CHAPTER 4

EXTENDED CHEBYSHEV POLYNOMIALS OF THE T@AND
FOURTH KINDS OF ORDER & 3‘0

4.1 Introduction
: !

This chapter is devoted to define a new class of orthogonal Melyn an xtended

polynomials of the third and fourth kinds respectiv rovigd®ome elementary
formulae for the recurrence relations of ECPs %Mm ari
be developed. Some of the applications wilN ‘0 di@sed. The zeros of the

ECPs of the third and fourth kinds of orc%r \eid @cribed. The main char-

acteristics of Extended Chebyshev segqug } &1 —E R 0 (e

!

1
are described when k is sufficient Ia& di ; mtyfound that Extended Cheby-

shev sequences of the third and im&ﬁnds 011\?#6@0){1111&61)] into one of two values

{—1,1} depending on index n ;éy

Recurrence relations MC ey

It was found wEIP\ & mird@ fourth kinds Zfi_”)(_x').i = {3,4} are orthogo-

perties which will

) 3 %

A - llnge- ) N k=1 1Rk ; AN

nal with resp, eight function& g3 1) (x) = x or and wg g (x) = x o
respectively, e interval [-1,1], where & is positive odd integers. Spectral properties

ECPs ofgcWird and fourth kinds Zfi.”«) (x),i ={3,4} are proved. They will be used in
grcul@ in Chapter 4. Moving into the applications of ECPs of the third and fourth
kinds of order k. we also demonstrate how to use these orthogonal polynomials to aid in
the solution of SSIE:. The unknown functions are characterized in terms of finite series of
ECPs. Effective numerical methods are derived to evaluate the unknown functions. Fur-

thermore, a study of effective and accurate approximate methods for solving the SSIEx of
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the first kind with third and fourth cases over a finite interval [—1, 1] is presented.

4.2 Definitions of Extended Chebyshev Polynomials of The Third and
Fourth kinds and Their Properties

The two other families of polynomials Z(‘3_11)(.\'), Zi"4 ”)(.x), k 1s positive ON coers, are
constructed, which are related to Z(kl.”) B Z("ln)(_\‘), but which have lri«:s tric defini-

tions involving the half angle 0 /2 (where 2 = cos as in chapter 3).

Let us first consider two definitions of the ECPs of the third &h kinds of order

k 4\1 NERES {3,4} and some properties of them. T

Definition 11 Extended Chebyshev polynomials ()f o thir®l ki (_\(gc/h 1”
n d.bf)?l/ze relation

where k is odd positive integer, is a polynomial in x ) e (knj, ¢

(for fixed k):

/-.

e cos((n+%)0)

C

Z((.?.n) ( 4.1

n=20,1,2 _when X = cos(0), kis po\mv digtegeg

? TR / Q‘;\
Definition 12 Extended Cheb\\/wv\ omiall he @“Ml kind of order k, Z )(\')

where k is odd positive integer, is ¢ non'all \I()/ d@ee kn), defined by the )elalmn
(for fixed k): % )’ 0'

1((n é%’)@

& I\-l n (I\) 6 (42)

A 2

n=0,1,2,..., when \i%\( , RIS (r,m dd integers.
&
’ <

The range of the 511%1u xand 0 is Li'&,xmm as for ZA X = {1,2}.

[

The 1.%111]) between Extended Chebyshev and Chebyshev polynomials 1s:
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where V,(x) and W, (x) are Chebyshev polynomials of the third and fourth kinds re-

spectively, k is positive odd integer, n = 1 W70 A

Moreover, for k = 1, we have:

, Vo(x), i=3,
ZL (x) = 4.4
(i) (%) { Wox), =4, (4.4)

where V,,(x) and W, (x) are Chebyshev polynomials of the third and four sm:respec-
tevely; =Ll s e 1&)

Table (4.1) refers to the first few of Extended Chebyshev polynon¥gls of the third and

fourth kinds of order &, Zf’._”) (x),i={3,4}.n=0,1,2,... respegliviV’

Table 4.1: Extended Chebyshev polynomials of

n ] 78 =)

