Having discuss the methodology and seen the program used for th
nonlinear Schrodinger equation, we listed below the result of the pr

cases listed in the just concluded subsection. Details about the xp

CHAPTER IV
PRESENTATION OF RESULT

results at each stage will be discussed in the next chapter.

Table 4.1

Partial output of Listing 3.1

76

/’\2'

t X X -t vA2+w"2 \Y' error
numerical é t'Cd.{"
0.00 -1.0 -1.00 0.83994 2 D.8#994%%~ 0.000000
0.00 -0.8 -0.83 1.069038 g N, .0699?' 0.000000
0.00 -0.7 -0.67 1.32088 " ].3%5‘8 0.000000
0.00 -0.5 -0.50 1S (13 72895 0.000000
0.00 -0.3 -0.33 15% 3259 0.000000
0.00 -0.2 -0.17 945757 \T &\1.945457 0.000000
0.00 0.0 0.00 000 & 2000000 0000000
0.00 0.2 0.17 %45!57 7 1.945457  0.000000
0.00 0.3 0.33 N 793 AV 1793259 0.000000
0.00 0.5 0.50 1.4778 N 1.572895  0.000000
0.00 0.7 0.67 (_)Q 1.§207¢84 § 1.320728 o.gooooo
0.00 0.8 0.83 TNy 48 1.069038  0.000000
0.00 1.0 1.0(\ l 59994 (f;" 0.839949  0.000000
500 4.0 -1& 840 0.839949  0.000300
500 4.2 & .og?» 1.069038  0.000480
500 4.3 * P37 1.320728  0.000519
5.00 4.5 0.0 1893586 1572895 0.000690
500 4.7 .33,-,0): 93963 1.793259  0.000704
5.00 4.8 -0.17 YT-946167 1.945457  0.000709
500 5.0 0.00 572.000489 2.000000  0.000489
500 5 0.17 1.945642 1.945457  0.000185
500 g 0.33 1.793063 1.793259  -0.000196
5.36' 0.50 1.572403 1.572895  -0.000492
5080 3 0.67 1.320050 1.320728  -0.000678
5.00 S8 0.83 1.068315 1.069038  -0.000723
500 6.0 1.00 0.839278 0.839949  -0.000670
10.00 9.0 -1.00 0.840847 0.839949  0.000898
10.00 9.2 -0.83 1.070089 1.069038  0.001051

(Continued)



Table 4.1 continued

77

t X X -t vA24+wN2 vA2+wA2 error
numerical analytical

10.00 9.3 -0.67 1.321921 1.32072?@01 193
10.00 9.5 -0.50 1.574220 1.5728 001325
10.00 9.7 -0.33 1.794482 1.7@ 0.001223
10.00 9.8 -0.17 1.946537 19427 0.001080
10.00 10.0 0.00 2.000540 2.Q0000 0.000540
10.00 10.2 0.17 1.945497 457 0.000039
10.00 10.3 0.33 1.792596 793259 -0.000663
10.00 10.5 0.50 1.571878 2895 -0.001017
10.00 10.7 0.67 1.319418 320728  -0.001310
10.00 10.8 0.83 1.067761 1.06003 -0.001277
10.00 11.0 1.00 0.838769 -0.001179
15.00 14.0 -1.00 0.841347 X0.001399
15.00 142 -0.83 1.070764 0.001726
15.00 14.3 -0.67 1.322506 0.001777
15.00 14.5 -0.50 1.57477? : 0.001884
15.00 14.7 -0.33 1.794Q60 179  0.001701
15.00 14.8 -0.17 1.9 1.843457  0.001396
15.00 -15.0 0.00 z’ﬁq& ) L0000 0.000506
15.00 15.2 0.17 94 AL945457  -0.000189
15.00 15.3 0.33 &1793259 00011 15
15.00 15.5 0.50 1.572895  -0.001451
15.00 15.7 0.67 1.320728  -0.001950
15.00 15.8 0.83 1.069038  -0.001845
15.00 16.0 1.00 0.839949  -0.001763
20.00 19.0 -1.0( 0.839949  0.002053
20.00 19.2 -0.83 1.069038  0.002215
20.00 19.3 -0. 1.320728  0.002644
20.00 19.5 Q0 1.572895  0.002412
20.00 19.7 % 1.793259  0.002330
20.00 19.8 0. 1.945457  0.001311
20.00 20.0 %o P 2.000000  0.000604
20.00 20.2 <(.A).w | 1.945457  -0.000724
20.00 2().A 0.33 @"1.791742 1.793259  -0.001517
20.00 2 \ 0.50 1.570615 1.572895  -0.002280
20.00 2 0.67 1.318211 1.320728  -0.002518
200042 0.83 1.066595 1.069038  -0.002442
20.@ 1.00 0.837682 0.839949  -0.002267
25.00 ot () -1.00 0.842444 0.839949  0.002496
25.00 24.2 -0.83 1.071739 1.069038  0.002702
25.00 24.3 -0.67 1.323967 1.320728  0.003239
25.00 24.5 -0.50 1.575750 1.572895  0.002855

(Continued)



Table 4.1 (continued)
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t X X-t VA2+w2 vA2+wA2 error
numerical analytical

25.00 24.7 -0.33 1.796039 1793259 0.002780
25.00 24.8 -0.17 1.947033 1.945457 0.001576
25.00 25.0 0.00 2.000700 2.000000 0.000700
25.00 25.2 0.17 1.944459 1.945457 v00998
25.00 25.3 0.33 1.791378 1.7932 \ 001882
25.00 255 0.50 1.569983 2572 %-0.002913
25.00 25.7 0.67 1.317653 1.32& -0.003076
25.00 25.8 0.83 1.065894 1.0 -0.003143
25.00 26.0 1.00 0.837229 -0.002720
30.00 29.0 -1.00 0.842983 0.003034
30.00 29.2 -0.83 1.072539 0.003501
30.00 29.3 -0.67 1.324548 0.003820
30.00 29.5 -0.50 1.576632 S{2895 0.003737
30.00 29.7 -0.33 1.796451 1 7&%4. 003192
30.00 29.8 -0.17 1.947483 1§945 3 (> 002026
30.00 30.0 0.00 2.000546 é 004000 -\,70.000546
30.00 30.2 0.17 1.944225 P WY 45%‘{' -0.001232
30.00 30.3 0.33 1.790692Y. \ 93 -0.002567
30.00 30.5 0.50 1.5692& °‘ 1.57@ -0.003639
30.00 30.7 0.67 [ % 1.%7 8  -0.003783
30.00 30.8 0.83 1.(%& 16038  -0.003802
30.00 31.0 1.00 36712 ‘-k? 839949 -0.003236

Figure 4.1 output of the main program pde_1_main for Listing 3.1
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Table 4.2

Partial output of Listing 3.2

)

t X X -t VA2+wWA2 vA2+w/\T error
numerical analyti K
0.00 -1.0 -1.00 0.839949 0.839 0.000000
0.00 -0.8 -0.80 1.118110 1.11 0.000000
0.00 -0.6 -0.60 1.423156 1. 0.000000
0.00 -0.4 -0.40 1.711278 71878 -0.000000
0.00 -0.2 -0.20 1.922086 Mosé 0.000000
0.00 0.0 0.00 2.000000 Y?Uooooo 0.000000
0.00 0.2 0.20 1.922086 92p086  0.000000
0.00 0.4 0.40 1.711278 0.000000
0.00 0.6 0.60 1.423156 ¢ $-000000
0.00 0.8 0.80 1.118110 ‘é 10 {00000
0.00 1.0 1.00 0.839949 9495 0.000000
500 4.0 -1.00 0.840692 v NI 0.000743
500 4.2 -0.80 1.119083 111 0.000973
500 44 20.60 1424426 N Y & 145856 0.001271
500 4.6 -0.40 1.71&% 278 0.001463
500 4.8 20.20 1.92355 022086 0.001467
500 5.0 0.00 > 1 \T &J”.oooooo 0.000991
500 5.2 o2 1.922086  0.000186
500 5.4 5 &0 1711278 -0.000725
500 5.6 S 1423156 -0.001305
500 5.8 LS 1.118110  -0.001520
500 6.0 0.839949  -0.001402
10.00 9.0 0.839949  0.001827
10.00 9.2 1.118110  0.002269
10.00 9.4 1423156 0.002647
10.00 9.6 1.711278  0.002724
10.00 9.8 1.922086  0.002260
10.00 10.0 . 2.000000  0.001183
10.00 10.2 2 1.922086  -0.000375
10.00 10.4 0.40 1.711278  -0.001628
1000 10.60N,  0.60 1420661 1423156 -0.002494
10.00 1 0.80 1.115437 1.118110  -0.002674
10.00 1.00 0.837441 0.839949  -0.002508
15.0004. -1.00 0.842866 0.839949  0.002917
15.00 1T -0.80 1.121625 1.118110  0.003515
15.00 14.4 -0.60 1.427007 1.423156  0.003851
15.00 14.6 -0.40 1.715080 1.711278  0.003803
15.00 14.8 -0.20 1.924948 1.922086  0.002862

(Continued)



Table 4.2 (continued)
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t X X -t vA2+wA2 v 24+wN2 error
numerical analytical

