (3.40)

S

<

=

E\ 8z (z—€?)(z—e"1¢)’
vle poles of order one (z) = €%, and 75 = ¢ ¢).
at the page 17), The residue for z; = ¢'¢

hasSeg S|
USye Wesidue Theorem (Theorem 2.3.2
. (z—e'?) : 5 :
(z=e?)(z—e'?)

Res(g(z).z1 =€) = lim

:._:.(xl(,"’

()i/z(,b

N (e —e—i9)
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We obtain:

. oind
oc(o(7) =1 — o e e T 9
Res(g(z),z1 = €'?) = =t (3.42)

0 e"”"i’
R)“ ’:.:7:)71 = - ST
es(g(2), 2= ) =~ (343

Substitute Eq. (3.42) and (3.43) into (3.38) to get: Yv

hi(®)=5 ¢ ( LB _{')
|z|=1

1 4

o z—e9)(z—e?)

1 g i
— 2—1_;_71'1 [Res(g(;).’;l) +R€S<g('ﬁi~:2 |

‘,mo e g
R
£l
=nT| ——
el e 19
2
. [

L nsin(n ))

(3.44)

" sin(o

e For the second part /5, (¢) of Eq. (3.37), tt

-,n(- i, .
has three poles, two of them are r)er Q1c
pole is at z = 0 with order n, lh&j :

ue oYz ,
RELLLN - :,""’) Jﬁsi (3.46)
% eu” 2, ¢ )

) 0 ein(,’)
M’(:)' e 0 éﬁ (3.47)
Qe (70 —¢'?)
e \, ¢ ! C—%J :
Applying ”1001‘01%4— ‘dllh* of 16 ‘¢ find that the residue of f(z) at z3 = 0,

with order n IQ' P @s
QI LN &



Res(f(z),z3=0) = lim : At e ) 1
SR T 50 (n— 1) dz ] ) :”(:—eiq’)(:—ei‘p)}

1 . Pt 1 1
L= l)!2isin(d));gl(])d:”*'1 [(:~e"¢) (z—e f‘i’)]
g ) | {(—1)”1(;7—1)! L= ”'(n—l)!}

(n—1)12isin(9) | (—1)meind (41)"?&
I {—1 1}

2isin(@) | e® ¢ ind
1

= )/ingb _,ing

2isin(¢) [( : 1 T

1 cim,b . e—in(j)

sin(@) | 2i ] wi

_sin(ng) '
- sin(9) \d
' '('}Y' (3.48)

It should be noted that the term can be written 2% artia}f ctyn: _\

1 5 N ol
(:~€"‘»")(:—(’7'.¢) %ﬁ e ’@Y’

where is a = —b = 3k . SubstituuQ (3.46)-8) Kb (3.39) yields:

i

=

~

The Proof of Lemma 3.3.1 can be completed by substituting (3.44) and (3.49) into
(3.37).

(3.49)

Proof of Lemma 3.3.2 using trigonometric identity sin(n6)sin(6) = 1[cos((n —1)6) —
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cos((n+1)60)] and applying Lemma 3.3.1 yields:

/-n sin(n6)sin(6) (IO:E/W cos((n—1)0) 17T cos(n+1)6)
Jo cos(6)—cos(9) 2 Jo cos(0)—cos(¢) 2 Jo cos(6) —cos(¢)
. %7: {s‘in((.n -1)¢9) lnsin((.nwL 1)¢)
2 sin(9) 2 sin(¢)
COS((IF l)<pj(n+l)¢)Sin((n—rl)gb;(nqtl)(p) (350)
B ”{ sin(9) ] \?
g ncos(mp)sin(-(})) %

sin(¢)

= —mcos(ng) Y'
Proof of Lemma 3.3.3: z '

A
S
o, U,
LI =
e g
TS ~
(©), g
=]
ot

=
L =i
[@P -]
o (@)
» 3
o O
< =

et
z. &
=] a ]
P T O
> .
S’ Q_‘
s @
o =

=
e <
IS V]
el O
s 0
— 72]
fm s
o D
e
[¢’] 172}
v =
E (=
=T
7

=

s P

4 =
—_

%@‘

B o

4 =

|
o
N’
D
e

1

k

(iii) Using the definitions of Z; ,,y(x) = %cosw )(x) = cos(mcos” )
for n,m ={0,1,2,3,---} and lel'% < dx, we obtain,