0 1

T D]

T 42k — 2k — 1

Et Sk — a2k — 4k 41
T 16x% — 813K — 12x2k + 4x
5 [ 320k — 16 — 323 1222 + 6
2

RN
YJ- , S
ECPs of the third and foufthkiNds car§ be ;;ﬂuﬁ generated by the use of a re-
ly | Zl‘f&) and Z(‘A.”)(.r) share precisely the
same recurrence relation &V”)(.\‘ lmd AN

hd their generation differs only in the
prescription of the mmt’ Nhlin‘i\o?ﬂ .ag.srdlscussed in more details in next section.

e ¢
49 7 <
4.2.1 Plots of :c ended €he

&%W Polynomials of the Third and Fourth kinds

S
4, we show the respective graphs of the ECPs of the third kind Z(‘;\_”) (x),n=

&

In Figurgs

1.2. 34k, stAwing with value of —1 and finishing with a value of I, since whenx=1 —
cos @ = 15 this means 6 = 0 = cos(n+ %)() = 1 that yields Zf}1 ”)(l) = 1 for any
n = 0.1,2,3,.... The ECPs of the third kind have precisely n zeros in interval (—1,1),

from the definition of ECPs of the third kind (Definition 11), the zeros for x in (—1,1) of
. cos(n+ %)H
SRS £

o) so that:

Z(kz ") (x) must correspond to the zeros for 6 in (0, ) of

cos(
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We have the zeros of Z("3_,,) (x)

&
KN, {
§ - e/

igure 4.2: Plot of the ECP of the third kind of order 3, 253.2) (x)
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-6

;»
4

The graphs of the ECPs g our QZZQ?() to Z& 3 (x )) are plotled in Figures 4.5
- 4.8. The ECPs of mh&q’- Jnd h

4.5 - 4.8). Moreoy, &'du}n 101?0 E$a of the fourth kind (definition 12) shows that
the zeros for x i1 ) are d ‘incG{m similar way of the zeros of sin(n + 5 )9 as:

&

N W (*) =0, (4.8)
E oy oom - /
X=X4gm) =\ Los(”+ %)7[, g0 = 1525300861k (4.9)

s k :
where x(4 ) the zeros of Zi,  (x).
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Figure 4.5: Plot of the ECP of th
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A0
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e fourth kind of orderV&.l)(x)
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k=3

)

0.5

Figure 4.7: Plot of the ECPs of the fourth kind of order 3, Zf‘”) (x)
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Figure 4.9: Plot ol‘:th'Fol IUSI l\géf Srdena! Z(:.lﬁ)('\‘)
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Figure 4.10: Plot of the ECP of the fourth kind of order 3, Z(34.1(»‘) (x)
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Figure 4.12: Plot of illetCP%&Lg}%d of order 5, Za-lﬁ) (x)

4.2.2 Behavior of

Kinds whi*:l <

)
In Figures 4, N 6, we show the rc\spcclivc graphs of Z(‘_;_I’)(_\').rl = 2,3.4 and different
=5 15.25.49.69). The shapes of the ECPs of the third kind when & is

aroc odd integer are classified into two distinct categories dependent on index

‘.
*a
4

orders (X

n. To sh hat, consider the finite sequence of ECP of the third kind:

€= {Z(li.n)('\')‘Zi‘\.n)('\.)‘fos.u)('\‘) """ Z(I}.H)(.\-)}. (410)
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where k is large positive odd integers, n =0,1,2,3,... and let x € (—1.1), the term K
becomes very small when k is sufficient too large positive odd integer. We assume that
the term x* approaches to zero which means cos 6 also approaches to zero i.e cos6 — 0

— 6 — 5. s0 the ECPs of the third kind with order sufficient large k can be approximate

as:
7k cos(n+3)% (\1
X))~ ———=
(3.n) COS(%%) &
D ) Y- @.11)
cos(%)
T V
= cos(n=) — sin(
2
The ECPs in Eq. (4.11) have approximately converged t n ot o vgdues dependent

on index n:

\
Zk"sn)(')m{ o S 'b

= (4.12)
N

10w the behavior
w@ ifferent values of &,
Ebyshev sequences of the
E’a}&ux es 4.15 - 4.16 show the

where k is sufficient large positive odd integ

E)\ande Chebyshev sequences of the thir b%

ol 5.9.15.25.35.69}. The behavy )1 th (5d
(4 2).

third kind convergeS to —1 w hich (.OlnL 0&

graph of Extended Chebyshev s«.qu )1 thé 115 en n = {3,4} with different
values of k, {k =1,3,5,7,15}, lhvv\lm,o g Mt@ed Chebyshev sequences of the
third kind converges to 1. % 2

Figure 4.13: Plot of Extended Chebyshev sequences of the third kind for different orders
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A X
= 0.5 0.5
Figure 4.14: Plot of Extended Chebyshev sequences of the third kin&gfor different orders

k. Zfs.z)("'> \’

72



&
TS

Figure 4.16: Plot of Extended Chebyshev sequences of the third%x’ r different orders

ks Z(ﬁl-l) (\) T
:\gﬁkﬂﬁh differ-

k

=, J.

In Figures 4.17 - 4.20, we show the respective graphs of
ent orders of k, (k =1,3,15,25,35,45). The shapes
of the fourth kind with sufficient large of order & ai

dependent on index n. To show that, consider

kind: ‘Q
~1 N 73 : ; 5
D= {ZH.H)(")' (4.11)&%/1‘) N

where & is large positive odd integer, 4
becomes very small when & is too g3y, We

means cos O also approaches (o 7

\ &q (4.13)

€ (—1,1), the term x*

approaches to zero, which

23

CP of the second kind with

4.14)
. NT
% JSEsin(Cs)t
The F@q. (4.14) have approximately two values dependent on index n
I — k) Ty TS KO T s
75, ) ! ; (4.15)
' I, ni=(ONISASSNRNORID Ses

where & is sufficient large positive odd integer. Figures 4.17-4.20 show the behavior of

Extended Chebyshev sequences of the fourth kind when n = 1,2,3.4 respectively. with
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different orders of k, (k =1,3,7,11,15,25,49), the behavior of Extended Chebyshev se-

quences converge to {—1,1} which agrees with the derived formula in Eq. (4.15).

3

D . Y.
; N
W).D i 0.5 N

Figure 4.17: Plot of Extended Chebyshev sequences of t

Tk -
k, Ziy 1y (%)

Figure 4.18: Plotof
7k X
k, 44.2)('\)
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Figure 4.1 9: Plot of Extended Chebyshev sequences of the 1'our$different orders

k. Z{y 3 (%) Y.

N ]
el P W
4.3 Extende &5}7 v 4 l@nials of the Third and Fourth Kinds
;\‘ofn eEfl

of Ord Fuyctions
\ &

N

Let i[@ — [—1,1] and weight functions be defined by:

. ek 4
P BVl 1= 35,
V1=
Wi k) (X) = b
y ’/, = "\ o
olylx i=4,
v 14xk
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where k is positive odd integers, then the inner product of Z(". )(x).i = {3.4}. is defined
in ) TR e

as:

1
/ 1 Wisie) ('\_)Zé\'}n)zf\'}nz)d'\-‘ i=3,
Z

U.m)>“'uh = T
' K . c\

1
- - ¢ k
/ | W(4.k) ('\)Z(4.11)Z(4.m)dx‘ 13

k is positive odd integers, n,m =0,1,2,3,.... :

We found that the Extended Chebyshev polynomials of the lhird"i:wd\crth kinds Z¥, . (x),i=

~k
<‘é(i.n)

- . (i.n)
{3,4} satisty respectvily: .

1
<Zfs.,,)-zfs_,,,)> = / ]'\'kf P (4.18)
and l
<Z{{4-11')‘Z(k4-m)> = / l"k (4.19)
=t 1 Bl ORI S
Before proving the main results, we St 1S which is related to the

proof:

Lemma 4.3.1 (Mason & Har
Ga

e
S |3

for any ¢ in &JET — S \C"

Proo@mm 4.3.1 can be found in Mason & Handscomb (2002).