15.00 15.0 0.00 2.001288 2.00000%01288
15.00 15.2 0.20 1.921148 1.9220, N 0.000938
15.00 154 0.40 1.708711 1.71 -0.002567
15.00 15.6 0.60 1.419372 -0.003784
15.00 15.8 0.80 1.114223 -0.003888
15.00 16.0 1.00 0.836325 -0.003624
20.00 19.0 -1.00 0.843951 0.004002
20.00 19.2 -0.80 1.123048 0.004938
20.00 194 -0.60 1.428368 0.005213
20.00 19.6 -0.40 1.716169 0.004892
20.00 19.8 -0.20 1.925484 YL).OO3398
20.00 20.0 0.00 2.000912 0 (..} 0.000912
20.00 20.2 0.20 1.920351 -0.001735
20.00 20.4 0.40 1.707293 1% -0.003985
20.00 20.6 0.60 1.41816 -0.004992
20.00 20.8 0.80 -0.005197
20.00 21.0 1.00 -0.004525
25.00 24.0 -1.00 0.004957
25.00 242 -0.80 0.005931
25.00 244 -0.60 0.006265
25.00 24.6 -0.40 1571051048 0.005881
25.00 2438 -0.20 1.922086 0.004010
25.00 25.0 0.00 Y‘z 2.000000  0.001210.
25.00 25.2 0.20 . 1.922086  -0.002335
25.00 254 0.40 1.711278  -0.004907
25.00 25.6 0.6 \ 1.423156  -0.006451
25400595 8 0 1.118110  -0.006408
25.00 26.0 g 0.839949  -0.005694
30.00 29.0 : l 0.846284 0.839949 0.006335
30.00 29.2 %0 F') 1 482 1.118110 0.007371
30.00 29.4 %.60 £ R31189 1423156 0.008033
30.00 29.6 -0.40 \‘}'“71 8323 1.711278 0.007046
30.00 -0.20 1.926872 1.922086 0.004786
30.00 0.00 2.000883 2.000000 0.000883
30.00 0.20 1.919042 1.922086  -0.003044
30. 0.40 1.704914 1.711278  -0.006364
30.00 .6 0.60 1.415336 1.423156 -0.007820
30.00 30.8 0.80 1.110307 1.118110  -0.007803
30.00 31.0 1.00 0.833140 0.839949  -0.006808




u(x,t)

2.5

CSE;t=0,5

..... 30; o - numerical; solid - analytical

— —

—
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T

t X ) VA2 Ewi2 error
F f i analytical
0.00 -1.0 4.@ '\9399 0.839949  0.000000
0.00 -0.8 -0 .g93® 1.193172  0.000000
0.00 -0.5 * Pr575s 1.572895  0.000000
0.00 -0.3 1880030 1.880030  -0.000000
0.00 0.0 0 #olp " 2R00000 2.000000  0.000000
0.00 0.3 : 880030 1.880030  -0.000000
0.00 0.5 A 0.50 51 572895 1.572895 0.000000
0.00 054N,  0.75 1.193172 1.193172  0.000000
0.00 1 1.00 0.839949 0.839949  0.000000
5.00 -1.00 0.841744 0.839949  0.001796
5,003 -0.75 1.195789 1.193172  0.002617
5.00 45 -0.50 1.576253 1.572895  0.003357
500 4.8 -0.25 1.883654 1.880030  0.003624

(Continued)



Table 4.3 (Continued)
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t X X -t vA24+wW2 vA24+wW2 error
numerical analytical

5.00 5.0 0.00 2.002365 2.000000 0.002365
500 5.3 0.25 1.879821 1.880030 000208
500 5.5 0.50 1.570255 1.57289 -0.002641
5.00 5.8 0.75 1.189515 1_1931% -0.003657
500 6.0 1.00 0.836525 0.8%3 -0.003423
10.00 9.0 -1.00 0.844269 0.8 0.004320
10.00 9.3 -0.75 1.198933 1 2 0.005762
10.00 9.5 -0.50 1.579617 5895 0.006722
10.00 9.8 -0.25 1.885974 WE0030  0.005944
10.00 10.0 0.00 2.002806 Yz%)ooooo 0.002806
10.00 103 0.25 1.878295 1.840030  -0.001734
10.00 10.5 0.50 1.567573 SQ# -0.005322
10.00 10.8 0.75 1.186637 : 2* 30.006534
10.00 11.0 1.00 0.833979 . 9&9_{0 -0.005970
15.00 14.0 -1.00 0.846956 JB994g~" 0.007008
15.00 14.3 -0.75 1.202058 N9 0.008886
15.00 14.5 1.52895  0.009524
15.00 14.8 1889030 0.007798
15.00 15.0 00000 0.002901
15.00 15.3 AJ.880030  -0.003432
15.00 15.5 1.572895  -0.008166
15.00 15.8 1.193172  -0.009574
15.00 16.0 0.839949  -0.008559
20.00 19.0 0.839949  0.009862
20.00 19.3 1.193172  0.012081
20.00 19.5 1.572895  0.012399
20.00 19.8 1.880030  0.009326
20.00 20.0 2.000000  0.002313
20.00 20.3 1.880030  -0.005825
20.00 20.5 1.572895  -0.011389
20.00 20.8 1.193172  -0.012611
20.00 21.0 <Q 0.839949  -0.010955
25.00 24.0 : 1.00 S 852051 0.839949  0.012102
25.00 24.\ -0.75 N71.207816 1.193172 0.014644
25.00 244 -0.50 1.587916 1.572895  0.015021
25.00 -0.25 1.891100 1.880030  0.011070
25.0, 0.00 2.002618 2.000000 0.002618
25.0 3 0.25 1.872692 1.880030  -0.007338
25.00 25.5 0.50 1.558664 1.572895  -0.014232
25.00 25.8 0.75 1.177335 1.193172  -0.015837
25.00 26.0 1.00 0.826198 0.839949  -0.013751

(Continued)



u(x,t)

Table 4.3 (continued)

t X X -t vA2+wWA2 vA24+wWA2 error
numerical analytical
30.00 29.0 -1.00 0.855257 0.839949  0.015308
30.00 29.3 -0.75 1.211702 1.193172  .0.018530
30.00 29.5 -0.50 1.591576 1.572895  0.018681
30.00 29.8 -0.25 1.893096 1.880030 . 0.013066
30.00 30.0 0.00 2.002153 2.00000 1002153
30.00 30.3 0.25 1.870085 1.880 & .009945
30.00 30.5 0.50 1.555248 1.57 -0.017647
30.00 30.8 0.75 1.174006 1.1 -0.019165
30.00 31.0 1.00 0.823428 0?0949 -0.016521
CSE;t=0,5,..., 30; o - numerical; solid - analyti

2.5

T :




Table 4.4

Partial output of Listing 3.4
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t X X-t vA2+wWA2 vA2+wA2 error
numerical analytigal
0.00 -1.0 -1.00 0.839949 0.839989° N 0.000000
0.00 -0.8 -0.83 1.069038 1.06 g%) 0.000000
0.00 -0.7 -0.67 1.320728 L 0.000000
0.00 -0.5 -0.50 1.572895 1 5 0.000000
0.00 -0.3 -0.33 1.793259 \ 1.7%259 0.000000
0.00 -0.2 -0.17 1.945457 25457 0.000000
0.00 0.0 0.00 2.000000 000000 0.000000
0.00 0.2 0.17 1.945457 1.9j5457 0.000000
0.00 0.3 0.33 1.793259 1\ 0.000000
0.00 0.5 0.50 1.572895 . 3 ¢~ 0.000000
0.00 0.7 0.67 1320728 I, 12&} 0.000000
0.00 0.8 0.83 1.069038 2 V1600 0.000000
0.00 1.0 1.00 0.839949Y~ D 4 .83%3 0.000000
500 4.0 -1.00 0.840R48 0.3%2 49 0.000300
500 4.2 -0.83 1.0 °\ kg 038  0.000480
500 43 -0.67 1YL D320728  0.000519
500 45 -0.50 57398 \T AL 1.572895  0.000690
500 4.7 -0.33 39 &71.793259  0.000704
500 4.8 2Nk 1.945457  0.000709
500 5.0 0.00 \ . 2.000000  0.000489
500 5.2 0.17 . 1.945457  0.000185
500 5.3 0.33 z 1.793259  -0.000196
500 5.5 0.50 (‘) 1.572895  -0.000492
500 5.7 0.67 1.320728  -0.000678
500 5.8 0.8& 1.069038  -0.000723
500 6.0 N, ,? 0.839949  -0.000670
10.00 9.0 : 0.839949  0.000898
10.00 9.2 l 1.069038  0.001051
10.00 9.3 D67 & gls 21921 1.320728  0.001193
10.00 9.5 : 0.50 \,‘71'.574220 1.572895  0.001325
10.00 9.7 -0.33 Q1794482 1.793259  0.001223
10.00 9! \ -0.17 1.946537 1.945457  0.001080
10.00 0.00 2.000540 2.000000 0.000540
10.0 0.17 1.945497 1.945457 0.000039
10.0 3 0.33 1.792596 1.793259  -0.000663
10.00 10.5 0.50 1.571878 15728950 IOLOLT
10.00 10.7 0.67 1.319418 1.320728  -0.001310
10.00 10.8 0.83 1.067761 1.069038  -0.001277
10.00 11.0 1.00 0.838769 0.839949  -0.001179

