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In this note, we propose a new class of orthogonal polynomials (named Bachok–Hasham polynomials
Hk

1nðxÞ), which is an extension of the Chebyshev polynomials. Eigenfunctions and corresponding eigenval-
ues are found for the homogeneous second kind of Logarithmic Singular Integral Equations (LogSIEs). For
non-homogeneous LogSIEs truncated series of the first kind Bachok–Hasham polynomials are used to find
approximate solution. It is found that first kind of Bachok–Hasham polynomials ðHk

1nðxÞÞ are orthogonal
with weight wkðxÞ ¼ xk�1ffiffiffiffiffiffiffiffiffi

1�x2k
p , where k is positive odd integer. Properties of first kind of Bachok–Hasham

polynomials are also proved. Finally, two examples are presented to show the validity and accuracy of
the proposed method.
� 2019 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Ain Shams University.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-

nd/4.0/).
1. Introduction

Many phenomena of almost all practical applications, such as
physical systems, economics, engineering, electrical network anal-
ysis and medicine are represented to the mathematical models,
some of these models can be formulated as integral equations.
Since, in many cases, integral equations cannot be solved analyti-
cally, it is required to obtain approximate solutions. There are
many different methods to find approximate solution of integral
equations [1–4].

One of the famous approximate method is to use orthogonal
function to represent the unknown time functions which is need
to be defined. The main characteristic of this technique is to reduce
integral equations into the systems of algebraic equations, which is
easy to solve. Orthogonal functions method have been proposed to
solve linear integral equations of the first and second kind, partic-
ularly, applications of Walsh functions [5], block-pulse functions
[6], Legendre polynomials [7], Laguerre-Gaussians quadrature for-
mula [8], Chebyshev polynomials [9]. An important type of integral
equation that contains a singular kernel, many researchers have
proposed different methods to solve singular integral equations
(SIEs) and hyper-singular integral equations (HSIEs), approxi-
mately [10–18].

Furthermore, the Logarithmic Singular Integral Equations (Log-
SIEs) arises in analysis and in many problems in mathematical
physics, mechanics and engineering such as potential and scatter-
ing theories [19–25], particularly, problems in the elasticity theory,
aerodynamics, thermoplasticity and classical hydraulics problems
especially those involved to the determination of a free surface
under non-linear boundary conditions [29–32].

In the present paper, we have defined a new class of orthogonal
polynomials of the first kind named Bachok–Hasham polynomials

Hk
1nðxÞ, where k is odd positive integer with x 2 ½�1;1� and used it

to solve:

� Linear LogSIE of first kind
gðtÞ ¼ k
Z 1

�1
f ðxÞ log xk � tk

�� ��dx;
k is positive odd integer; x; t 2 ½�1;1� ð1Þ
� Linear non homogeneous LogSIE of the second kind
f ðtÞ ¼ gðtÞ þ k
Z 1

�1
f ðxÞ log jxk � tkjdx;

k is positive odd integer; x; t 2 ½�1;1� ð2Þ
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We assume that Eqs. (1) and (2) has a unique solution f ðtÞ. The
method presented here consists of expanding the unknown
solution f ðxÞ by first kind of Bachok–Hasham polynomials

Hk
1nðxÞ with unknown coefficients and main problem is to find

these unknown coefficients.

The structure of the note is arranged as follows: in Section 2, we
provide some theoretical aspects of inner product in Hilbert space
and prove Theorems and Lemmas. In Section 3, derivation of the
proposed method for solving (1) and (2) are presented. Numerical
examples are provided in Section 4. Finally, conclusion and
acknowledgement are given in Section 5.