/-xc 10) cos(m0)sin(0)
0 1 —cos2(0)

de

(B551)

Hence
§ <Z(].11)'Z(l.m)> =0, (” 7A ’”) (352)

43



The norm of Z; ) (x) is

dx

) 4 '\J\'—] 4 n)\X 2
1Zaml?= [ jl‘%ﬂ”
I [™cos(nB)cos(nb)sin(6)

do

e \/1—sin?(6)
T
i sin(2n0) Y'
_ﬁli(9+—ﬁ2” ]O.H#O \
il 2 & 3
= 2_1\'. n = 1.,._, (353)

while, n =0 Vz

. T
Hl(l.())llz — e Y' (3.54)
(iv) Using the relations Z("z_”)(.\') and Z(kz.”) (ot nm— - .@etting =
k = o
x* =rdu—=kx" rdx;we get, ’
|
ok ok . ko ok A\
<l<3.nl‘4I.m)>“'(3-“ o / | WQJ")(‘\')Z(Z.H)Z(Z.m)d" 4 \)T
: = ’ sinigg—; l)cos"l(.\k))d\_
& sin(cos ' (x%)) :
: 2
sin ' +1)cos (u))d“
%in(cos ! (u))
M +2)0]d6
MFEm
Hence, the norm ‘
\ B55)
% 2k

(V) l’s@lcﬁnilion of Z(‘“”(.\') and applying Lemma 3.3.1 together with replacing

k-1 A . L &
wix (x) = \T = and letting u = * = du=k* ldx withx=—-1=u=—1, and
. s



x=1=u=1, we obtain

& .Z(ln 1 cos(ncos ! (xK))
[ v a=g [ 3 dx

Xk — x ~r/‘ &A=t

/ cos(ncos’ l(u))d_
/\ | u—tk .

V1—1u?
1 cos(nb)

sin(0)c¢ _—
i 0 cos(B)—cos(¢) \/1— cos2 (”6>S (9)1&. O(t) =t

gu Tiang cos(nb) \
" kJo cos(6) —Cos(d’)de b

_wsin((n—1)+1)¢

e %

_ Tk
= ;Z(z.rm)(’)

where n = 1,2.3,---;k is positive odd integer, when ¢ ZI)':> o(1) =1k e

(—1,1) since & is positive odd integer, so our assumpti s welh dain

(vi) Subtituting Z(kl, )( v) and applying Lemma 3 3 2 toget
*1V/1 — 22k and letting u = X = du = kxk-

| = u=1, we have

ZI\
/.I ) (\)4—0” l X
Vi 1. X
Jeledieny xk — pk

where n = 1.2 E
Theorem 3.3.4 Berth ;1/ (.@ The 1

\A/‘up / %(t) )log |x — t|dx

has eigenfur 1) = ¢u(t) =T,(t) corresponding eigenvalues A = A, =% n=1,2.3,...

where T, (#gs CYebyshev /)()l_wmmals of the first kind.

Proof: Proof of the Theorem 3.3.4 can be found in Berthold et al. (1992).
Using the definition of Chebyshev polynomials of the first kind 7;,(x) = cos(ncos ! (x))

and replacing ¢ (x) by 7,(x) and letting x = cos(0) = dx = —sin(6)d0, we get:
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1 1 | 1
Iy(1) = / - =0 (x) log |x — t]dx = / T (x)log|x —t|dx, letting t = cos(y)

VI —x2 EP e

T A" 6
= /( O cos(nB)log|cos(0) — cos(y)|do,

T sin( 0
:/0 Silléeicos(ne) log|cos(0) — cos( )l

T
= /0 cos(n6)log|cos(6) — cos( a’ﬁ%
(3.56)

V sin(6)

EF TR . . ) - A
Consider dv = cos(n8)d0 = v =, sin(n@), u =log|cos(6) — osw: = —ma’&
then using integration by parts, Eq. (3.56) yields

1
Iy(t) = 73in(116)10g]c0s(6) —cos(y)]
/

1 /‘” sin(n6)sin(6)

16, ‘Q :
nJo cos(6) ~cos(l//)£ ' \
b9
= ——cos(ny) %
n
= 71',1‘ ,,) %
= = n( \
N 1S
Now. we use the Lemma 3 ar coren ve next Theorem 3.3.5 which
is related to Extended Chebyshe Nno@\hc [40 and Z(‘l.”)(.\').
\
(J

!
X
Theorem 3.3.5 The integy 1o
3%‘ 4
W(\) log]/f =7k |dx,

I

" ; 5
= () = Z | (1) corresponding eigenvalues A = A, = — =

has eigenfunctios {
1.2,3.--- whSZW, (1) is the Extended Chebyshev polynomials of the first kind of order

integers.