(Continued)



Table 4.4 (continued)
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t X X -t vA2+wW2 vA24+w2 error
numerical analytical
15.00 14.0 -1.00 0.841347 0.839949 0.001399
15.00 14.2 -0.83 1.070764 1.069038 0.001726
15.00 14.3 -0.67 1.322506 1.320728 01777
15.00 14.5 -0.50 1.574779 1.572895\%.001884
15.00 14.7 -0.33 1.794960 1.7932 Q) 0.001701
15.00 14.8 017 1.946854 1.945& 0.001396
15.00 15.0 0.00 2.000506 0.000506
15.00 15.2 0.17 1.945269 -0.000189
15.00 15.3 0.33 1.792144 -0.001115
15.00 15.5 0.50 1.571445 895  -0.001451
15.00 15.7 0.67 1.318778 20728  -0.001950
15.00 15.8 0.83 1.067193 038,  -0.001845
15.00 16.0 1.00 0.838186 0 &4{_ -0.001763
20.00 19.0 -1.00 0.842002 839949 "~ <¥0.002053
20.00 19.2 -0.83 1.071253 ,é L0903 -{"0.002215
20.00 19.3 -0.67 1.323372 ¥ 7@2‘ 0.002644
20.00 19.5 -0.50 1.575308 V57 € 0.002412
20.00 19.7 -0.33 1.795 °\ 1‘792159 0.002330
20.00 19.8 -0.17 I %"’ 1,945457 0.001311
20.00 20.0 0.00 2.(%&9 40000 0.000604
20.00 20.2 0.17 %1733 \T ,5%945457 -0.000724
20.00 20.3 0.33 mz;? SH1.793259  -0.001517
20.00 20.5 0.50 7065 ¥ ¢ 43' 1.572895  -0.002280
20.00 20.7 0.67 '3 \A 1.320728  -0.002518
20.00 20.8 0.83 1.0}65 e 1.069038  -0.002442
20.00 21.0 1.00 (,) 0.% 532'0 0.839949  -0.002267
2500 240  -1.00 w\ 44‘6} 0.839949  0.002496
25.00 24.2 -0.83 \ | Y7173 1.069038 0.002702
25.00 24.3 -0. & 23 1.320728 0.003239
25.00 24.5 %\ P *!57 0 1.572895 0.002855
25.00 24.7 ((5?3) l 296039 1.793259 0.002780
25.00 24.8 %‘7 P ‘D) 7033 1.945457 0.001576
25.00 25.0 % 0 £ 900700 2.000000 0.000700
25.00 25.2A b @4.944459 1.945457  -0.000998
25.00 25 0.33 1.791378 1.793259  -0.001882
25.00 0.50 1.569983 1.572895  -0.002913
25.00 42> 0.67 1.317653 1.320728  -0.003076
25.0@ 0.83 1.065894 1.069038  -0.003143
25.00 0 1.00 0.837229 0.839949  -0.002720
30.00  29.0 -1.00 0.842983 0.839949 0.003034
30.00 29.2 -0.83 1.072539 1.069038 0.003501
30.00 293 -0.67 1.324548 1.320728 0.003820

(Continued)



Table 4.4 (continued)
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t X X-t vA2+w2 VA2+wWA2 error
numerical analytical
30.00 29.5 -0.50 1.576632 1.572895 0.003737
30.00 29.7 -0.33 1.796451 1.793259 0.003192
30.00 29.8 -0.17 1.947483 1.945457 YH.OO2026
30.00 30.0 0.00 2.000546 2.0000 \ 0.000546
30.00 30.2 0.17 1.944225 1.945 &?) -0.001232
30.00 30.3 0.33 1.790692 1.7 9% -0.002567
30.00 30.5 0.50 1.569256 1.37289 -0.003639
30.00 30.7 0.67 1.316945 1.3 8  -0.003783
30.00 30.8 0.83 1.065236 09Y038  -0.003802
30.00 31.0 1.00 0.836712 9949  -0.003236
? |
CSE;t=0,5,..., 30; olid -%na tic\d' X~
2.5 ! : : : ik

1.5

u(x,t)

0.5

O - numerical;
ﬁévﬁ jwt@
vl oF

Y-

Y.
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Table 4.5

Partial output of Listing 3.5
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VA2+WA¥ 3rror

t X X-t vA2+w2
numerical analyti

0.00 -1.0 -1.00 0.839949 0.839 0.000000
0.00 -0.8 -0.80 1.118110 1.11 0.000000
0.00 -0.6 -0.60 1.423156 423%6 0.000000
0.00 -0.4 -0.40 1.711278 Nm -0.000000
0.00 -0.2 -0.20 1.922086 086  0.000000
0.00 0.0 0.00 2.000000 oogoo 0.00000
0.00 0.2 0.20 1.922086 94208 0.000000
0.00 0.4 0.40 1.711278 1 * %000000
0.00 0.6 0.60 1.423156 é q (&3-.000000
0.00 0.8 0.80 1.118110 0\ 0.000000
0.00 1.0 1.00 0.839949 ’ 9493' 0.000000
500 4.0 -1.00 0.840692 z \9_839 0.000743
500 42 -0.80 1.11908 \) °\ 1.118N0  0.000973
500 4.4 -0.60 1.424{) 1@156 0.001271
500 4.6 : _g 1278 0.001463
500 4.8 ALV22086  0.001467
500 5.0 G2.000000  0.000991
500 52 43' 1.922086  0.000186
500 5.4 1.711278  -0.000725
500 5.6 1.423156  -0.001305
5007 58 1.118110  -0.001520
500 6.0 0.839949  -0.001402
10.00 9.0 0.839949  0.001827
10.00 9.2 1.118110  0.002269
10.00 9.4 1.423156  0.002647
10.00 9.6 1.711278  0.002724
10.00 9.8 1.922086  0.002260
10.00 10. 2.000000  0.001183
10.00 10. 21711 1.922086  -0.000375
10.00  10. 709649 1.711278  -0.001628
10.00 1 : 1.420661 1.423156  -0.002494
10.00 &0 0.80 1.115437 1.118110  -0.002674
10.0% 1.00 0.837441 0.839949  -0.002508
15.00 Nyt -1.00 0.842866 0.839949  0.002917
15.00 14.2 -0.80 1.121625 1.118110  0.003515
15.00 14.4 -0.60 1.427007 1.423156  0.003851
15.00 14.6 -0.40 1.715080 1.711278  0.003803
15.00 14.8 -0.20 1.924948 1.922086  0.002862

(Continued)



Table 4.5 (continued)

88

t X X -t vA24+w2 vA24+wA2 error
numerical analytical
15.00 15.0 0.00 2.001288 2.000000 Wzss
15.00 152 0.20 1.921148 1.922086 \q, 00938
15.00 15.4 0.40 1.708711 1.7112 (').002567
15.00 15.6 0.60 1.419372 1.423 -0.003784
15.00 15.8 0.80 1.114223 B, -0.003888
15.00 16.0 1.00 0.836325 0839g9 -0.003624
20.00 19.0 -1.00 0.843951 0.98P49  0.004002
20.00 19.2 -0.80 1.123048 v'gno 0.004938
20.00 19.4 -0.60 1.428368 23;56 0.005213
20.00 19.6 -0.40 1.716169 b, 0.004892
20.00 19.8 -0.20 1.925484 1922 . 3398
20.00 20.0 0.00 2.000912 00912
20.00 20.2 0.20 1.920351 A0.001735
20.00 20.4 0.40 1.707293 s 2783'-0.003985
20.00 20.6 0.60 1.418163 A230K° -0.004992
20.00 20.8 0.80 1.11291 \) 118N0  -0.005197
2000 21.0 1.00 0.835 3t’) o.ﬁo@ 20.004525
25.00 24.0 -1.00 iﬁ\ &‘ 9949  0.004957
25.00 242 -0.80 ALN18110  0.005931
25.00 24.4 -0.60 GM.423156  0.006265
25.00 246 -0.40 & 1711278 0005881
25.00 24.8 -0.20 1.922086  0.004010
25.00 25.0 0.00 2.000000  0.001210
25.00 252 0.20 1.922086  -0.002335
25.00 25.4 0.40 1.711278  -0.004907
25.00 25.6 0.60 '\\ 1.423156  -0.006451
25.00 25.8 0.8 1.118110  -0.006408
25.00 26.0 § (\ 0.839949  -0.005694
3000 290 - % 0.839949  0.006335
30.00 29.2 Q’ P ) 1.118110  0.007371
30.00 29.4 ((99 $1.49M189 1.423156  0.008033
30.00 29.6 NAO 8323 1.711278  0.007046
30.00 \ 20 ™26872 1.922086  0.004786
30.00  30. 0.00 2.000883 2.000000  0.000883
30.00 0.20 1.919042 1.922086  -0.003044
30.0 0.40 1.704914 1.711278  -0.006364
30.00 N 0.60 1.415336 1.423156  -0.007820
30.00 30.8 0.80 1.110307 1.118110  -0.007803
30.00 31.0 1.00 0.833140 0.839949  -0.006808




