CHAPTER 1

INTRODUCTION

1.1 Motivation and Overview

Many phenomena of almost all practical applications, such & fsicll systems, science
economics, engineering, electrical network analysis and meMggne ew.med as math-

ematical models, some of these models can be for% as 1iftegr: Tq_@s (IEs).

Since, in many cases, IEs cannot be solved analytica Lis rg to in approxi-
mate solutions. There are many different mclhodsWd °
for examples can be found in Polyanin & Man N200§‘),
Atkinson (1997). \e)

Recently, a major concern in modern a eeying is ’1§dﬁﬁ}10pmem of mathematical
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models that appropriately represent & |

cated real physical situation with b § W

ma ev@ utions of IEs,
ter tirling (1990) and

r stu§§y For instance, the compli-
1s ufder load are given. These types
lﬁ'a@tical solution of the IEs, we are
I‘C()l@]is problem, mathematical models

of phenomena can be reduced

facing great difficulties and l%t

are utilized to represent tl oblen: ly. the approximate solution, numerical

methods have to be usetmxa 1Rles a'%C(Eguheanu (1991) and Hochstadt (2011).
&

roxgh Pelhd&is to use orthogonal function to represent the

One of the fam
unknown function§wlfich i1s needed t deferminated. The main characteristic of this
technique is

(Araghi &

wduce IEs into the syStems of algebraic equations, that is easy to solve

hdam, 2016a). Orthogonal function methods are developed for the nu-
merica} so n of singular integral equations (SIEs) with Cauchy kernel, by considering
an appro e weight function (Hsiao & Chen, 1979). Special attention has been given
to the application of block-pulse functions (Sahlan et al., 2015), Legendre polynomials
(Jafarian & Esmailzadeh, 2013), Laguerre-Gaussians quadrature formula (Aboiyar et al.,

2010), Chebyshev polynomials (Paryab & Rostami, 2008).



The most important special types of IEs is the SIEs. The numerical solution of the
SIEs can be computed using multiple methods, such as collocation and Galerkin methods,
for more details see Lifanov (1996) and Golberg (1979). Indeed, both collocation and
Galerkin methods begin in the same way, the two methods differ in the way in which the
approximation solution is chosen from the suitable finite dimensional linear space. In the
collocation method, IEs are considered in a finite dimensional space, so it is evaluated
FWﬂerkin

Kystem of

at some discrete points in which it yields to a linear system of equations.

method, 1Es are checked by appropriate base functions which lead to a

equations (Golberg, 2013). Many researchers have proposed differenamigtifods to solve

SIEs and hyper-singular integral equations (HSIEs), some references ¢ found in Ervin
ot

& Stephan (1992), lovane & Ciarletta (2003), Chakrabarti & Manag ( . Mahiub et al.
*\?

(2011) and Dardery & Allan (2014). Y’
The classic formulation of the SIEs have been used in 4&&ral ar, aWas mechanics,
2009) ghd [&Jg'e (2003).
a naturfl gy, ‘rﬁc & Schwab
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oté(principul value was
f &s y Fredholm in 1903.
s Lifanov (1996), Kumar
ifgMkotter (2004), Tuck (1980),

S

plates, shells, soil mechanics, potential problems, Bukh oy
SIEs are connected with such boundary value proble

(1999) and Chakrabarti & George (1994). T

& Sangal (2004), Jen & Srivastav (
Atkinson (1997) and Muskhelishvil

XM(

p lh@y of elasticity, plasticity, aerodynamics,
filtration theory, hy anich eng o€ é.q}uid dynamics and electrical engineering
have been extensiv &&cdy seyer: u@'orslikc Atkinson (1997), Bialecki & Stenger
(1988) and Mcm' 2013). 'lh‘g%m'l’olynomiuls play an important role in numer-

in be used to mdE1 of science and describe real-world phenomena,

ical analysis ¢

this family of 1omials are rich and useful. However, Special singulaur IEs of Log and

cauchy e not much elaborated. Generlization of orthogonal polynomials and its
proper #d (o find approximate solutions of the above problemes.

Furthermore, many boundary value problems which arise in analysis and in many
problems in mathematical physics, mechanics and engineering, such as potential and scat-

tering theories can be reduced to the Logarithmic Singular Integral Equations (LSIEs).