Proof: Using the definition ECPs of the first kind, Z{"l 4”)(.\') =cos(n@) =cos(ncos ' (x)), =
cos(0). and applying Theorem 3.3.4 together with replacing ¢ (x) = l" ) (X) = cos(ncos” e )

and letting u = du=kxrldxwithx=—-1=u=—1andx= ] = u =1, we obtain:
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cos(ncos™ ' (%)) log ok — 1¥|dx

)
— X~

|
1 /1 cosn(cos !(u ,
— / ( ( >)]0gh{4*#'du

=

Z. | 1 —u? i
l 1 Tlll(”) B * k \
= - =log|u—t*|du,t* =t
kJ-14/1—u2 ‘:‘~.
T
=——T,("
= n( ) T
T k
SRR N
nk (1) .~\“’
Tk

I T iz ‘\\‘\ X
/ 3 logcos(0)d6 = @sin(q)d {\ (3.57)
Jo



To do that consider the integration:

T ¥ T
Iy = / logsin(x)dx = / logsin(x)dx+ [ logsin(x)dx, for the second part, let x =
Jo Jo

(S ]

T
3 )

3 : > T
— / logsm(.\‘)d.\'+/ logsin(= +y)dy
Jo Jo 2

i1 T
= / logsin(x)dx + / “logcos(x)dx, y is dummy varaible
J0 J0 ) Yv

1

- /01 Iog[§2 sin(.i)I cos(x)]dx @

.1
=— / og2+ / log2sin(x) cos(x)dx
Jo Jo

i :1022+/h2]nsin2_\‘ IR :
/0 g : (2x)dx et 2x )V

T [ z
:510g2+§./0 logsin(y)dy é I

T
:~§10g2+ \d. X

[e—

Now, we need to prove:

3 \,(- 1
o k 4
| = tho® & (3.60)
. 2 Q
Using the definition of Z(kl.())("‘) =1 and g %\f" Ldx, we get,

ST 24 \
()((r e \/1—\2‘\ )
Lk | L
- / I \@ i
Y &3 s ;
— ; log |[¥— F|duX™ let u = cos 6 and 1* = cos(¢)

(3.61)

T log|cos O —cos(¢)|du,
— u-

= —————— 109 |cos O — cos sin0do.
kJr \/1—cos20 el Soaltlninte

1S
= / log|cos @ —cos(¢)|d6,
cJo

where k is positive odd integers. (since 1 € (—1,1),= ¥ € (—1,1), so cos(¢) is well

defined).
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Differentiating /o(¢) with respect to ¢ yields

d IR
= =P H o 5
a9 0(9) =1y(¢) = Adq)/ log|cos 0 —cos(¢)|d0
sin( 3.62)
/ (
/\/ CoxG—cos )(6

=0, apply Lemma 3.3.1 when n=0

Hence /(¢ ) must be a constant function, so assume cos(9) =0, we get: \z

] P[5
Ip(0) = — / log|cos6|d6 &
kJo
[ s 1 [ '
= Z/ 1Og\C0891c19+Z/ log|cos6|d@, for 2% pqw =
< Jo Jz

1 3 1 /3
= — / log|cos@|d6 + —/ log|cos(x )|dx
k Jo k 0
1 3 :
— /\_./ log|cos6]d6 + — . / log|sin(6 o 4
e I
/ logcos 06 + / logsin(6)de, Eq
JO 0 T
.
logsin(6 /6+ l g
‘/“ ogsin(6)c og sm(%’ °‘ ¢

/ logsin(6)d6
0

L >\,T 5\
/ logsin(6)d6 use Eq. (NY) yild =
Jo "3
- 7/}- logz \ ,

z ? (
It implies the Proof of the Thc%?}w . 2 400
NN O

3.4 Function Ap \nfﬁo \'da tended Chebyshev Polynomials
0

CD
4
SRS

um

e e e N S o

of The Fir Sedon i of Order k

Many methodg

In fact, the fa

orthogoMMgU

In the present section, we link the specral properties together in the context of expan-

il Iounu series, Laurent series and Taylox series can all be used as

tions on appropriately chosen weights and domains.

sions in mainly of the first and second kinds.