89

CSE;t=0,5,..., 30; o - numerical; solid - analytical

T == —I

25 f T T T T - -0  — T

QfT S vA2+w2 error

t X t
\ | * 2 plnfencal analytical

0.00 -1.0 1. ’ 0.889949 0.839949 0.000000
0.00 -0.8 75 8 ) 14\) 172 1.193172 0.000000
0.00 -0.5 <(/0.50 ’ X572895 1.572895 0.000000
0.00 -0.3A -0.25 @.880030 1.880030  -0.000000
0.00 0. \ 0.00 2.000000 2.000000 0.000000
0.00 0.25 1.880030 1.880030  -0.000000
0.00 4Q. 0.50 1.572895 1.572895 0.000000
o.oﬁr 0.75 1.193172 1.193172 0.000000
0.00 1.00 0.839949 0.839949 0.000000
500 4.0 -1.00 0.841744 0.839949  0.001796
500 4.3 075 1.195789 1.193172  0.002617

(Continued)



Table 4.6 (continued)
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t X X -t vA2+w2 vA2+wA2 error
numerical analytical

500 45 -0.50 1.576253 1.572895 4 3.003357
500 438 -0.25 1.883654 1.88003%‘) 003624
500 5.0 0.00 2.002365 2.000 0.002365
500 5.3 0.25 1.879821 1.88 -0.000208
500 5.5 0.50 1.570255 1. -0.002641
500 5.8 0.75 1.189515 4.19572 -0.003657
500 6.0 1.00 0.836525 0949 -0.003423
10.00 9.0 -1.00 0.844269 39949 0.004320
10.00 9.3 -0.75 1.198933 0.005762
10.00 9.5 -0.50 1.579617 0.006722
10.00 9.8 -0.25 1.885974 005944
10.00  10.0 0.00 2.002806 002806
10.00  10.3 0.25 1.878295 -0.001734
10.00  10.5 0.50 1.567573 -0.005322
10.00  10.8 0.75 1.186637 g?' -0.006534
10.00 11.0 S\' 0.87949  -0.005970
15.00 14.0 . &949 0.007008
15.00 143 ALTO3172 0.008886
15.00 14.5 AT.572895  0.009524
15.00 14.8 1.880030  0.007798
15.00 15.0 2.000000  0.002901
15.00 153 1.880030  -0.003432
15.00 15.5 1.572895  -0.008166
15.00 15.8 1.193172  -0.009574
15.00 16.0 0.839949  -0.008559
20.00 19.0 0.839949  0.009862
20.00 19.3 1.193172  0.012081
20.00 19.5 1.572895  0.012399
20.00 19.8 : 1.880030  0.009326
20.00 20.0 ) 2.000000  0.002313
20.00 20.3 <(/0,25 & R874205 1.880030  -0.005825
20.00 20.5A 0.50 \c>,1’.561507 1.572895  -0.011389
20.00 2()\ 0.75 1.180561 1193172 -0.012611
20.00 7"!;? 1.00 0.828994 0.839949  -0.010955
25.00 QN -1.00 0.852051 0.839949  0.012102
25.@9 -0.75 1.207816 1.193172  0.014644
25.00 Naf 5 -0.50 1.587916 1.572895  0.015021
25.00 24.8 -0.25 1.891100 1.880030  0.011070
25.00 25.0 0.00 2.002618 2.000000  0.002618
25.00 25.3 0.25 1.872692 1.880030  -0.007338
25.00 25.5 0.50 1.558664 1.572895  -0.014232

(Continued)
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Table 4.6 (continued)

t X X -t V2wl v 2+w2 error
numerical analytical
25.00 25.8 0.75 1.177335 1.193172  -0.015837
25.00 26.0 1.00 0.826198 0.839949  -0.013751
30.00 29.0 -1.00 0.855257 0.839949 5308
30.00 29.3 -0.75 1.211702 1.193172 018530
30.00 29.5 -0.50 1.591576 1.572890}.018681
30.00 29.8 -0.25 1.893096 1.8800 0.013066
30.00 30.0 0.00 2.002153 2.00 0.002153
30.00 30.3 0.25 1.870085 1.8 -0.009945
30.00 30.5 0.50 1.555248 S7X95  -0.017647
30.00 30.8 0.75 1.174006 1.M5172  -0.019165
30.00 31.0 1.00 0.823428 .839949  -0.016521
NY.
CSE;t=0,5,..., 30; o - numerical%analylcaﬁ’ ' _{:‘)\
2.5 T T — T T L 1 T
N
2,

1.5
s
-

1l
0.5}
o -3\'

[ Rrpsunsrunnnun . g
2\
Figure i:tput of the main program pde 1 main for Listing 3.6



Table 4.7

Partial output of Listing 3.7
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t X X-t vA24+wA2
numerical anal

0.00 -1.0 -1.00 0.839949 0.8 0.000000
0.00 -0.8 -0.83 1.069038 0.000000
0.00 -0.7 -0.67 1.320728 0.000000
0.00 -0.5 -0.50 1.572895 0.000000
0.00 -0.3 -0.33 1.793259 0.000000
0.00 -0.2 -0.17 1.945457 945457 0.000000
0.00 0.0 0.00 2.000000 2.00000G  0.000000
0.00 0.2 0.17 1.945457 . . 0.000000
0.00 0.3 0.33 1.793259 799239 37000000
0.00 0.5 0.50 1.572895 é 1.5828 5.:{'70.000000
0.00 0.7 0.67 1.320728 0728 0.000000
0.00 0.8 0.83 1.069038Y' N T069 0.000000
0.00 1.0 1.00 0.8398¢9 ..‘ 0.833%9  0.000000
500 4.0 -1.00 OSQ%‘ oz% 949 0.000300
500 4.2 -0.83 1563; 9038 0.000480
500 4.3 -0.67 321947 \T AJ320728  0.000519
500 45 -0.50 Y358 Q1572895 0.000690
500 4.7 2038 3R3 oY 43? 1.793259  0.000704
500 48 -0.17 946 1.945457  0.000709
500 5.0 0.00 \2. il § 2.000000  0.000489
500 5.2 0.17 q LS | 1.945457  0.000185
500 5.3 0.33 G) 93063 ¢ 1.793259  -0.000196
500 5.5 0.50\ 24030 1.572895  -0.000492
500 5.7 o& @azoo 1.320728  -0.000678
500 5.8 g 06 1.069038  -0.000723
500 6.0 ?,o'.s 8 0.839949  -0.000670
10.00 9.0 0%0847 0.839949  0.000898
10.00 9.2 83 g ) 70089 1.069038  0.001051
10.00 9.3 <(/-0.67 $ 321921 1.320728  0.001193
10.00 9.5A -0.50 &1.574220 1.572895  0.001325
10.00 9§ -0.33 1.794482 1.793259  0.001223
10.00 0117 1.946537 1.945457  0.001080
10.0 : 0.00 2.000540 2.000000  0.000540
10. : 0.17 1.945497 1.945457  0.000039
10.00 )3 0.33 1.792596 1.793259  -0.000663
10.00  10.5 0.50 1.571878 1.572895  -0.001017
10.00 10.7 0.67 1.319418 1.320728  -0.001310
10.00 10.8 0.83 1.067761 1.069038  -0.001277
10.00 11.0 1.00 0.838769 0.839949  -0.001179

(Continued)



Table 4.7 (continued)
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t X X -t v 2+wWA2 vA24+wWN2 error
numerical analytic
15.00 14.0 -1.00 0.841347 0.8399 0.001399
15.00 142 0.83 1.070764 1,062% 0.001726
15.00 14.3 -0.67 1.322506 1.32072 0.001777
15.00 14.5 -0.50 1.574779 0.001884
15.00 14.7 -0.33 1.794960 0.001701
15.00 14.8 -0.17 1.946854 0.001396
15.00 15.0 0.00 2.000506 ; 0.000506
15.00 15.2 0.17 1.945269 944 -0.000189
15.00 15.3 0.33 1.792144 ; -0.001115
15.00 15.5 0.50 1.571445 59 * J.001451
15.00 15.7 0.67 1.318778 R 2&@-0.001950
15.00 15.8 0.83 1.067193 2 L.0P03sg" -0.001845
15.00 16.0 1.00 N 1?/ -0.001763
20.00 19.0 -1.00 0.8389%9  0.002053
20.00 19.2 -0.83 1.09038  0.002215
20.00 19.3 -0.67 @20728 0.002644
20.00 19.5 -0.50 AL572895  0.002412
20.00 19.7 -0.33 &1793259  0.002330
20.00 19.8 3% i 1.945457  0.001311
20.00 20.0 0.00 2.000000 0.000604
20.00 20.2 0.17 1.945457  -0.000724
20.00 20.3 0.33 1.793259  -0.001517
20.00 20.5 0.50 1.572895  -0.002280
20.00 20.7 0.67\ 1 1.320728  -0.002518
20.00 20.8 0. % 1.069038  -0.002442
20.00 21.0 14Q0 .82? 0.839949  -0.002267
25.00 24.0 899744 0.839949  0.002496
25.00 242 Qg_ 1\671739 1.069038  0.002702
25.00 24.3 67 “'D) 23967 1.320728  0.003239
25.00 24.5 <(}0.50 X1.575750 1.572895  0.002855
25.00 24.A -0.33 &7 1.796039 1.793259  0.002780
25.00 2 \ =0 1.947033 1.945457  0.001576
25.00 0.00 2.000700 2.000000  0.000700
25.0 : 0.17 1.944459 1.945457  -0.000998
25@3 0.33 1.791378 1.793259  -0.001882
25.00 ™5 5 0.50 1.569983 1.572895  -0.002913
25.00 25.7 0.67 1.317653 1.320728  -0.003076
25.00 25.8 0.83 1.065894 1.069038  -0.003143
25.00 26.0 1.00 0.837229 0.839949  -0.002720
30.00 29.0 -1.00 0.842983 0.839949  0.003034