The Extended Chebyshev polynomials of the third and fourth kinds are also orthogonal
systems on [—1, 1], with respect to weight functions Wi k) (X), 1 = {3,4} respectively. In-

deed the main results and properties can be summarized on the following Lemma:
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Lemma 4.3.2 Let Zf'[_,,)(.\').i — 3.4} be the set Extended Chebyshev polynomials of the
third and fourth kinds of order k, respectively and consider that the weight functions

W(ik): 1= (3,4} be defined as in Eq. (4.16), then:

(i) The three terms recurrence relations between Extended Chebyshev polynomials of

the third and fourth kinds: \Y.
~k i Kk o )
Zan () =2023, H (%) ’43.117 2 (%), & (4.22)

—k N KTk : —k
l(-l.n)('\) = 2x l(4.” 1)('\) =) 1(4.)17—"

(4:23)

(ii) Orthogonality property of the Extended Chebyshev nanic lslof the third kind of
order A:

L 2
é | S
gl R m # A,
<Z(3_”)-Z(3_,,,)>\v(3.k) = 2 T (424)
“K N
.
(iii) Orthogonality property of the Extende 'sh \?‘) omjay of the fourth kind

of order k: \ O

<Z(<-l./1) (425)
n.
(iv) Foreacht € (—1,1)
I ;
/ W ,\N 2 aEi) (4.26)
1

where Z(k.’ﬂ.n] (1) i@“’ dt‘%@'}’(\i@’ polynomials of the third kind,n=0.1.2,....

Y

(v) For each ¢ ) i 4 f {\
A &

N | ()P dr =726 ,)(0), xe[=11) 4.27)
S

Zfl (1) 1s the Extended Chebyshev polynomials of the fourth kind. n =

’

(D1ERD

Proof of Lemma 4.3.2:
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(i) Using the trigonometric identities

1
cos(n+)0) +cos(n—2+

1
)6 =2cosBcos(n—1+ ;)9

| —

: 1 ’ 1 1
sin(n + ;)9) +sin(n—2+5)6 = 2cos B cos(n—1 +3)9

. Dividing both side by Cos(%e).sin(%e) respectively and applying the Q‘gilion of
ECPs of the third and fourth kinds, we get the results. \

. 3 i e LAY, N cos((n+%)cos in :
(ii) Using the relations Z3 ) (x) = S and Z(3 ) (x) =

n,m=1{0,1,2,3,...} and letting u = x* = du = kx*"ldx, we v

SRRV
<Z(1-IH‘Z(3-/”)> - / '\J\ 1——XZ(&”)(.\')Z(},H)(.X')d. V
i i : J—1 Vv1—x

/‘“ V14 cos 0 cos((n+5)0 N nﬁ, 1)6
Jr v/1—cos@ 3 ~

/‘” Vv 1+cos6
(

| —

I

>IN =

(4.28)

A &
s,
\ ¢ ? S
(iii) Substituting 1NN 0” 44§¢) and Z&_’I)(.\‘), for n,m = {0,1,2,3,...} and

Ko
R
S
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letting u = = du = k¥ ldx, we aet:

'l v1—x*
k—1 : k N
<Z(4J1)‘Z(4Am‘)> = / 1-\ mz(ll.n)(-\)Z(Ll.m)(-\)d-\

1 1 T —usin((n4 1) cos™ u) sin((m+ Dcos 1u)
= = d u = cos(6)

u,

T k) V1i+u sin%cos"‘ u sin%cos 1y
1 0T —cos@sin((n+1)6)sin((m+13)6) .
iy v 1+cos@ sin%é sin%G_ sm@.
i /.n sil](@)mSill((’1+%)9>Sin((m+%
i1

1 +cos6 sin”16

V1 —cos 0 sin((n+ %)G)Sin((m )G)d6
V14cosO 1—cosHy1—NE0

0)sin((m+ %)G)a’ z ,
"é NY.
X
e | &
The norm of Z4 ;) 1s given by: P v

A (4.29)

@ %T &
HE | >3 : .
(iv) Using the definition of 43.:: X )pl)ﬂng m .1 together with replacing