3.4.1 The Special Logarithmic Singular Integral Equations of Order k Via the First
Kind Extended Chebyshev Polynomial of Order &

In this section, we will investigate homogeneous and inhomogeneous logarithmic singular
integral equations of the first and second kinds (LogSIEk). The main technique is dealing
with logarithmic kernels and reduce the IE problem into linear algebraic equations involv-

ing matrices. The key point is to approximate the density function as trunc;@s ECP

of the first kind of order &, Z("l‘”)(r).n =0,1,2,.... %

3.4.2  Special Logarithmic Singular Integral Equations of th%z Kind of Order k&

Let us consider the linear LogSIEk of the first kind : l

L(x,t) = log|x* — r*] k i N

k is positive odd integer.

(3.66)

.\‘.I)Z(kl_”(.\‘)a’.\' =g(1r)

L(,\'.I)Z{"m(.\‘)d.\' =g(1), (3.67)

where 0 defined in Eq. 3.65. Applying Theorem (3.3.5) Eq. (3.67) yields

n
8
”“Ilo“"l(l“ nZa, i><l\ =g(1) (3.68)
where the coefficients a;.1 =0.1.,2,.. .. n are unknown to be determined.
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To determine the unknown coefficients a;,i = 0,1,2, - - ,n, we use the classical Galerkin
method, we multiply both sides of Eq. (3.68) by Z{"I i (1),j=0,1,2,...,n, then integrating

it over the interval [~1,1] and using Lemma (3.3.3), Eq. (3.68) becomes

For j =0
a —77tloo”<z" Vi) Tk k
B Rl (E T “m)+a1m<z(1.1)vz(1.0)>"'u.m+"' Y.
| = k /\ =70 — &
B l(”fl)><1\'<z“'” ”'Z('~”)>“'“~“+a”n“><k<é(ln Z{1.0))w \ (3.69)

i
k A
g Zu.o) WA

k
=

k .. ~ . .
ZU_,”)>M“_“ is defined in Eq. (3.21). Using orthogonal R‘Opcrly of ECPs of
the first kind of order k, Z(A'IJI)(.\') with weight function W1 k) (X L’“ Eq. (3.69) can
==

be simplified to: ,
| NY.

— 7 N\
agp 2 log24+0+---+0= , '.{')

where (Zf] e

For j =1 \
—7T 7k ~k 2_
“”71052%1"”'41‘”%@ 190 % Z‘-J
- l . 2

+dy

7} &? +
e v YALIS T L
&

¢ k
%l.n)‘z(l.lp“'(l.m G.71)
| .
0 — <g’ Zl\ >“'LI.A';

& 4(1,1)

S

(n—

|.1)>“‘\1.m
e (8.:92)
A \Gf"l :‘?@-Z(l.l))m.m
Proce, ‘d@lhc same way, we get:
ke 7k .
72 log2 <"’ i l(l.())>“'(l.k) ) = 0,
i B . (3.73)
2k% /1, 7k .
?‘<~L'Z(l_j)>“'[l.m' =il s sains
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3.4.3 Special Logarithmic Singular Integral Equations of the Second Kind of Order
l\.

3.4.3.1 Inhomogeneous Case

Consider inhomogeneous LogSIEx of the second kind in the form:

f(t)=g(t)+ / lI L(x.1) f(x)dx, x,t €1, %\Y~ (3.74)
k5

where the right hand side the function g(r) is given and the logcarith@ic Kernel function
11Red

L(x,1) is defined in (3.65), f(¢) is the unknown function to be detern

Substitute Eq. (3.66) into Eq. (3.74) to get

n
7k 1 .
umﬁmU)lm](/)-.*thli*"(l.m(f)l(l.,->(f)Zg(f)+c1()< Z 0wl + ap(Q‘Z(‘]_”),\.M
1= =
S

n
aogw, 1./\‘,([ )Z(\l_()I(,) o] Z (l,\l'(]J\)(f)Z(\]J)([)\Y
1=l

S
where (...)y, ,, is defined in Eq. (3.2 Aj
Applying Theorem (3.3.5) %;5) b‘lon e