(Continued)
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Table 4.7 (continued)

t X X-t vA2+wWA2 vA2+wWN2 error
numerical analytical
30.00 29.2 -0.83 1.072539 1.069038 0.003501
30.00 29.3 -0.67 1.324548 1.320728 %‘75820
30.00 29.5 -0.50 1.576632 1.572895 \ 03737
30.00 29.7 -0.33 1.796451 1.79325 o)).003192
30.00 29.8 -0.17 1.947483 1.945A 0.002026
30.00 30.0 0.00 2.000546 2.00 0.000546
30.00 30.2 0.17 1.944225 1.945%; -0.001232
30.00 30.3 0.33 1.790692 1. 9  -0.002567
30.00 30.5 0.50 1.569256 95 -0.003639
30.00 30.7 0.67 1.316945 Y078 -0.003783
30.00 30.8 0.83 1.065236 17069038 -0.003802
30.00 31.0 1.00 0.836712 O.$9 »-Q003236
A\
| 1.5

u(x,t)

Figure 4.7 output of the main program pde_1_main for Listing 3.7




Table 4.8

Partial output of Listing 3.8
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t X X -t vA2+wA2 vA2+wh
numerical analyt

0.00 0.839949 0.83 “°0.000000
0.00 1.118110 1.1%&110°  0.000000
0.00 1.423156 1.4%45'6 0.000000
0.00 1.711278 13978 -0.000000
0.00 1.922086 2086  0.000000
0.00 2.000000 00g000  0.000000
0.00 1.922086 9230865  0.000000
0.00 1.711278 . 0000000
0.00 1.423156 42 58 ~J.000000
0.00 1.118110 : 1-{"0.000000
0.00 0.839949 & 0.899949%" 0.000000
5.00 0.840692 Y A 0.000743
5.00 1.11908 1.1:M0  0.000973
5.00 1.42 Q’ 1423156  0.001271
5.00 1.71 Q278 0.001463
5.00 = 022086  0.001467
5.00 &2.000000 0.000991
5.00 1.922086  0.000186
5.00 1.711278  -0.000725
5.00 1423156 -0.001305
5.00 1.118110  -0.001520
5.00 0.839949  -0.001402
10.00 0.839949  0.001827
10.00 1.118110  0.002269
10.00 1.423156  0.002647
10.00 1.711278  0.002724
10.00 1.922086  0.002260
10.00 2.000000  0.001183
10.00 : 21711 1.922086  -0.000375
10.00 z\ . 3709649 1.711278  -0.001628
10.00 104 0.60 1.420661 1.423156  -0.002494
10.00 0.80 1.115437 1.118110  -0.002674
10.0 1.00 0.837441 0.839949  -0.002508
15.0 0 -1.00 0.842866 0.839949  0.002917
15.00 14.2 -0.80 1.121625 1.118110  0.003515
15.00 14.4 -0.60 1.427007 1.423156  0.003851
15.00 14.6 -0.40 1.715080 1.711278  0.003803
15.00 14.8 -0.20 1.924948 1.922086  0.002862

(Continued)



Table 4.8 (continued)
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t X X -t vA2+wWA2 vA24+wW2 error
numerical analytical
15.00 15.0 0.00 2.001288 2.000000 1288
15.00 152 0.20 1.921148 1.922086 4 000938
15.00 15.4 0.40 1.708711 1.71127 \ 02567
15.00 15.6 0.60 1.419372 1.4231% 10003784
15.00 15.8 0.80 1.114223 1.11 -0.003888
15.00 16.0 1.00 0.836325 0.8? -0.003624
20.00 19.0 -1.00 0.843951 839949  0.004002
20.00 19.2 -0.80 1.123048 INLI10  0.004938
20.00 19.4 -0.60 1.428368 3156 0.005213
20.00 19.6 -0.40 1.716169 71]278  0.004892
20.00 19.8 -0.20 1.925484 0.003398
20.00 20.0 0.00 2.000912 ¢ 9000912
20.00- 20.2 0.20 1.920351 é 8b 250001735
20.00 20.4 0.40 1.707293 ; -0.003985
20.00 20.6 0.60 1.418163 Y. N -0.004992
20.00 20.8 0.80 1.11291\, 1.1148%0  -0.005197
2000 21.0 1.00 0.8354 N & 08049  -0.004525
25.00 24.0 -1.00 0.80%) 9949 0.004957
25.00 24.2 -0.80 1.1240 G 118110 0.005931
25.00 24.4 -0.60 1 >’T A 1.423156 0.006265
25.00 24.6 -0.40 590 4 q‘_o 1711278 0.005881
25.00 24.8 -0.20 : 60%} A“" 1.922086  0.004010
25.00 25.0 0.00 Q}o 0 X 2.000000  0.001210
25.00 252 0.20 1.9 3 1.922086  -0.002335
25.00 25.4 0.40 : 1.711278  -0.004907
25.00 25.6 0.60 1423156  -0.006451
25.00 25.8 0. 1.118110  -0.006408
25.00 26.0 1, 0.839949  -0.005694
30.00 29.0 % 0.839949  0.006335
30.00 29.2 %8_ 1.118110  0.007371
30.00 29.4 0 “'D) 1423156 0.008033
3000 29.6 <(.ﬁ.4o ' NFis323 1711278 0.007046
30.00 29 20.20 G926872 1.922086  0.004786
30.00 3 0.00 2.000883 2.000000  0.000883
30.00 0.20 1.919042 1.922086  -0.003044
30.0 \ 0.40 1.704914 1.711278  -0.006364
304 6 0.60 1.415336 1423156  -0.007820
30.00 30.8 0.80 1.110307 1.118110  -0.007803
30.00 31.0 1.00 0.833140 0.839949  -0.006808




2.5 ——

u(x,t)

CSE;t=0,5

.....

30; o - numerical; solid - analytical
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T T

-1.0
-0.8

0.00
0.00
0.00 -0.5
0.00 -0.3
0.00 0.0
0.00 0.3

5.00, &

5.00 0
500 4.5
500 438

&

0.00 0.5
0.00 0.8 N
0.00 al

T T

T

vA2+wWA2 error
analytical

0.839949 0.000000
1193172 0.000000
1.572895 0.000000
1.880030 -0.000000
2.000000 0.000000
0\’3880030 1.880030  -0.000000
N71.572895 1.572895 0.000000
{193 1570, 11931972 0.000000
0.839949 0.839949 0.000000
0.841744 0.839949 0.001796
1.195789 1 A93170 0.002617
1.576253 1.572895 0.003357
1.883654 1.880030 0.003624

(Continued)



Table 4.9 (Continued)

08

t X X -t vA2+w2 vA2+wWA2 error
numerical analytical

500 5.0 0.00 2.002365 2.000000 365
500 5.3 0.25 1.879821 1.880030 4-0%00208
500 5.5 0.50 1.570255 1.572895('-m 02641
500 5.8 0.75 1.189515 1.19317 003657
500 6.0 1.00 0.836525 0.839 -0.003423
10.00 9.0 -1.00 0.844269 0.83 0.004320
10.00 9.3 -0.75 1.198933 932  0.005762
10.00 9.5 -0.50 1.579617 895 0.006722
10.00 9.8 -0.25 1.885974 030 0.005944
10.00  10.0 0.00 2.002806 0000 0.002806
10.00 10.3 0.25 1.878295 ik -0.001734
10.00 10.5 0.50 1.567573 1 » (4005322
10.00 10.8 0.75 1.186637 é 1 ‘_,\c}.006534
10.00 11.0 1.00 0.833979 208 Y.-o.005970
15.00 14.0 -1.00 0.846956 Y~ \ 0.007008
15.00 143 -0.75 1.20205\’ .19%{&' 0.008886
15.00 14.5 -0.50 1.5824@) °\ 1.577895  0.009524
15.00 14.8 -0.25 218% i 0838 888558?
5.00 15.0 0.00 . ; ,

i;t)o 153 0.25 98 \T K880030  -0.003432
500 15.5 0.50 29 V51572895 -0.008166
128(0) 15.8 0.75 8359 A@' 1193172 -0.009574
15.00 16.0 1.00 § oo 10.008559
20.00 19.0 -1.00 (S 0.839949  0.009862
2000 19.3 0.7 O) 2 1193172 0.012081
2000 19.5 20.50 C 1572895  0.012399
2000 198 -0.34\\ Q} 1880030 0.009326
2000 20.0 : .ogg 2000000 0.002313
2000 203 ¢ Pp7 1.880030  -0.005825
20,00 20.5 561507 1572895  -0.011389
20.00 20.8 %.75:,0)’ 130561 1 (93172 =0n1o61]
20.00 21.0 : 1.00 \6R828994 0.839949 -0.010?33
25.00 24.(\ -1.00 50.852051 0.839949  0.012 i
25.00 244 -0.75 1.207816 1.193172 0.014(6)21
25.00 % -0.50 1.587916 1.572895 0.01?070
25.00 2025 1.891100 1.880030 0.0102618
25.0MQJ0 0.00 2.002618 2.000000 0.0 o
25.00 25.3 0.25 1.872692 1.880030  -0.007 .
25.00 25.5 0.50 1.558664 1572895 -0.01423
25.00 25.8 0.75 1.177335 1193172 -0.015837
25.00 26.0 1.00 0.826198 0.839949 -0.013751