)
n'(;,_“(.\‘) as in Eq. 4.16 and lem h = X i Lg‘”d_\' withx=—-1=u=—1,

XIS

a6

sin(6)

Il

>l ==

;\

%
o

Il

s 1
sin((n+3)

I
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andx=1=u=1, we obtain

1 Zfi”)(.\‘) 1 5 ]~/1+.\"" Zf}.n)('\')
/ ln'(;_k S d.\‘:./ l.\ Wop e dx
T g lmcos((n%—%)cos".\k) : oL
= / i 1 —xk 2k — rkcos 3 cos— 1k < B

1

T /THucos((n+3)cos ' u)

dx,

tvV1—u u—rtkcoslcos—lu

0 \/1+cos(0)

1

_A/

\/1-+cos(6)

1 —Los (6) LO*(Q) —cos(¢)

>,~\'—-

0 /1 —cos(0 cos(0)

>.-Ilo

N

/1 —=co 9 cos 9
cos(n+1)0
cos(6) —cos(¢
sin(n+%)¢

9)
sin(n+ 1) cos 4

1
3COS I

T

h=a

1 +cos(0)
e
)

D &

T
€0

>~

sin(

— T
"~k sin(
Tk
= IZH.H)(

..k 1s positiye

mt
c (iw SO ourfass
apying 1 S|
g *

where n = 0.1,2.3

(,,

1. 1) since & is positive odd

(v) Subtituting Z"4 3 (x) and

(4.16) and letti K

kx X
‘! §

&
. 9
S

as in Eq. d l

80

,> g),a;f

her with replacing w4 x)(x)

4 er with replacing w4 ) (x
x withx=—-1=u= -1, and



x=1=u=1, we have

k A
'l ; Z(-Ln)('\) LT EiN/ I —x Zk,; n) ( )
“'(4~k)('\)ﬁ([ = 1

— 1x
Xk — V1 +xk \]‘—1/‘(\
1 V1=xksin((n+ oS J\,
- / X = dx, u=x
l V1+xk x* —rksin 5 cos—1x*
VT —usin((n+1)cos™ u) i
= dx, u=,0% = COS
T / 1 VI+u u—t*singcos ' u ()
1 % y/1—cos(6) l ) et sin6do
I\'.7r [ 4 cos (@) cos(8) —cos(9) "1%9

>,~|._.

Il
bl NS
'c\

>\-|l~)

_7ZEC0911+ )¢ T

7 2 sin(59) g
by nuosz -K
T sm(l

wheren=1,2,3,---;kis posmv 1e
N
‘&

4.4 Relations Between te d C bys@ Polynomials of the First
- Fourth Kinds 0 k, [ O

¥ .=
~€J
Recurrence relations a lons ‘u \ﬁan ally important in many branches of math-
Axp will discuss @onnutxons between each other’s Extended

...q
7y

ematics. In this sec
Chebyshev polyn and how they are related in recursive techniques. These relations
can be derive %\‘cqucnccs based on identities of trigonometric functions.

The recursive relationship in Lemmas 3.3.3 and 4.4.1 can be used to compute the value
of the Extended Chebyshev polynomials for all n = 0,1,2,3,...;x € [-1,1] by knowing
only the first two terms of the Extended Chebyshev polynomials. From the discussion in
chapters (3) and (4), we found that the properties of (Zfl..”)(,\')).i ={1,2,3,4}. The main

relations and recurrence relations can be summarized in the following Lemma:

81
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1
) sin 36 sin 0d

T sin(n +—)(9 . _ \Y' .
/o cos( 9)~c0s q;)@'e 1’1@@ mma 4.3
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Lemma 4.4.1 Let Zﬁ.‘”) (x).1={1,2,3,4} be the set of the Extended Chebyshev polynomi-

als of the first - fourth kinds of order k, respectively, the following relations are satisfied:

(i) The relations between the Extended Chebyshev polynomials of the second, third

and fourth kinds of order k are:
Zh () =5 (28 0 () + 2 4.30

(3-”)('\/ I E (3.:1)(“) +Z(4.n)('\) : \ (4.2 )