(1()\\'{|.L'([)Z(\‘|.“’([)‘+‘ ) 1k 7
where the coc!‘(icicn(%2 0, l )
40 ’ 4

We multiply h"m&\' of Eq. (3.7())@51.)(!)._/' =0,1,2,--- ,n, then integrating it over

the interval ;\ and using the orthogonality property (Lemma 3.3.3) of ECPs of the

o)
’
2

first Kindg Eq. (3.76) yields

n

K \ 3y ‘/'I\ —~k . —k — 1T —k k
”()‘\4 1.0)2 < ]A,‘\\\ (g Z?”’Ql(|~m'l(;l-_/’)>”tl-“ — <g-l(|.~,~)> +(1()—k 10g2<l(1.m.Z
i

(1._/>>+"'
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where g =0:1.2 scwom,

The linear simultaneous equations generated from Eq. (3.77) formulate a system of

linear algebraic equations as:

For j =0
T -7 k 4 a;v qk
agpy +0+---+ 0= (82 ) +a()Tlog2<Z“ 0):Z(1 o) ix’k @ (11))>
i=1
T jrk ok T ok k n k

For j = \d
o
T X ) :
k

k =70 g E
O+aio-+0+-+0=1(g,2 ) +ap—— log2{ . Rz
T ik ok T
UU—/:logz\l(‘l.())'ltl.l»+alz[ ll)>+“

(3.79)

For j =m ‘ z

k
n X = QO)
: \(-\,J (3.¢



For j=n

T : A5 —7 . | | ] )
040+ +angy = (8.2 ) +ao—=1082(Zf, ), Z6; )+ + ) = e S

k (1,0)°<(1,n) _ liXk *=(1,n)
1=
aylog2(ZK o, 78 N bay——(ZF 7k T gk 7k
0% "V8°V4(1,000%(1,n) e 2 Y (1.,,)>+”22Xk< (1,2)° (m)>+"'
| 1 i ke k
+"”Z[§ + ;<Z(1.n)=z(1_n)>] = (8:Z(.n)

\Y‘H)

The unknown coefficients a;,i = 0,1,2,3,--- ,n can be determined by sgL\ 192‘16 Sys-
tem of linear equations which can represented by a matrix form as:

P13 » Rk (0.1)

7 [10g2B o)+ 1] %k
T1oe2 K 7 L4 ﬁ'\kl.ﬂ}
ke (1,0) 2xk 1 xk

: BE
T o) k (m,1)
k 10g'— (m.0) Tt | <k
BL
T ~ Rk (n.1)
jisbesik ]()g_ (n.0) T 1 xk

where

= 0518 228t (0 le\l

The above matrix lwk(n = 1
determine coefficients 5 =) ] ) R3S

3.4.3.20 encous Case

For a homogeneous case of LogSIEx

5
= / lL(.\'.I)_/‘(.\')d.\‘. x,t € [—1,1], (3.84)
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where, L(x.1) is discribed in Eq. (3.65) and f() is an unknown function.

The solution of a homogeneous case is a trivial solutioni.e f(1) =0

3.4.4 Solution of Special Singular Integral Equation of Order k

In this section, we will begin our study of Special Singular Integral Ein%\lof order k

(SSIEk). which has in form:

./.l A T =8l i) (-1, 1) Y' (3.85)

1tk —

where & is a positive odd integer. In particular, when & q-(3.85) reduces to the

lw solutions (for
.

more details see Lifanov (1996)).
[_ct us consider the linear SSIEK of the first kit L 4 \’Y.

standard airfoil equation in aerodynamics and it has fou

/ Lo 1) =™\ 1 (3.86)
9
where the right hand side g(7 %) is known }\ « oiv b
| 3. R A
Bl = 1s 0sit c‘bd@ﬂegers (3.87)

L,

and need to be determined f(x Tl mlho for Yo vt} q-(3.86) is based on expansions
of the approximate wlulmn I Min F mw and second kinds Z‘ )(_\.). S
{1,2} with two cases: j \