(Continued)



Table 4.9 (continued)
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t X X-t vA2+wh2 vA2+wW2 error
numerical analytical
30.00 29.0 -1.00 0.855257 0.839949  0.015308
30.00 29.3 -0.75 1.211702 1.193172 _0.018530
30.00 29.5 -0.50 1.591576 1.572895 681
30.00 29.8 -0.25 1.893096 1.88003 13066
30.00 30.0 0.00 2.002153 2.0000 g‘) 002153
30.00 30.3 0.25 1.870085 1.880& -0.009945
30.00 30.5 0.50 1.555248 b5 -0.017647
30.00 30.8 0.75 1.174006 1.19¢72 -0.019165
30.00 31.0 1.00 0.823428 949 -0.016521

u(x,t)

Figure 4%ut of the main program pde 1 main for Listing 3.9

S
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Table 4.10 Partial output from pde 1 main and pde 1 illustrating the movement of

solution with unit velocity Listing 3.1.

t X X -t vA2+wh2 vO24ew 2 Y!ror
numerical analytic \ﬁ

0.00 0.0 0.00 2.000000 2.0000 z‘) .000000
5.00 5.0 0.00 2.000489 2.00 0.000489
10.00 10.0 0.00 2.000540 0.000540
15.00 15.0 0.00 2.000506 0.000506
20.00 20.0 0.00 2.000604 0.000604
25.00 25.0 0.00 2.000700 0.000700
30.00 30.0 0.00 2.000546 0.000546

solution with unit velocity Listing 3.2.

¥
IS
Table 4.11 Partial output from pde 1 main and s illugtrdti Ihevovement of

0.00 0.0 0.00 o&o«‘p’ " 2.000000  0.000000
5.00 5.0 0.00 <°Q

00
10.00 10.0 0.00 N9 RN\
15.00 15.0 0.00 Y-z.8§1 S 2.000000 0001288
20.00 20.0 0.00 (,) 2. S 2.000000  0.000912
25.00 25.0 0.00 20 &, 2.000000  0.001210
o088 2.000000  0.000883

&

0
. ; N . : :
Table 4.12 Partial o No pde ?lhatéahd pde 1 illustrating the movement of
1

solution with unit ci Lisfindp.
QAL
t X X -t NP2+ w2 Sy g
S

numerical analytical

2.000000  0.000991

t X X-t VAT \@:wﬁ error
gerical \\? ‘Aqnalytical

2.000000  0.001183

30.00 30.0 0.

0.00 2.000000 2.000000 0.000000

0.00 2.002365 2.000000 0.002365

0.00 2.002806 2.000000 0.002806

4 0.00 2.002901 2.000000 0.002901

20.00 20.0 0.00 2.002313 2.000000 0.002313
2500 2514 0.00 2.002618 2.000000 0.002618

30.00 30.0 0.00 2.002153 2.000000 0.002153
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Table 4.13 Partial output from pde 1 main and pde_1 illustrating the movement of

solution with unit velocity Listing 3.4.

t X X -t vA\2+wWA2 vA24+wW2 r
numerical analytical z

0.00 0.0 0.00 2.000000 2.0000 ((—) 000000
5.00 5.0 0.00 2.000489 2.000& 0.000489
10.00 10.0 0.00 2.000540 2.0Q0000Y 0.000540
15.00 15.0 0.00 2.000506 0.000506
20.00 20.0 0.00 2.000604 0.000604
25.00 25.0 0.00 2.000700 0.000700
30.00 30.0 0.00 2.000546 000000  0.000546

|
'nMgognem of

t X X-t error
0.00 0.0 0.00 0.000000
500 5.0 0.00 0.000991
10.00 10.0 0.00 : 0.001183
15.00 15.0 0.00 0.001288
20.00 20.0 0.00 000 “ & 2.000000  0.000912
25.00 25.0 0.00 o Q7 2000000  0.001210
30.00 30.0 0.00 Yfz.o ;‘8}' 2.000000 0.000883
omg an ¢_1 illustrating the movement of
vA2+wW2 error
analytical
0.00 0.0 00 2.000000  0.000000
5.00 5.0 0.00 52.002365 2.000000  0.002365
10.00 1 \ 0.00 2.002806 2.000000  0.002806
15.00 % 0.00 2.002901 2.000000  0.002901
20.00 0.00 2.002313 2.000000  0.002313
25. 0 0.00 2.002618 2.000000  0.002618
30.00 30.0 0.00 2.002153 2.000000  0.002153

Table 4.16 Partial output from pde 1 main and pde 1 illustrating the movement of

solution with unit velocity Listing 3.7.
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t X X -1 VA2+VV/\2 v \24+w2 error

numerical analytical
0.00 0.0 0.00 2.000000 2.000000  0.000000
5.00 5.0 0.00 2.000489 2.000000 < 0.000489
10.00 10.0 0.00 2.000540 2.00000 VOMO
15.00 15.0 0.00 2.000506 2.0000 000506
20.00 20.0 0.00 2.000604 2.00 gj 0.000604
25.00 25.0 0.00 2.000700 200&@ 0.000700
30.00  30.0 0.00 2.000546

2.\%m 0.000546

Y,

1inj the movement of

Table 4.17 Partial output from pde_1_main and pde_l

solution with unit velocity Listing 3.8. ‘X
b
| O
vA2+w"2 wh error
numerica alytioat
0.00 0.0 0.00 0 dioo 0.000000
500 5.0 0.00 2‘% 000  0.000991
10.00 10.0 0.00 0000  0.001183
15.00 15.0 0.00 001 .\2 000000 0.001288
20.00 20.0 0.00 091 \ 2.000000  0.000912
5500 25.0 0.00 %@01 Q, 2.000000  0.001210
30.00 30, 000 \ 2.000000  0.000883

30.00 30.0 0.00

N
| S

/‘._
‘k,

‘&
aé}))de 1 illustrating the movement of

vA2+w2 error
analytical
000000 2.000000 0.000000
;)(0)8 0. O:OO \‘"2,002365 2.000000 0.002365
10. : P 2.002806 2.000000 0.002806
15.00 g b 2.002901 2.000000 0.002901
iy .O st 2.002313 2.000000 0.002313
;5_00 75.0 i 2.002618 2.000000 0.002618
25. 255 fho 2.002153 2.000000 0.002153

30.00 30.0
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Table 4.19 Partial output from pde 1 main and pde 1 illustrating invariants 11,12 and

I3 of Equations (13.5.9a)-(13.5.9¢) in Listing 3.1-Listing 3.3.

K. e

Listing 3.1 Listing 3.2
(1 =0) 1 67303 6.7303 A36.7303
2 1.9998 1.9997 1.9992
3 -13.8865 -13.8880 \3 ¥ _13.8920
(t=5) 1 6.7248 6.725 Y- 6.7265
2 1.9998 1.999 , 1.9992
3 -13.8580 -13. V13.879O
L ]
(1 =10) 1 67076 6 | ag,‘z;lzs
2 1.9998 007 ‘:(_3\1.9992
I3 -13.7648 Ny ' -13.8040
-
(1 =15) I 6.6789 0}'6. S 14 & 6.6882
2 1.9998 \ 199%¢ O 1.9992
I3 -13.6089 36 &\ -13.6715
{') % A
(1 = 20) 1 6.6385 e o 270 6.6536
12 1.9998 .993%@ 1.9992
L3389 13. 842021
X | E
(t = 25) 1 6.5%70 Pwd & 05935 6.6096
2 1‘.0%98 | NN %01.9997 19992
I3 6*1 0 131521 -13.2478
\ ¢ ' (‘)(J
(1 = 30) [1 (—) 5349 T8 & 6.5337 6.5565
Q— 1,9498 $ 1.9997 1.9992
1590 -12.8329 -12.9622
\,‘
S S
Ta W Partial output from pde 1 main and pde_1 illustrating invariants 11,12 and
13 gations (13.5.9a)-(13.5.9¢) in Listing 3.4-Listing 3.6.
Listing 3.4 Listing 3.5 Listing 3.6
(t=0) 8! 6.7303 6.7303 6.7303
12 1.9998 1.9997 1.9992
3 -13.8865 -13.8880 -13.8920



5) I1
12
I3

(t =10) 1
12
13
(t =15) 11
12
13

(1 = 20) 11

(t = 30) 1

6.7248 6.7252 6.7265
1.9998 1.9997 1.9992
-13.8580 -13.8635 _13.8790
6.7076 6.7089 125
1.9998 1.9997 - 91.9992
-13.7648 137750 ‘\ -13.8040
6.6789 6.6814 z 6.6882
1.9998 1.9997 \’ 1.9992
-13.6089 -13.62 | -13.6715
6.6385 6. \d 6.6536
1.9998 1 K997 * R9992
-13.3899 : '-‘R 4821
b o
6.5870 YHS() N g 6.6096
1.9998 NV %7 .é\ 1.9992
13.1140 \(—)-13. 1 (§ _13.2478

6.5249 6.5565

129099,
-12.9622

1.9998 0) Py
-12.7830 218329
P
Table 4.21 Partial output fgom 1 I‘Iain illustrating invariants 11,12 and

B |
I3 of Equations (13.5.9a)—®c) n M

104

1sting 3.9.