2. Preliminaries

2.1. Orthogonal polynomials and weight functions

Definition 1. Two functions f ðxÞ and gðxÞ in L2½a; b� are said to be
orthogonal on the interval ½a; b� with respect to a given continuous
and non-negative weight function wðxÞif

hf ; gi ¼
Z b

a
wðxÞf ðxÞgðxÞdx ¼ 0: ð3Þ

The formal definition of an inner product of the real variable
functions is as follows.
Definition 2. An inner product h:; :i is a linear function of elements
f ; g;h; ::.of a vector space that satisfies the axioms:

� hf ; f i ¼ 0 if and only if f ¼ 0,
� hf ; gi ¼ hg; f i,
� hf þ g;hi ¼ hf ; gi þ hf ;hi,
� haf ; gi ¼ ahg; f ifor any scalar a.

Inner product defines the norm in L2space as

kfk ¼ kfk2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
hf ; gi

q
: ð4Þ

Theorem 2.1 (Residue Theorem, Spiegel [26]). Let C be closed path
within and on which f is holomorphic except for m isolated singular-
ities. Then
I
C
f ðzÞdz ¼ 2pi

Xm
n¼1

Resðf ðzÞ; znÞ; ð5Þ

and the residue for z0 pole of order n,

Resðf ðzÞ; znÞ ¼ lim
x!z0

1
ðn� 1Þ!

dn�1

dzn�1 ðz� z0Þnf ðzÞ�
� �

: ð6Þ
2.2. The Chebyshev polynomials of first kind

Definition 3. Mason [27] The Chebyshev polynomial TnðxÞ of the
first kind is a polynomial in x of degree n, defined by the relation

TnðxÞ ¼ cosðnhÞ; x ¼ cosðhÞ; ; n ¼ 0;1;2; . . . ð7Þ
or three term relations

Tnþ1ðxÞ ¼ 2xTnðxÞ � Tn�1ðxÞ;n ¼ 1;2; . . . ; T0ðxÞ ¼ 1; T1ðxÞ ¼ x;

ð8Þ
It is known that TnðxÞ; n ¼ 0;1; . . . forms an orthogonal polynomials
system on ½�1;1� with respect to the weight wðxÞ ¼ 1ffiffiffiffiffiffiffiffi

1�x2
p

hTn; Tmi ¼
Z 1

�1

TnðxÞTmðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ¼
0; m – n;
p
2 ; m ¼ n;
p; m ¼ n ¼ 0:

8><
>: ð9Þ
2.3. Bachok-Hasham polynomials of order k

Definition 4. Bachok-Hasham Polynomials of order k: The

Bachok–Hasham polynomials of first kind Hk
1nðxÞ for order k, where

k is positive odd integer number, is a polynomial in x of degree
ðknÞ, defined by the relation (for fixed k):

Hk
1nðxÞ ¼ cosðnhÞ; xk ¼ cosðhÞ; k ¼ 1;3;5; . . . ;N; n ¼ 0;1;2; . . .

ð10Þ
The range of the variable x is ½�1;1� and the range of the corre-
sponding variable h is ½0;p�. These ranges are traversed in opposite
directions i.e. x ¼ �1, corresponds to h ¼ p and x ¼ 1 corresponds to
h ¼ 0. The above definition is well defined and for x 2 ½�1;1� with

j cosðhÞj 6 1, implies jxjk 6 1. Here we illustrate the first few
Bachok-Hasham polynomials order k,

Hk
10ðxÞ ¼ 1;

Hk
11ðxÞ ¼ xk;

Hk
12ðxÞ ¼ 2x2k � 1;

Hk
13ðxÞ ¼ 4x3k � 3xk;

Hk
14ðxÞ ¼ 8x4k � 8x2k þ 1;

Hk
15ðxÞ ¼ xkð16x4k � 20x2k þ 5Þ;

Hk
16ðxÞ ¼ 32x6k � 48x4k þ 18x2k � 1:

ð11Þ

Its easy to show that when k ¼ 1,

H1
1nðxÞ ¼ TnðxÞ; n ¼ 0;1;2;3 . . . ð12Þ

where TnðxÞ is the Chebyshev polynomials, indeed a first kind of

Bachok-Hasham polynomial of order k;Hk
1nðxÞ is a function of Che-

byshev polynomials in xk, so that we state the relation between
the Chebyshev polynomials and the Bachok-Hasham polynomial
of order k,

2.4. Properties of Bachok-Hasham polynomials

Let interval and weight function be defined by

½a; b� ¼ ½�1;1�;wðxÞ ¼ xk�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2k

p ;k is positive odd integer;

then the inner product Bachok-Hasham polynomials of first kind

Hk
1nðxÞ is defined as

hHk
1n;H

k
1mi ¼

Z 1

�1

xk�1Hk
1nðxÞHk

1mðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2k

p dx:

n;m ¼ 0;1;2;3; . . .