(ii) The three terms of recurrence relations between the Extended C shev polyno-

mials of the second and third kinds are: T
—k N ok 5 k .
l(?ﬂ.n)('\) e Z('_’.n) (\) i Z(Z,n— l)(\)TV

(iii) The three terms of recurrence relations between th nded Leb ghev polyno-
L

mials of the second and fourth kinds are:
k : | &
ZH_”)(.\') — Z(_. X : 0e Y. (4.32)
N

ebyshev polyno-

(4.31)

S
N
~—
-
N’

b,

(iv) The three terms of recurrence relations b
mials of the first, third and fourth kindx

k

22(/\‘1.”) (x) = Z(k4-n) (x) - Z(%%) =y N1 1)(-">' (4.33)
Proof Lemma 4.4.1 Y‘ ,vj i
) P4
N

&

@on LC ono%aric definitions

G

(i) The result follows dir

)QCOS%Q—{—COS(H—F %)GSin%G

sin2%9
s‘in(n+%)9003%9%—C0s(n+%)Gsin%e i)

e B 2sin%0cos%9
0 I |cos(n+%)6 +sin(n+%)9

D, [ cosio sini 6
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(ii) We can start from the trigonometric identity:

1 1 , :
2sin 56 cos(n+ =)0 sin(n+1)6 — sinn6,

sin @ sin @ sin 6
sin L0 cos(n+ %)6 sin(n+1)0  sinnb

gin ALt bl y P
s ko o} O L st B R R RN CI

sin216 sin @ sin @ Y.

7sin%()cos(:ﬁ%)@ sin(n+1)0  sinn6

Zsin%ecos%e T sin®  sin® 3%

cos(n—+
cos 3

16 sin(n+1)6  sin(n+1-1)8
A sin 0 sin 0 ' V
Using the definitions of the Extended Chebyshev pol 1:115 ‘){ the second and

third kinds, the proof is completed. \d
oy

; it o N
(iii) Using the trigonometric identity: é | _{‘)
b 4
! N

|
2¢os ;9 sin(n +

~ -]:- 1 | N M
s 50sin(n+5)6 5 Sll’l(l.l +1) %‘ L h side by sin 6
sin 6 th 0 t§

(4.35)

| =

—%

19—

sin@
_cos 30 sin(n+ 12)9 ~sin(n+ % sinn\? &k
- sin256 i 4 C}

cos 20 sin(n +

: 1
2sin+ 6 cos

sin(n + %)9 B

(4.36)
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_ , sin(n+4)0  sin(n—1+1)6
Z(\J«.n)('\.) - Zf—t.n——l)('\‘) = =il S i : 1 £
sin(56) sin(56)
_sin(n+ 1)0 —sin(n—1+ 16
B sin(%@)

n+S4+n—4 . on+i—(n=1%
qcos(ﬁ—%ﬂ)esm(I—j—Lz—z(—*))G YJ4.37)
- sin(56) \
cos(n)@sin(%@) 3%

sin(%@)
= 2Zfl.n) (x)

Il
)

Moreover:

Zk

(3,n) %

\ﬂa &gdended Chebyshev Polynomials

< Fgurjh §5 of Order &
& vV

N N

\%Y

In this seclion\ i1l continue our gy of special singular integral equation of order k

(SSIEk) wi yther cases, (case (I11) and case (IV)).

Let Fnsider the linear SSIEk of first kind in the form:
B (b :
/ —‘Z(—)Id-\:g(t‘).,te (=151 (4.39)
SR s =

where k is positive odd integer. In particular, when k = 1 Eq. (4.39) reduces to the standard

airfoil equation in aerodynamics and it has four types of analytical solutions (for more
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detail see Eshkuvatov et al. (2009)). The main idea is dealing with singular kernels and
reducing the IE problem into algebraic equations that involve matrices. The key point is to
approximate the unknown function as finite series of the Extended Chebyshev polynomials
of the third and fourth kinds of order &, Zf’l.‘”)(t). =g = D

For convenience, let us rewrite Eq. (4.39) as:

./11 M(x,t)f(x)dx = g (1%, re(—1,1), &% (4.40)

where the right hand side ¢(t*) is known, and M (x,1) is given by: Y'

1

A4(.\‘.,) - \‘Tj_

k is positive odd int

(=)
=
o
2
o
o

and f(x) needs to be determined. The method for solving n expan-

sions of the approximate solution into Extended Chebyshev Pgpyngmia ghe third and
fourth kinds Z{‘[..”)(_\‘). i = {3,4} with three and four c@ ' -{_)
Case (IID): The solution is bounded at the point x = 1. 2 \,Y.
For the semi bounded solution of Eq.(4.40)@vcWgpr p
\E) k 7
‘ @,9) (4.42)

Inlt) = “(""(3.k)(’)zf3.() ) +W(3, .

et )
where k is positive odd integers and ‘Kz 6
Substitute Eq. (4.42) into Eq. (4.4(

—

T wia X))k 1w () i 1w ) )
/ W (3.1\)( )ZI‘ (.\')([_\' +aj / | _\(—A:)TZ(\31)(X)‘]\ +as / : —X(I‘_——)T—Zé*;z) (_\')d_\ 55
1 s J-1 - J-1 3

A et (Bo) B .
+cl”/ Lﬂ(-—ZA )(.\‘)d.\':g(t/‘)

1 .\-k = ,k (3.n
(4.44)
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Use Lemma 4.3.2 (vii) Eq. 4.44 reduce to:

T, T . T, T, .
aozz@_m(z) of alzz@_l)(z) e (12ZZ(‘4_2)(7) A +a,,zlf4_”)(r) =g(t") (4.45)

We use the classical Galerkin method to get (n+ 1) unknowns and the same number of
equations, we multiply both sides of Eq. (4.45) by Zf‘#.”’)(r).m =0.1.2....,n, under the

weight function w4k (1) then integrating over the interval [—1, 1], Eq. (4.45) bgggmes:

1

i
T I 2 T : ’
Z(l()/ ]“'mk»(-")44.m(’)Z@.m)(’)‘”+Z"l / 1""(4-k)("')264.1)(’)Z(A«J.m)(’)@é\
T 1 . : *
+f"”/ W(a 1) ()24 ) (g )1 (4:46)
~ \ ’ §

~

form=0,1,2,3,...,n.

Form =20

5
T ek : T
Z“O/ l“'\4,m(-\')464.(),»(’)Zﬁ.o)(f)df+Ea

E 1 &
¥
Applying of the orlhogmalily% y of t;jlehd@. hebyshev polynomials of the
fourth kind Z&, (1), m = KK@ ﬁ a!@(vii), Eq. (4.47) yields:

1
i 255 T o o
\,,_L,(_\-)lfw(z )Zi4 1) (1)dt + 4 / : w(m(.\-)z@_,)(r)z@.”(z)m+ oS
T Sk k 1
+Za,,~/ lH'Hlk)(.\‘)AHM(I)ZH_I)(I)dr (4.48)

1
o / I“'(4.k)(~\')g(fk>zf4_1)(’)‘h
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Usine orthogonality property Lemma 4.3.2 (vii), Eq. (4.48) becomes:
s 3 Sl
0+ 7@ +0+ - +0= ./1 Wi ()8 (1) ZE, ) (1)

=
T

-1
za= / ]\\'[4_k)(.\‘)g(1k)Zf4_l)(I)dl

Proceeding in the same way, we have:

Form =n

T
()+0+"'+()+fx

"

% G :
2 = dn = I W(4 k) (X

(4.50)
Eq. 4.50 formul: lﬁ«ﬁ ar of sy
e = 0 00 0 |[ao] [ct]
0 % 00 - 0 aj @
: h i 4.51)
T 000 - 0 || @
losoloRolE S 8 o8 B e
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where m=0.1.2.....n,and

i s k
Con = {8 Z(4 ) hwiany ) (4.52)

For the semi bounded solution of Eq.(4.40) proceed in the same way E%\III)) and

approximate (1) by:

Case (IV): The solution is bounded at the point x = 1.