%\ l 2
istheg 3. i {Q_Q Listing 3.8 Listing 3.9
t# ‘P .9
(t =0) Q’ 6.7403 \Q 6.7303 6.7303
% Wy <N 1.9997 1.9992
A -13.8%65 \,‘Z' -13.8880 -13.8920
9
(t =5) \ 11 6.7248 6.7252 6.7265
% 2 1.9998 1.9997 1.9992
B 138580 -13.8635 -13.8790
(t =10) 11 6.7076 6.7089 6.7125
) 1.9998 1.9997 1.9992
3 =13 7648 -13.7750 -13.8040
(t =15) 11 6.6789 6.6814 6.6882
12 1.9998 1.9997 1.9992
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13 -13.6089 -13.6262 ~18:6715
(1=20) 11 6.6385 6.6427 6.6536
12 1.9998 1.9997 19992
3 -13.3899 -13.4157 -13.4821
(t=25) [1 6.5870 6.5935 WO
12 1.9998 1.9997 992
13 -13.1140 -13.1521 ¥3.2478
(t =30) I1 6.5249 6.5337 z 6.5363
12 1.9998 1.9997 1.9992
3 -12.7830 -12.8329 i -12.9622
L4
‘_}\r
In the subsequent tables is a summary of the CP ne a 7o) acy a result of
changing the discretization size and fixing the slc er %CUSSIOH about

all the tables will follow in the next chapter. CV °‘

Table 4.22 Table showing the CPU 1d a @\ is being varied and
é 6 oy

z"'

At s fixed.

Ax Accuracy
301 7.0X10™
251 Beb el
201 2.9X107

Table 4.23a Tabyc ing b 1§{1m accuracy when Ax is held constant and

b 4
At is being vdRed® AQ‘T
Ax At 4 CPU Time (sec) Accuracy
301 0<i<=35 74.90 7.0X10™
30 0<1<32 51.68 7.0X10™

0<1<30 5190 7.0X10™
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Table 4.23b Table showing the CPU time and accuracy when Ax is reduced and held

constant and At is being varied.

Ax At CPU Time (sec)
Accuracy
251 0<r<35 32.87 \&
251 0<r<32 28.11
251 0<r<30 28.07 3X10 b

Table 4.23¢ Table showing the CPU time and accuracy when w educed and held

constant and At is being varied.

Ax At ' CPL Time (sec)
Accuracy

201 0<1<35 6.57 9X1O

201 0<r<32 141 '-\ 2.9X107

201 0<1<30 t 2.9X107

P—]

“

&%

Table 4.24a Table showing the behavior
i
301 0 <1<30 %) o~ :
301 0<1<30 \ .é%'? \AQ’ 7.0X10™
301 Y’ ' 2 7.0X10™
l

%5‘"
0@ n CQ time is fixed Ax
is varied (increased) and At is fixed. \ O
c c} Accuracy
0<r<3 \\7
S0

%U \ 1'\
Ax c

7.0X10™
Table 4.24b Table showghg b@ of tl@ccuracy when CPU time is fixed Ax

=

is varied (increased, I 1§ fix¢e "
( ) if Tl c__)(;

Ax l ’ ) @ U Time (sec) Accuracy
251 (<3P "ojt T QY 28.07 3oz
251 : K 1 <30 ~ 2807 1 e
251 0<:<30° &= = 2807 1.3X10°

Tal@ able showing the behavior of the accuracy when CPU time is fixed Ax
is variO®®reduced) again and At is fixed.
CPU Time (sec) Accuracy

201 OSI <30 13.83 2.9X10

201 0<1<30 13.83 2.9X10”

201 0<1<30 13.83 2 OXI10%
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Table 4.25a Table showing the behavior of the accuracy when CPU time is fixed Ax

is fixed and At is varied (increased)

Ax At CPU Time (sec) curacy
301 0<r<35 74.90 7.0X10
301 0<1<35 74.90 3“) TOX10

301 0<r<35 74.90 e V)6 L

Table 4.25b Table showing the behavior of the accuracy w% time is fixed Ax

is fixed and At is varied (reduced)

Ax At CPU Time

301 1<32 51.68 A\ :

301 1<32 51.68 | 5°7.0x10°

~ 301 <32 51. ? Y 7.0x10"

. N -

Table 4.25¢ Table showing the behavio@ accuraey helg’U time is fixed Ax
is fixed and At is varied (reduced) \T b

Ax Al j P@ Tim sec !0}' Accuracy

301 0<1<30 7.0X10™

OO O
IAINIA

—~

301 0<1<30 \ 7.0X10™
301 0<r<3 , 7.0X10™
Table 4.26a Table showi\th ] racy when CPU time is fixed Ax
is varied (reduced) an@ v
Ax Accuracy
251 <3 1.3X10F
251 = 1.3X10°
251 é (=3h 1.3X10°
Tabl E Table showing the behavior of the accuracy when CPU time is fixed Ax
1s va reduced) and At 1s varied (reduced)
Ax At CPU Time (sec) Accuracy
251 0<r<32 28.11 1.3X10”

2 0<r<32 2811 [3pa0E
251 0<r<32 28.11 1.8X107
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Table 4.26¢ Table showing the behavior of the accuracy when CPU time is fixed Ax

is varied (reduced) and At is varied (reduced)

Ax At CPU Time (sec) A\zccuracy
251 0<1<30 28.07 b) 3X10”
251 0<r<30 28.07 A 1.3X10°
251 0<1<30 28.07 ?_ 1.3X10”

Table 4.27a Table showing the behavior of the accuracy wi U time is fixed Ax
is varied (reduced) and At is varied (reduced) l'

Ax At CPU Time (sec ' \d. wAccuracy

201 0<r<35 16.57 | S2.9X107

201 0<r<35 16.5 2 Y"} 2.9X10°

201 N 2.9X107

Table 4.27b Table showing the behavioyg 1en62U time is fixed Ax
is varied (reduced) and At is varied (r

Ax Accuracy
201 2.9X10”
201 2.9X10°
201 2.9X107

Table 4.27¢ Table show; curacy when CPU time is fixed Ax
is varied (reduced) an

Ax Accuracy

201 ORI

201 2.9X10”

201 2.9X10°
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CHAPTER V
DISCUSSION OF THE RESULTS

5.1 General discussion about the program \z
We have seen in the previous chapter the detail about the program (fi hwing 3.1to
Listing 3.9) and we also shown the tabulated results, resulting from pr®gram. In this

subsection, we are going to give account on each step of the list§d program above.

More so, we shall pick only one of the program (Lisfing% ce space may not
iMyica, when we explain

S 'sWed it with the
" of

J IS
1 ma@; defined as

allow us to explain all the program one after the other,
one program then it applies to all because only minor e
remaining program. Here we go with the brief explarfe@n

|. After specifying some global variable . sPaya

~10<x <40, and the MOL grid h W or 201 a&m case may be)
points. \) é

Cq ;7 7
% Clear previous files 0 A @
clear all e )
cle Y} ¥ \A
9% Parameters shared %he OI}! I‘Jj @’1 >
global ncall ~ x \1 Xll \ é

% Boundaries, %
x1=-10.0;
xu= 40.0;

Outine initial 1 (discussed subsequently) is called to define IC (13.5.8)

2.

over—10 < x <40 . The ¢ interval is then defined as 0 <7 <30 (as the case may

be) with a solution output at /=0, 5... 30.
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(&)
0

% Initial condition
t0=0.0;
ul=inital_1(t0);

(¥
0

% Independent variable for ODE integration %\Y.
t=30.0; ‘k
tout=(t0:5.0:tf)’;

nout=7; Y.'
ncall=0; V

3. A call to either nonstiff integrator ode45 (for m Z stiff integrator odel5

(for mf=2) were used to integrate n = 2(301) s the CW be). For this
L ]
1 1 odelSs

problem, ode45 requires more calls to the E routfne

which is usual. However, the additional C(&lti? equgred Q%odelSs that
mo Ny, SO IQ\-KVO integrators
are not very different in their ovcra%yut' i

a stiff integrator does not alway?

(depending on the characteris, % thc@i @sser & Griftith, 2009).
. ; Ly :
We shall see in the subseq Scusgion the sut rom ode45.
SV

o Y
0 | 5
% ODE integration \.' -‘éy

mf=1; \ ‘
reltol=1.0e-06; abs .Oe-

options‘:odcsct@o I cl;o
&
%
% Explicit (nor %ﬂ‘utc rtio
if(mf==1) % 045& ‘{l,tcé,\u(),options); end

% | \c?\’

—

is, the sparse matrix integrator, requires
ficign®d. In other words,

d to gra

—

,

S=
Aagse

options=odeset(options, JPattern’,S);
[t,u]=odel 55(@pde_l,tout,u(),options);

end

fOW NuMm,;
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4. It is known fact that Matlab integrators such as ode45 integrate only a single
vector of ODEs for this reason (and this case), the solution vector u returned
from  ode45 is then divided into two parts, v(x,7)and

o(x,1)ofu(x,t) =v(x,t)+io(x,1) .

o/
/0

% One vector to two vectors
for it=1:nout
for i=1:n
v(it1)=u(it,i);
w(it,i)=u(it,i+n);

end

end Q. \
FG
5. We then computed the analytical soluu 13.58 u%wbn ua (to be

discussed ahead) and the differences % ) andelgl.lcucal solution

is computed also and then dlspldy tlon Seof the differences.