Lemma 2.2. Let Hk
1nðxÞ be a Bachok-Hasham polynomials of the first

kind then

(i) Hk
1nðxÞ ¼ TnðxkÞ ¼

cosðn cos�1 ðxkÞÞ; k ¼ 1;3;5; . . . ; n ¼ 0;1;2; . . ., where
TnðxÞ be Chebyshev polynomials.
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(ii) The set of first kind Bachok-Hasham polynomials

Hk
1nðxÞ; k ¼ 2l� 1;n ¼ 0;1;2; . . . is a set of orthogonal func-

tion over ½�1;1�, with respect to the weight function

wðxÞ ¼ xk�1ffiffiffiffiffiffiffiffiffi
1�x2k

p

hHk
1n;H

k
1mi ¼

Z 1

�1

xk�1Hk
1nðxÞHk

1mðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2k

p dx ¼
0; m – n;
p
2k ; m ¼ n;
p
k ; m ¼ n ¼ 0:

8><
>:

ð13Þ
Proof.
(i) The proof directly comes by letting u ¼ xk.

(ii) Using the relations Hk
1nðxÞ ¼ cosðn cos�1 ðxkÞÞ and

Hk
1mðxÞ ¼ cosðm cos�1 ðxkÞÞ, for n;m ¼ f0;1;2;3; . . .g and let-

ting u ¼ xk ) du ¼ kxk�1dx, we obtain,
hHk
1n;H

k
1mi ¼

R 1
�1

xk�1Hk
1nðxÞHk

1mðxÞffiffiffiffiffiffiffiffiffi
1�x2k

p dx

¼ R 1
�1

xk�1 cosðn cos�1ðxkÞÞ cosðm cos�1ðxkÞÞffiffiffiffiffiffiffiffiffi
1�x2k

p dx

¼ 1
k

R 1
�1

cosðn cos�1ðuÞÞ cosðm cos�1ðuÞÞffiffiffiffiffiffiffiffi
1�u2

p du

¼ 1
k

R p
0

cosðnhÞ cosðmhÞ sinðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�cos2ðhÞ

p dh

¼ 1
k

R p
0 cosðnhÞ cosðmhÞdh:

ð14Þ

Hence

hH1n;H1mi ¼ 0; ðn –mÞ ð15Þ

The norm of Hk
1nðxÞ is

kHk
1nk2 ¼ hHk

1n;H
k
1ni ¼

R 1
�1

xk�1 Hk
1nðxÞ½ �2ffiffiffiffiffiffiffiffiffi

1�x2k
p dx

¼ 1
k

R p
0 cos2ðnhÞdh

¼ p
2k ; n ¼ 1;2; � � �

ð16Þ

while, n ¼ 0

kHk
10k2 ¼ hHk

10;H
k
10i ¼

p
k
: �
Lemma 2.3 (Berthold et al. [28]).Z p

0

cosðnhÞ
cosðhÞ � cosð/Þdh ¼ p sinðn/Þ

sinð/Þ ; ð17Þ

for any / 2 ½0;p�; n ¼ 1;2;3; . . .
Proof. Even if inequality (17) is known prove of it is not given in
details, therefore we sketch the prove in details. Its easy to show
that