Case (I): O
The solution 1s unbou t )lﬂ & ,011‘@.\' = +1. For the unbounded solution of
Eq.(3.86). we 1mpo olloyfinggo dl
St
/ f(x)dx Q" C is constant. (3.88)
1 N
\:m ate f(r) by
fult) = apw, I,M([)Z(\] () )+w (1,k) Z a; l (1.) (3.89)
where j =0,1,..., n; ks positive odd integers

Substitute Eq. (3.89) into Eq. (3.86) we have:
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1w () 1wy (%)
u()./] xk — ¢k Zkl'm('\)d'hLal/l xk — gk ik

1oy (5 1w n(x)
m/ (1.4) Z(l\l.l)('\.>d'\-+az/ q.m( )Zl\.

1 xk—tk S

/

Here the first coefficient aq is arbitrag

—~k T : .
—'((1[(!‘2_(”([) y (2.1772)(1)_*__,((”2(\2.1141)(r) :g([k)

: A A
(3.92)

\
\ ’ ! (.%J
’
To determine the unkr ocllidienyp @, j ,2,3,,---,n, we use the classical Galerkin
method. To get n %wn a b3

of Eq. (3.92) byng Q. (7),j =0,1,2, 0}91 — 1, under the weight function w(z_k)(t) then

assume that the ag = 0. Use Lel% 3 (vi
'
T T ! /8
+ZUZZ(A3~”(,) %(271 \.+_ )\ 7k

amghumber of equations we multiply both sides

integrating ov ancrval [—1,1], Eq. (3.92) becomes:
1 1
z E N7k 7k 48 7k k
al NX)Z5 0y ()25 5 (0)dt + Zag/l w(l,\,)(.x)Z(z_l)(r)Z(z.j)(l)a’t +---

T 1 } ‘ 1
+["”/ ]“'(z.k)(-\')Z(kz_,,,1)(1)2(‘2‘1.)(1)(11 (3.93)

i
— / e (.\')g(fA)Z(LZ‘j) (1)dt

for = 0,152: 35 ne=le
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Forj=0

1 \
X / .]1 Wk (gt >z‘<?g )dt
(3.94)
<

Applying the orthogonality property of ECPs of the second kind Z{" Lemma
3.3.3, Eq. (3.94) yields

EZE01 3 b it U — /l Wk (\‘)g(fk)Zk (’z
k 2k Jq @AY (w\,
2

1
o /] W(z.k)(-"\)8(’1")2&0)(I)dz

Using orthogonality property Lem

T 0
Zial+ _+.

2 1
o

a = ALY
22 FT)Z

Applying orthogonality property Lemma 3.3.3 (vi) , Eq. (3.96) becomes:
Ade ! ky 7k
0+0+:--+ o a, = / ek (820 ) ()t
n’ i ky 7k
WU” = / : W(Z.k)('\‘)g(t )Z(», » l)(f)df
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The linear simultaneous equations eenerated from Eq. (3.94) - (3.96) formulate a

system of linear algebraic equations which can be represented as a matrix form:

000 - 0 |fa] [¢&
=S T as ct

2k-

e : : z 3.97)
S RV ai| |ct &r‘\) )
000 0 & |, C‘,j\, i

.o

()] cos

k k 2
@ =il . I & (9w
Undetermining coefficients aj, j =1,2,3,.. .,
2k?
il (¢ (8:99)

Case (IT): The solution is bounded at ®:

For the bounded solution of Eq.(3.86w

'l
%;1 X) (-\)J(-\* cj.\' Q (3.100)

(3.101)

PG aovg :
KNI

where j = l\/ s positive odd iﬁvgcr.

Subst™ayg M. (3.101) into Eq. (3.86) we have:
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Lx ) fa)dx = g(t")

(3.102)

1w p (%) k : L) l\)(-\‘),k i A'(x)
(1()./ 1 WZ(”’( v)dx+aj /lﬁé(°-l)<"')dx l—&w& 2y (x)dx+--

i R“ff?ﬁfh@«

Here the Case(Il) is different from Cas

we have (74 1) unknown coclhucnls

$
Use Lemma 3.3.3 (vii) to get % \,'v.]-' 4?