¢
o 4 "
.4 ks,

E

% Analytical solution and differg twlen nu ical and
% analytical solutions \
for it=1:nout

s
fprintf(' t x x-t % +w 292 err\n');
fprintf(" ngm  Fgpfda¥ &, \n)
for i=1:n \ ' @
v2w?2_anal(i ,') m X(i
v2w2(it,i)=u(it,] l& itp+h

)
err(it 1)—\72w Al aa¥\i
% Q’ f '&J
1£ f0dd oé?e soliton peak

Ly é;) “\T'@

% Outp t c1gl
1f abs(x )< =1.0) >4
prir 2(%8.1£%8. 2f%1\f%15 6£%15.6f\n',...

1),x(i)-t(it), v2w2(it,i),v2w2_anal(it,i) err(it,i));

L

We displayed some selected portions because v and w are computed over either
301 or 251 or 201 as the case may be, so if we are to display the whole result will

be very lengthy as such we displayed only neighborhood of the peak of the
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solution. This is achieved by monitoring the argument x-/ in equations (13.5.7a)
and (13.5.7b). The solution has maximum (peak) value at x=/ and drop off the
neighborhood of this peak, which in the preceding code is the interval defined

b)’f.\'—/j <1. From the output we can see that the traveling wav& quations

(13.5.7a) and (13.5.7b) is clear (discussed subsequently). &

6. By calls to Simpson’s rule (we will discuss this subsequmlhat implement

numerical integration, the three invariants were evaluaw

'l
% |
% Calculate and display three invariants \d‘
ui=u(it,:); é | (:;X'
uint=simp(xl,xu,n,ui); A
iy e he ) T

tprmtt('\n Invariants at t = %5.2f',t(it));
fprintf("\n 11 = %10.4f, uint(1)); Y- \ b, of
fprintf(' \n 12=%10.4f", uint(2)); V °‘ %
fprintf("\n 13 = %10.4f\n\n' uI@

(\n'

fprintf )
end % >\7Y
(]

fprintf(' ncall = %4d\n\n',nce

7. We then plotted the nun?d

AN
% Plot numerical an 1a sol 1540%
figure(1) O

plot(x,v 7w2 0, >\ l' ' C.)

xlabel('x' \(J
ylabel(' u(x t @
title('CSE; t R0, J,..., 30; 0 - nu1 al solid - analytical')

0 pde.eps; prlﬁf\dps -r300 pde.ps; print -dpng -r300 pde.png

_ print -de

Hawge Mwlain the program and how it resulted to the output of the results in the

Table 4.1 to 4.9. we can also observe the following points from the output shown in

Figure 4.1 to 4.9
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I. The peak (maximum) values plotted indicated that, the movement of the

soliton is from left to write. See Table 4.10 — 4.18 for the summary of the peak

movement at 7 =0,5.......30 which corresponds to x = 0,5.....30. In this we can

make the following analysis;
e In Tables 4.10, 4.13 and 4.16, the maximum eerZhe peak

amplitude is the same (i.e 0.000700) and therefore, :

0.000700 x 100 = 0.0350% of the exact value of :

2 Y'J

e In Table 4.11, 4.14 and 4.17, the maximu r b\? amplitude is

also the same (i.e 0.001288), which is . \Y-
¥

OOO]" 88 1100 = 0.0644% of the SN N( {8.

e And lastly, the Tables 4.12,4.

in the peak amplitude (i.e.

o.oioolx]oo &?7\(,04:‘}' 6
S

Maybe the question one }as ls why W’%a\e the same output in the three
q ko p

\
programs. Well! the an as lve,w1 %lhb further in the subsequent discussion)

is that, though we ha@o samg oujput, b PU time is not the same in all the cases.
& v

2. The thra.&anams which h@ do with the degree of accuracy of MOL were
also s isted in the Table 4.19 — 4.21  and their maximum variations can

4

b(, thus

o Lmlmg 31 3.4 and 3.7 have the same invariants and therefore their

maximum variation can given as;
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~13.8865 - (~12.
[(-13.8865—(-12.7830)] ;55 7,954
(~13.8865)

This variation reflects the efficiency of MOL and how it is being affected when

increment in grids point is made (the high the grid point the more 1e atlon)
Recall that in Listing 3.1, 3.4 and 3.7 the number of grid points are 3 % the three
cases.

e Listing 3.2, 3.5 and 3.8 have the same invariat ;d therefore their

maximum variation can given as; Y.
[(~13.8880 — (~12.8329)] \d
A3

‘**WX]OO:76% ' ‘o
o
‘125 : A
¥

As the number of grids points are reduced to g tl \sulac H’Tds to increase.

Su ’ 1ul<<11 tegration in simp

h, 2009)

Possibly, if not because of limited acc

the accuracy may have been more th th

o Listing 3.3, 3.6 and 3.9 & Aj&“m ams and therefore their
maximum variation can g,l , e\

BN
) by J‘(Q

_")_
KJ3990 67

(13

N /! (_)o
And lastly as we cang%e t ;# \¢ @on now is more appreciative because the
20f /s *5‘

")

3. Never \s there 1is very 500d agreement between the numerical and

2] solutions as been vindicated by the error differences in Table 4.1-4.9
ble 4.10-4.18 and with also the plotted output in the Figure 4.1-4.9

grids point were
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5.2 Discretization size versus step size varying
In the previous section we have learn what the program is aimed to achieve; the detail
about the output of the program including efficiency and limitation of& In this

subsection we will discuss the second and the last aspect of the proai 1 putput; the
S1Z,

behavior of the computing time when the discretization size and s{e were varied

so also the concept of the accuracy concurrently. Here we go! V

We start with Table 4.22, where we first try to reduced 1ailitain the step size

(0<1<30) and varied the number of grids (n = 300, and 280 reafectively). At
]
cyen ﬁ&ugh the

small Ax (n = 300) there is more accuracy of the re (7.0XJ0 &
CPU time is high (51.22secs.). When the discretizatimgize ya in cas@number of
V

grids were reduced to n = 250), the accuracy of th¥resu N to ‘réisce also but the
Ax was finally

CPU time reduced to about 48% of 1116'1% putd & QE
y, 1 y Qstically reduced to

increase (number of grids reduced to n = hKa
AN
2.9X107 L) ﬂ>y é\
“ &

uracy was impressive, as it

As for Table 4.23a, where we fix at L § thlee
7.0)5‘1 &) gt &asb}evel of changing (varying) the
e F

tend to maintain its highest acig
fy
time consumption from when

step size. Additionally agai
the step size was at its higQe <t <£35) to when both it is at

both 0<7<32and 0 <Q)
l; s : Ein

Coincidently aga; Table 24b {)We can observe that when the discretization
d maintained 1 number of grids n = 301 to n = 251) while

size was incrcK
accuracy of the result remained average and same (1.3X107)

varying the ize, the
in all t@cases but the CPU time varies from when the step size was 0 <7 <35

to 0 <t <30 with a small difference.

Moreover, in the Table 4.23¢ where number of grids were finally reduced to 201 and

with step size (0<1<35,0<r<32 and 0 < 7 < 30), the computing time was very fast
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in all the three cases (16.57, 14.18 and 13.83 respectively), although the accuracy of

the result was very low (2.9X107).

In the last twelve tables of chapter four, we tried to see the behavior of accuracy of our
results if we fix the CPU time and vary the discretization size and st vze. We
therefore started with Table 4.24a where we fixed the CPU time at 5 .%UC()nds, we
set Arto be fixed and at 0<r<30 and varying the discretizal&sme Ax, while
running the program we observed that, the discretization size had in certain level
(number of grids n = 3017) only for the accuracy to be 7.0X10Wth was quite good.
Table 4.24b also we did the same thing as above Re.d the CPU time to
28.07seconds, At was also fixed at 0 <r <30and whi@ / %then observed
that, Av had to reach n = 257 before the accuracy e 1.3410~ qs ’%Yﬁle Table

4.24¢, we set respectively the CPU time and At to

J

In Table 4.25a shows the result where th@etizalim 17¢ z@ CPU time were set
fixed at (n = 307) and 74.90seconds i c‘sgming the program, the
SR 35 T:ﬁ@4.25b and 4.45¢ gave the

ime~d discretization size as fixed

‘QII Qpectively).

&

CPE&rime (32.87, 28.11 and 28.09seconds
. o, . &) .

respectively) and the d% szoﬂ S 9 (n7 = 25/ in all the three cases), while

r -4
accuracy was 7.0X10 when At

4
same accuracy (7.0X107") when

3 é}c's)ame in all the three cases (1.3X107).
Y-

Al in Table 4.2@ to 4.27, the CPU time and discretization size

were set fixe 37, 14.18 and 13.83 seconds respectively and n = 20/ in all the

And last but n

three usu@ ile running the program, the accuracy was the same and quite low
(2.9X107):
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