Inð/Þ ¼
Z p

0

cosðnhÞ
cosðhÞ � cosð/Þdh

¼ 1
2

Z p

�p

cosðnhÞ
cosðhÞ � cosð/Þdh; / 2 ½0;p�: ð18Þ

It is known that the cosðhÞ related with a complex variable z in the
form

cosðhÞ ¼ 1
2

zþ 1
z

� �
; ð19Þ
where z ¼ reih with jzj ¼ r ¼ 1.
If z moves on the unit circle, centrad at the origin, cosðhÞ

traverses the interval ½�1;1� twice. Using Euler formula

eih ¼ cosðhÞ þ i sinðhÞ; ð20Þ
we obtain

z ¼ reih ) dh ¼ dz
iz

ð21Þ

cosðnhÞ ¼ einh þ e�inh

2
¼ zn þ 1

zn

2
: ð22Þ

Substituting Eqs. (19)–(22) into Eq. (18) yields

Inð/Þ ¼ 1
2

H
jzj¼1

1
2 znþ 1

znð Þ
1
2 zþ1

zð Þ�cosð/Þ
dz
iz ¼ 1

2i

H
jzj¼1

z2nþ1
znðz2�2cosð/Þzþ1Þdz

¼ 1
2i

H
jzj¼1

zn

ðz�ei/Þðz�e�i/Þdzþ 1
2i

H
jzj¼1

1
znðz�ei/Þðz�e�i/Þdz

¼ I1nð/Þ þ I2nð/Þ;

ð23Þ

where

I1nð/Þ ¼ 1
2i

I
jzj¼1

zn

ðz� ei/Þðz� e�i/Þdz; ð24Þ

I2nð/Þ ¼ 1
2i

I
jzj¼1

1
znðz� ei/Þðz� e�i/Þ dz: ð25Þ

Thus, Inð/Þ in (23) is divided into two parts:

� For the first part I1nð/Þ of right hand side of Eq. (24), the
function
gðzÞ ¼ zn

ðz� ei/Þðz� e�i/Þ ; ð26Þ

has two simple poles of order one ðz1 ¼ ei/, and z2 ¼ e�i/Þ. Using
Theorem 2.1, we obtain

ResðgðzÞ; z1 ¼ ei/Þ ¼ ein/

ei/ � e�i/
; ð27Þ

ResðgðzÞ; z2 ¼ e�i/Þ ¼ � e�in/

ei/ � e�i/
: ð28Þ

Substitute (27) and (28) into (24) to get

I1nð/Þ ¼ 1
2i

I
jzj¼1

zn

ðz� ei/Þðz� e�i/Þdz ¼ p sinðn/Þ
sinð/Þ : ð29Þ

� For the second part I2nð/Þ of Eq. (25), the function

f ðzÞ ¼ 1
znðz� ei/Þðz� e�i/Þ ; ð30Þ

has three poles, two of them of order one ðz1 ¼ ei/; z2 ¼ e�i/Þ, and
other pole at z ¼ 0 with order n, the residue of f ðzÞ at z1 ¼ ei/ and
z2 ¼ e�i/ are

Resðf ðzÞ; z1 ¼ ei/Þ ¼ e�in/

ðei/ � e�i/Þ ; ð31Þ

Resðf ðzÞ; z2 ¼ e�i/Þ ¼ ein/

ðe�i/ � ei/Þ : ð32Þ

and the residue of f ðzÞ at z3 ¼ 0, with order n is

Resðf ðzÞ; z3 ¼ 0Þ ¼ lim
x!0

1
ðn�1Þ!

dn�1

dzn�1 ðz� 0Þn 1
znðz�ei/Þðz�e�i/Þ�

h i

¼ 1
ðn�1Þ!

1
2i sinð/Þ

ð�1Þn�1ðn�1Þ!
ð�1Þnein/ � ð�1Þn�1ðn�1Þ!