Jult) = aowa g (1) Z{5.0)(1) +wan (1) ‘

: W (4.53)
where k is positive odd integers and w4 4 (1) defined as i

into Eq. (4.40)
A
’ \3
Mg &

/] M(x,1) f(x)dx = (")
J-1
1

o | -] n ;

ao/ f—k“'u.m(-\')Z@.o)(-")d-\*/ 7 (MO ¢ %9")[1":“#)
= AN B/ 6o
1 ; | s
a()./ - _ , =

Usgl ciMma 4.3.2 (viii) Eq. 4.55 reduces to:

7k Tk Tk Tk k
(1()243_(,)(1) aj ZZB.H(I) szl(ll)([) — = u”zl(}”)(t) = () (4.56)
To determine the unknown coefficients a,,,m =0, 1 2.3.....n. we use the classical Galerkin

method. We multiply both sides of Eq. (4.56) by Extended Chebyshev polynomials

88



zZk H) =0 10 e i : :
. (34,”\( ) .1.2,....n, under the weight function W(3 k) (1) then integrating over the
interval [—1,1], Eq. (4.56) becomes:

T 'l .1
: —-(1()/ W3 (X AN AV el : N7k -
k i (£ /\)( ) (_1_())( ) (_\_m)(’)dt 7 aj i ‘1'(3.]() (")2(3,1)(’)2{\3.1;1)(’)dr S
T ‘1 .
T / B (0)Z35, (’)Z(kg_r,,,) (1)dt
form=0 12357
Form =0
T 'l L =% s il
Zu()/ I“\3.1@(-\')ZL}(,)(f)l(_;_())(l)dr— Ial / w(
. 4 =] %

T

Applying the orthogonality property of

kind Z& (1), m=0,1,2,3,....n. Lcm%j, 2@v1),
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Using of the orthogonality property (Lemma 4.3.2 (vi)), Eq. (4.59) becomes:

T el s ok
Sy el “"'0:./ W0 (g ZG ()
2

-1
Zu = / I\\'(3.,()(.\‘)g(tk)Zé"m)(t)df

Proceeding in the same way, we have

Form =n

The linear simultaneous equatiQng *gleraw, frogh E@.Sﬁ) - (4.60) formulate a system
of linear algebraic cquutlomw\llh ar niRowneYefticients:

S

\
¢ I (,)(J
( < '-< 74 "(J =0 L] n 4.61)
@7{2 ? .m “'\\ — UL 20D, e i
We use MATLA ‘Q’C”m ¢ 4001‘@118 am,m=0,1,2,3,...,n.
Q7T

4.6 n%on

Two families of the Extended Chebyshev polynomials of the third and fourth kinds of

order k., Z*

2t (x).7={3,4} have been developed. It showed some graphs of the ECPs of

the of third and fourth kinds of order 4. The zeros of ECPs of the third and fourth kinds of

order k are discussed and described.
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Recurrence relations and the relations between the other two kinds are proved. We
state some of the associated relations of the two kinds. The behavior of Extended Cheby-
shev sequences of the third and fourth kinds are described when k is sufficient large odd
integers. It is found that Extended Chebyshev sequences of the third and fourth kinds

converge approximately into two values {—1, 1} depending on index n.

The ECPs of the third and fourth kinds Z(‘I. 2 (X),i={3,4} are orthogon%‘ respect

A . . . 4k . vk .
to weight functions, w3 ;) (x) = el % and wy 4 (x) = ) L: respectively, on
the interval [-1.1], where k is positive odd integers. Spectral properties 8 the ECPs of
the third and fourth kinds Ztk,..”)(_\').i = {3,4} are proved. We also &fmonstrate how to
use these orthogonal polynomials to aid in the solution of SSIEK. Mnknown functions

tiveghumerical methods are

1‘3Cliv= and accurate
urgh K yill%t'hird and
fourth cases over a finite interval [-1, 1] is proposed. é | _{.-,\
P 4
N

are characterized in terms of truncated series of ECPs. Eff

proposed to evaluate the density functions. Furthermore, a st
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