Particularly, problems in the elasticity theory, aerodynamics, thermoplasticity and classi-
cal hydraulics problems especially those involved to the determination of a free surface

are under non-linear boundary conditions Gakhov (1963), Boyd (2001).
On the other hand, the advancement and innovation of technology and numerical mod-
eling of engineering problems have been experiencing constant technological develop-

ments, as well as an enlargement of their scope for its efficiency and versatilitympgrder to

obtain accurate and efficient results.

1.2 Objectives Y"’
This thesis specifically aims: z '

(i) To develop new classes of one dimensional 01‘1@‘

(i1) To solve special class logarithmic singular int qu

second kinds)
of order & (LogSIEKk) using a new class offagth 0n!!1 p

o
(iii) To solve special class singular imegrz@ons of Ugli d of order k (SSIEk)
using a new class of orthogonal pol%ﬁals. ? &k
S

q < . . ~ U] a
(iv) To obtain numerical results fog IEk=SSIBK an mpare the approximate so-
lution in the proposed mclhm@thiu agt olugn and other methods.

1.3 Contributions ,&\
N

The main contributi

15 thgsis Js lopment of orthogonal polynomials of four
kinds named Ext heb% golygdmials (ECPs) polynomials of the first, second,
SSERT . L I R o e N L Y enEa i paaak |
third and louuAds of order &, d@l& it as é(hn)('\)'l = {1,2,3,4}, where k is posi
tive odd inlcEN 0,1,2,... corresponding weight functions of order & in one dimen-

sion (w a7 = {1,2,3.4}) . and their use to solve SIEs. The main characteristics

of the
[ 72m+1
1Z

~(i.n)

r Extended Chebyshev sequences when & is sufficient large odd integers

(XTF ey 1= {1,2,3,4};n =0,1,2,3,... are discussed and proved. Moreover,
the zeros of all kinds of Extended Chebyshev Z{"’..”)(_\').i = {1,2,3,4} are described and

discussed.



Essentially, this thesis focuses on two types of SIEs in one dimension:

(1) Special logarithmic singular integral equations of order k (LogSIEk),

(ii) Special kind of singular integral equations (SSIEk), and their associated IEs.

New expressions are found and a better understanding of the involve ec%iques 18

problem, eigenvalues and corresponding eigenfunctions are found for

achieved, it 1s also of interest to derive expressions for the solution igenvalue
Al logarithmic

singular integral equations of the first kind of order k (LogSIEKk). T

The unknown functions are characterized in terms of trun series of Extended

Chebyshev Polynomials, and their properties. Efficient num ro'edures are derived

alue WSH the goal is

]
to give a numerically effective and efficient expression fagthe unfnow iun on. More-

ll\?SIEk of the

w

<

Another important contribution is the P’%?@derstan wad of gnborthogonality prop-
f ordcr & hT B,p ECPs of the first kind

' ) (@) rtk%ind Z(kﬁl (), correspond-

i) A :

: (2.k)§§l
I-@have been used to obtain sys-

fl‘i‘j ved numerically. The developed
g in&hmming benchmark problems to test
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to evaluate the unknown functions everywhere and on all’t

over, a study of effective and accurate approximate mgods fO)‘ Plvipg
first kind over a finite interval [—1,1] are presemedv

erties for four kinds with weight functions
ZUJI)(,\). second kind ZLZ_” (x), third ki

)
ing to respective weight functions w 14y MNy=

.\j\ : \m:w(—l.k)(-\-) = .\J( 1 1—\-?\76 lt
tems of linear algebraic equali%] 2SS
techniques are to be prograr %in
these calculations and thg &uta '
l
R <
Another comrib@he evejopm f computational program to solve the con-
sidered problems % ¢ nfpet # regdits that are obtained. The programming is in

general not cusArcquircs a caref l@almenl of the involved singular integrals to build
the full matri Nu arise from the base polynomials.
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1.4 Th®is Organization

To fulfill the objectives, this thesis is structured in six chapters and two appendices. Each

chapter and each appendix is divided into sections and further into subsections in order to



display the contents in the hopefully most clear and accessible way. Each one starts with
a short introduction that sheds light on its contents. A list of references is also included at

the end of thesis.