ð�1Þne�in/

h i

¼ 1
2i sinð/Þ

�1
ein/ þ 1

e�in/

h i
¼ sinðn/Þ

sinð/Þ :

ð33Þ
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Substituting Eqs. (32)–(34) into (25) yields

I2nð/Þ ¼ 1
2i2pi Resðf ðzÞ;z1 ¼ ei/ÞþResðf ðzÞ;z1 ¼ e�i/ÞþResðf ðzÞ;z0 ¼0Þ� �

¼p e�in/

ein/�e�in/ þ ein/

e�in/�ein/ þ sinn/
sin/

h i
¼ 0:

ð34Þ
The proof of Lemma 2.4 can be completed by substituting (29)
and (34) into (23).

h

Lemma 2.4.Z p

0

sinðnhÞ sinðhÞ
cosðhÞ � cosð/Þdh ¼ �p cosðn/Þ;

for any / in ½0;p�, n = 1, 2, 3,. . .
Theorem 2.5. The integral equation (Berthold et al. [28])

k/ðtÞ ¼
Z 1

�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p /ðxÞ log jx� tjdx

has an eigensolutions /ðtÞ ¼ /nðtÞ ¼ TnðtÞ corresponding eigenvalues
k ¼ kn ¼ p

n ;n ¼ 1;2;3; � � � where TnðtÞ is Chebyshev polynomials of first
kind.

Now, we state the theorem that related with first kind of

Bachok-Hasham polynomials Hk
1nðxÞ.
Theorem 2.6. The integral equation

k/ðtÞ ¼
Z 1

�1

xk�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2k

p /ðxÞ log jxk � tkjdx

has an eigensolutions /ðtÞ ¼ /nðtÞ ¼ Hk
1nðtÞ corresponding eigenvalues

k ¼ kn ¼ � p
nk ; n ¼ 1;2;3; � � � where Hk

1nðtÞ is Bachok-Hasham polyno-
mials of first kind, k is positive odd integer.
Proof. Using the definition Bachok-Hasham polynomials of first
kind,

Hk
1nðxÞ ¼ cosðnhÞ ¼ cosðn cos�1ðxkÞÞ; xk ¼ cosðhÞ;

and applying Theorem 2.6 together with replacing

/ðxÞ ¼ Hk
1nðxÞ ¼ cosðn cos�1ðxkÞÞ and letting

u ¼ xk ) du ¼ kxk�1dxwith x ¼ �1 ) u ¼ �1, and x ¼ 1 ) u ¼ 1,
we obtain

I�nð/Þ ¼
R 1
�1

xk�1ffiffiffiffiffiffiffiffiffi
1�x2k

p Hk
1nðxÞ log jxk � tkjdx

¼ R 1
�1

xk�1ffiffiffiffiffiffiffiffiffi
1�x2k

p cosðn cos�1ðxkÞÞ log jxk � tkjdx

¼ 1
k

R 1
�1

cos nðcos�1ðuÞÞffiffiffiffiffiffiffiffi
1�u2

p log ju� tkjdu

ð35Þ
¼ 1
k

R 1
�1

TnðuÞffiffiffiffiffiffiffiffi
1�u2

p log ju� tkjdu:
¼ � p

nk TnðtkÞ
¼ � p

nk H
k
1nðtÞ:
where n ¼ 1;2;3; . . . ; k is positive odd integer. It implies the proof of
the Theorem 2.6. h
3. Function approximation

In this section we will investigate first and second kind
(homogenies and inhomogeneous) of logarithmic singular integral
equation (LogSIEs, Eqs. (1) and (2)). Without loss of generality we
can assume that k ¼ 1, main technique is dealing with logarithmic
kernels and reduce the integral equation problem into algebraic
equations where involving matrices. The key point is to approxi-
mate the unknown function as finite series of the Bachok–Hasham

polynomial Hk
1iðtÞ.

3.1. The logarithmic singular integral equation of first kind

Let us consider the linear LogSIEs (1) of first kind

gðtÞ ¼
Z 1

�1
Lðx; tÞf ðxÞdx; x; t 2 ½�1;1� ð36Þ

where the left hand side gðtÞ is given by

Lðx; tÞ ¼ log jxk � tkj; kispositiveoddinteger ð37Þ
and need to be determined f ðtÞ.