T k : T :
/\a()l ) - a]Z . )Ql @ ]\a'lflzél.n)(’)_”/\T(”’Z(Al.zz+1)(’) :g(ﬂ\)

| (3.104)
C—) 1 o'
oc?h g saj 1,2,3,...,n. We use the classical Galerkin

method. To get (§ unknowns an «Q}Y' same number of equations, we multiply both

To determine the un}no

sides of Eq ( U m) . m \1 ..,n+ 1, under the weight function w(]_k)(l)
then integ fu the mtelval [-1,1], Eq. (3.104) becomes:
T i =
(02 (1)t~ Zay ./1 W1y (ZE, 5y (1)ZE, ()t = -
T

1
_Za”/ l“’(l.k)(-">zfl./z+l)( )Z(\I m)( )d1

1
- / ] \1'(1_,\.)(.\‘)g(!l‘)Zfl_m)(t)a'r
(3.105)



form=1,2,3,...,n+1.

Form =1

T

1 -1
. N7k Sk : :
ku()./ I”(I-M('\M(l.l)(I)Z(I.l)(’)d’*;al/l”"(l.k)("‘)Zi\l.z)([)zfl.l(&?"'
. ' 7K

(3.106)

y
/ WLk (A‘)Z(kl 0) (’)Z(kl o\ \d-
g

This fact comes from the integral operator in Lemmgg™.3"3 (vii C 'ilfggasing order
e second kind

one, which means integral operator in Lemma 33? S S0
with (n) give ECPs of the first kind with (n . Applyin® 1'th0@$;1ity property of

Extended Chebyshev polynomials of the fir : = { i( S n-+1. Lemma
3.3.3, Eq. (3.1006) yields \

—aj \“(,\‘)Zfl.],(l)lfl_z)(r)z/l- —a) / ]“'(l.k)(-\‘)Z{\Lz)(’)Z('\]_z)(’)df_

TR k k
‘Z”H/l”'(1./\')('\')Z(l.n-?-l)(I>Z(l.2)(f>d’

-1
== / : ‘1'(]./() (X)g(TL)Zélz) (f)df
(3.107)
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Using the orthogonality property Lemma 3.3.3 (v) , Eq. (3.107) becomes
-1
~0— @ —0——0= ./1 Wity (g () ZE, ) (1)

S
= / Wy ()82 ) ()t

Proceeding in the same way, we obtain:

Form=n+1

/4 & ' ' e
by Za() / 1 W |.k)(-\')zfl_|)(’)zé] .n+l)(1)df o Eal

T

T T :
OO_MZQ_A’G"t?

T 1
——Qp = — / w g
242 ! “

The linear simultaneous equatl%nelatgiL‘xj gb .106) - (3.108) formulate a sys-
tem of linear algebraic equa with |(7 unkmwn coefficients:
\ {Q

é-?%l) >n (J m— 051088 Wy (3.109)
In

We use Matlab 1 Ine coe @;, 0= 01 2258 e ni.
e

3.5 C&E ion

In this chapter, the definition of the Extended Chebyshev polynomials of the first and
second kinds of order &, Z(k[.”)(.\').i = {1,2} will be presented. It showed some graphs
of the ECPs of the first and second kinds of order k. The zeros of ECPs of the first and

second kinds of order & are discussed and described. The behavior of Extended Chebyshev
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sequences are explained when & is sufficient large odd integers. It is found that Extended
Chebyshev sequences of the first and second kinds converge approximately into one of the

three values { 1,0, 1} depending on index n.

We found that ECPs of the first and second kinds of order k. Z{‘I. A &)i = {1,2} are

. . ‘ 0 K—1 kK
orthogonal with respect to weight functions w(; ;) (x) = -+ W (%) = gV — 3%
Z [1—x2k® 7 \& v -

. . .. \
respectively on the interval [—1, 1], where k is positive odd integer.

We stated some of the standard formulae of the two kinds recuneﬂ!&lations and the
relationships between each other, then we described different kinds VQPS of order k and

some of its associated relations. V

).i | {1,2} are proved.
10N solution of lin-

|
aiio,&?iogsmk).

f ECPs of the first

Spectral properties ECPs of the first and second kinds

car homogenous and inhomogeneous logarithmic sind
The density functions are characterized in terms o
and second kinds. Numerical procedures are der the sity functions.

Moreover, a study of effective and accurate a solving the SSIEk
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