Chapter 1: The current chapter presents a general introduction to the thesis. The more
general aspects are described and discussed; the framework that connects its different parts

is described. It includes the introduction, the objectives, the contribution an thesis

outline. %\

Chapter 2: The aim of this chapter is to give a detailed overview 1e studies which
1 ~

show how the SIEs are solved, having main reviewed the articlgs offyome researchers.
Literature review is presented, discussing the Chebyshev polynggial¥of the first - fourth
1 zs W

kinds. Main properties and theorems are considered, the sing! '(lh Cauchy kernels
«

in one dimensions, using IE techniques. The detailed hist the 1By and gs applications

arc also included along with emphasis and the idcnlihcz!(m oFsorge t S I%@d to1ES:

Chapter 3 includes the first main conlrihulionvu tl ‘s&. : lcukuy;/. we defined
d YcogT R of %&' ez

{1,2}. It is shown some of respectives gra'h\% EE he [&gst and second kinds

of order k. The zeros of ECPs of the frist a® second

the Extended Chebyshev polynomials of the firsign

s:@‘der k are discussed

and described. The behavior of Extendgg byshg é\ue explained when & 1s
sufficient large odd integers. It is fo t E@Ps S ct’ol' first and second kinds

N EQs
converge approximately into one of lm ec,v' —1 {ﬁl depending on index n.

z "‘U“} | QE ! i
d sgt kngls, of order &, Z7. \(x)i = {1,2} are

We found that ECPs of lhc%m
; k—1 T '\-Zk

Ni‘un
—W 1]

-
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orthogonal with respect to

5 ¢ \’, \_
respectively on the intery: g ' 1S gOWtive odd integer.
[ Co)
We state some " 1111911 d fgrnfula the two kinds recurrence relations and the

1l
proved. Then we describe different kinds of

relationships hcl\: >CIe other Mvo {h@m‘c
ECPs with ord\ d some of its us&q‘?ulcd relations.

Spec pertics ECPs of the first and second kind Z(kl. (x),i = {1,2} are proved,

they w Ked in greater detail in this chapter of the thesis. Moving into the applications
ECPs of the first and second kind with order k, we also demonstrate how to use these
orthogonal polynomials to aid in the solution of linear homogenous and inhomogeneous
logarithmic singular integral equations (LogSIEk). The density functions are characterized

in terms of truncated series of ECPs of the first and second kind. Effective numerical



procedures are derived to evaluate the density functions everywhere and on all the values
of interest. Moreover, a study of effective and accurate approximate methods for solving

the SSIEk of the first kind into two cases over a finite interval [—1, 1] are presented.

Chapter 4 contains the second main contribution of this thesis, especially, we defined
ECPs of the third and fourth kinds of order k, Z(k,._”)(.\').i = {3.4}. It show some of graphs
of the ECPs of the of third and fourth kinds of order k. The zeros of ECPs of t rrd and

N
S

Recurrence relations and the relations between the other two k%ﬁf proved. We

state some of the associated relations of the two kinds. The behavior Extended Cheby-

fourth kinds of order k& are discussed and described.

shev sequences of third and fourth kinds are described when kg stWicient large odd in-
tegers, It is found that Extended Chebyshev sequences of th ‘z fo

1 Lirth kinds converge
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gers ectral properties

approximately into two values {—1,1} depending on in

It is found that ECPs of the third and fourth ki

nal with respect to weight functions, w(3 3 (x) = x

respectively, on the interval [-1,1], where k is

ECPs of the third and fourth kinds Z{",._”)(x\
greater detail in this chapter of the thesis. MoviWg igsQ th
and fourth kinds of order A, we also den %le h&s
to aid in the solution of SSIEk. The %1 f 0‘ I Hre@n'aclerized in terms of trun-
cated series of ECPs. Effective n kﬂ I

functions. Furthermore, a stu omlivl\nd cpy™P approximate methods for solv-
ing the SSIEK of the first kin;%lhir‘( ‘

l

u!'ltf}ouscs over a finite interval [-1, 1] 1s
presented. \ %
{
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3¢ tatignal r

mu?y Ipfa di@ to standard examples which are solved for

ved&hey will be used in
li_ﬁ tons ECPs of the third

& orthogonal polynomials

osed to evaluate the density

Chapter 5 shows “uls cf}?zlndard examples and compares the results

with those obtaine
purpose of comlz'ls . the cor pu{ui@ﬂ results are presented. Diagrams based on the
exact and uppK te solutions are b!c'?scnlcd for LogSIEk and SSIEk with four cases.

Cha Eincm'pm'ulcs the conclusion of the thesis, including a short discussion on

d some perspectives for future work. It is followed by the appendices and the

list of bibliographies.
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