Proceeding in the usual way, we approximate f by:

f nðtÞ ¼ a0H
k
0ðtÞ

tk�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2k

p þ tk�1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2k

p Xn
i¼1

aiH
k
1iðtÞ;

k is positive odd integer ð38Þ

Substitute Eq. (38) into Eq. (36) to get:

gðtÞ ¼ a0hL;Hk
10iwk

þ
Xn

i¼1

aihL;Hk
1iiwk

ð39Þ

Orthogonality property of the Bachok–Hasham polynomials of first

kind Hk
1iðxÞ Eq. (13) yields:

gðtÞ ¼ �a0
p
k
log 2� p

Xn
i¼1

ai
Hk

1iðtÞ
i� k

ð40Þ

where the coefficients ai are unknown to be determined.
To determine the unknown coefficients ai we use the classical

Galerkin method. To get ðnþ 1Þ unknowns and same number of
equations we multiply both sides of Eq. (40) by

Hk
1jðtÞ; j ¼ 0;1;2; . . . ;n, then integrating over the interval ½�1;1�

and using Theorem 2.3, Eq. (40) becomes:

hg;Hk
1ji ¼ �a0

p
k
log 2h1;Hk

1ji � p
Xn
i¼1

ai
i� k

hHk
1i;H

k
1ji; ð41Þ

where j ¼ 0;1;2; . . . ;n, Eq. (41) can be simplified as

a0p
1
k
log 2bk

i þ p
Xn
i¼1

ai
1

i� k
hHk

1i;H
k
1ji ¼ �hg;Hk

1ji ð42Þ

The linear simultaneous equations generated from Eq. (42) formu-
late a system of linear algebraic equations which can be represented
as a matrix form:

p
k log 2bk

0 p
ak0;1
1�k p

ak0;2
2�k p

ak0;3
3�k � � � p

ak0;n
n�k

p
k log 2bk

1 p
ak1;1
1�k p

ak1;2
2�k p

ak1;3
3�k � � � p

ak1;n
n�k

..

. ..
. ..

. ..
. ..

. ..
.

p
k log 2bk

i p
ak
i;1

i�k p
ak
i;2

i�k p
ak
i;n

i�k � � � p
ak
i;n

i�k

..

. ..
. ..

. ..
. . .

. ..
.

p
k log 2bk

n p
akn;1
n�k p

akn;2
n�k p

akn;3
n�k � � � p akn;n

n�k

2
666666666666664

3
777777777777775

a0
a1

..

.

ai

..

.

an

2
66666666664

3
77777777775
¼

�Ck
0

�Ck
1

..

.

�Ck
i

..

.

�Ck
n

2
666666666664

3
777777777775

ð43Þ
where,
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bk
i ¼

R 1
�1 H

k
1iðtÞdt

ak
i;j ¼ hH1k

i ;Hk
1ji i ¼ 1;2;3; . . . ;n; j ¼ 0;1;2;3; . . . ;n

Ck
j ¼ hg;Hk

1ji
ð44Þ

The above matrix has size ðnþ 1Þ � ðnþ 1Þ, we use MATLAB to
determine coefficients ai; i ¼ 0;1;2;3; . . . ;n.
Table 1
Absolute error for Example 1.

x n = 4 n = 9

0.9 1.11022302462516 E�16 1.11022302462516 E�16
0.8 1.11022302462516 E�16 1.11022302462516 E�16
0.7 1.11022302462516 E�16 8.32667268468867 E�17
0.6 0 1.38777878078145 E�17
0.5 2.08166817117217 E�17 2.77555756156289 E�17
0.4 6.93889390390723 E�18 5.20417042793042 E�18
0.3 5.20417042793042 E�18 5.20417042793042 E�18
0.2 3.30681662608079 E�18 3.25260651745651 E�18
0.1 1.10453096321961 E�18 1.10114283143059 E�18
0 0 0
�0.1 1.08420217248550 E�19 1.06726151354042 E�19
�0.2 7.04731412115578 E�19 7.58941520739853 E�19
�0.3 6.07153216591883 E�18 5.63785129692462 E�18
�0.4 8.67361737988404 E�18 1.04083408558608 E�17
�0.5 6.93889390390723 E�18 0
�0.6 4.16333634234434 E�17 4.16333634234434 E�17
�0.7 5.55111512312578 E�17 2.77555756156289 E�17
�0.8 1.11022302462516 E�16 1.11022302462516 E�16
�0.9 2.22044604925031 E�16 2.22044604925031 E�16
3.2. The logarithmic singular integral equation of second kind

3.2.1. Nonhomogeneous case
Let us rewrite (2) in the form

f ðtÞ ¼ gðtÞ þ
Z 1

�1
Lðx; tÞf ðxÞdx; x; t 2 ½�1;1� ð45Þ

where the right hand side function gðtÞ and the logarithmic kernel
function Lðx; tÞ is defined as (37) are given, f ðtÞ is the unknown func-
tion to be determined.

For convenience of exposition we rewrite (45) in operator form:

f ¼ g þ Tf ; ð46Þ
where

Tf ¼
Z 1

�1
Lðx; tÞf ðxÞdx; x; t 2 ½�1;1� ð47Þ

We approximate f ðtÞ as mentioned progress in , Substitute Eq. (38)
into Eq. (46) to get:

a0wkðtÞHk
10ðtÞ þ

Xn

i¼1

aiwkðtÞHk
1iðtÞ ¼ gðtÞ þ

Xn
i¼1

aihL;Hk
1iiwk

ð48Þ

Use the orthogonality property of the first kind of Bachok–Hasham

polynomials Hk
1iðxÞ with weight wkðxÞ ¼ xk�1ffiffiffiffiffiffiffiffiffi

1�x2k
p , Eq. (48) yields:

a0wkðtÞHk
10ðtÞ þ

Xn

i¼1

aiwkðtÞHk
1iðtÞ

¼ gðtÞ � a0
p
k
log 2� p

Xn
i¼1

ai
Hk

1iðtÞ
i� k

ð49Þ

where the coefficients ai are unknown to be determined. we multi-

ply both sides of Eq. (49) by Hk
1jðtÞ; j ¼ 0;1;2; . . . ; n, then integrating

it over the interval ½�1;1� and using Theorem 2.3, Eq. (49) yields:

a0hHk
10;H

k
1jiwk

þ
Xn
i¼1

aihHk
10;H

k
1jiwk

¼ hg;Hk
1ji � a0

p
k
log 2h1;Hk

1ji � p
Xn
i¼1

ai
i� k

hHk
1i;H

k
1ji; ð50Þ

where j ¼ 0;1;2; . . . ; n, Eq. (50) can be written as

a0p hHk
10;H

k
1jiwk

þ 1
k
log 2bk

n

� 	

þ p
Xn
i¼1

ai hHk
10;H

k
1jiwk

þ 1
i� k

hHk
1i;H

k
1ji

� 	

¼ hg;Hk
1ji ð51Þ

Similarly to the previous steps in nonhomogeneous case, the
unknown coefficients ai can be determine by solving the system
of linear equations which can represented by a matrix form as
p
k ½1þ log2bk

0� p
ak0;1
1�k p

ak0;2
2�k p

ak0;3
3�k � � � p

ak0;n
n�k

p
k log2b

k
1 p½ 1

2�kþ
ak1;1
1�k� p

ak1;2
2�k p

ak1;3
3�k � � � p

ak1;n
n�k

..

. ..
. ..

. ..
. ..

. ..
.

p
k log2b

k
i p

ak
i;1

i�k p
ak
i;2

i�k p½ 1
2�kþ

ak
i;n

i�k� � � � p
ak
i;n

i�k

..

. ..
. ..

. ..
. . .

. ..
.

p
k log2b

k
n p

akn;1
n�k p

akn;2
n�k p

akn;3
n�k � � � p½ 1

2�kþ
akn;n
n�k�

2
666666666666664

3
777777777777775

a0

a1

..

.

ai

..

.

an

2
66666666664

3
77777777775
¼

Ck
0

Ck
1

..

.

Ck
i

..

.

..

.
Ck
n

2
6666666666664

3
7777777777775

ð52Þ

where bk
i ;ak

i;n;C
k
i are described in Eq. (44)

4. Numerical examples

This section reports on two numerical experiments to study the
accuracy and the performance of the proposed adaptive strategy
method. All experiments have been conducted using MATLAB. All
examples are academic in the sense that the exact solution is
always known (Thereom 2.6). Two examples were performed with
n ¼ 4 and n ¼ 9. We restrict the presentation to the simplest case
k ¼ 3;5 respectively. The right-hand side for the Galerkin method
is always computed as explained in Section 3.

Example 1. 1 Consider a Nonhomogeneous linear LogSIEs of
second kind:
f ðtÞ ¼ 3t5 þ pt3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t6

p

3
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t6

p þ
Z 1

�1
f ðxÞ log jx3 � t3jdx; x; t 2 ½�1;1�

ð53Þ
The exact solution of Eq. (53) is f ðtÞ ¼ t5ffiffiffiffiffiffiffiffi

1�t6
p ; The absolute errors

between exact and approximation solutions are given by Tables 1.
The results presented shows a very good convergence of the values
use first kind of Bachok–Hasham polynomials.
Example 2. 2 Consider a linear LogSIEs of first kind

t5 ¼ � 5
p

Z 1

�1
f ðxÞ log jx5 � t5jdx; x; t 2 ½�1;1� ð54Þ

The exact solution of Eq. (54) is f ðxÞ ¼ x9ffiffiffiffiffiffiffiffiffi
1�x10

p . The absolute errors

between exact and approximation solutions are given by Tables 2.



Table 2
Absolute error for Example 2

x n = 4 n = 9

0.9 5.55111512312578 E�17 5.55111512312578 E�17
0.8 2.77555756156289 E�17 4.99600361081320 E�16
0.7 1.38777878078145 E�17 2.08166817117217 E�16
0.6 1.73472347597681 E�18 6.07153216591883 E�17
0.5 8.67361737988404 E�19 1.17093834628434 E�17
0.4 5.42101086242752 E�19 2.05998412772246 E�18
0.3 6.26804380968182 E�19 5.14996031930615 E�19
0.2 2.03287907341032 E�20 2.31875269310865 E�20
0.1 3.99218043133405 E�21 3.98659696219932 E�21
0 0 0
�0.1 5.96562657773244 E�21 5.97121004686717 E�21
�0.2 1.75653457436861 E�19 1.72794721239877 E�19
�0.3 1.82959116606929 E�19 2.94767465644497 E�19
�0.4 2.60208521396521 E�18 1.13841228110978 E�18
�0.5 6.93889390390723 E�18 1.77809156287623 E�17
�0.6 1.38777878078145 E�17 4.33680868994202 E�17
�0.7 6.93889390390723 E�18 2.28983498828939 E�16
�0.8 2.77555756156289 E�17 4.44089209850063 E�16
�0.9 5.55111512312578 E�17 5.55111512312578 E�17
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5. Conclusion

We have introduced a new class of orthogonal polynomials

Hk
1nðtÞ (named Bachok-Hasham polynomials of first kind) with

weight functions wkðxÞ ¼ xk�1ffiffiffiffiffiffiffiffiffi
1�x2k

p and used it to find approximate

solution of a logarithmic singular integral equations of first and
second kind Eqs. (1) and (2). It is proven (Theorem 2.6) that
Bachok-Hasham polynomials of first kind is a eigenfunction of
the homogeneous LogSIE of the second kind corresponding eigen-
values k ¼ kn ¼ � p

nk ;n ¼ 1;2; :., Numerical results (Example 1 and
Example 2) show that Bachok-Hasham polynomials of first kind
is very effective and accurate for the problems stated above.
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