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Abstract: Traditional insurance’s earthquake contingency costs are insufficient for earthquake funding
due to extreme differences from actual losses. The earthquake bond (EB) links insurance to capital
market bonds, enabling higher and more sustainable earthquake funding, but challenges persist in
pricing EBs. This paper presents zero-coupon and coupon-paying EB pricing models involving the
inconstant event intensity and maximum strength of extreme earthquakes under the risk-neutral
pricing measure. Focusing on extreme earthquakes simplifies the modeling and data processing time
compared to considering infinite earthquake frequency occurring over a continuous time interval. The
intensity is accommodated using the inhomogeneous Poisson process, while the maximum strength
is modeled using extreme value theory (EVT). Furthermore, we conducted model experiments and
variable sensitivity analyses on EB prices using earthquake data from Indonesia’s National Disaster
Management Authority from 2008 to 2021. The sensitivity analysis results show that choosing
inconstant intensity rather than a constant one implies significant EB price differences, and the
maximum strength distribution based on EVT matches the data distribution. The presented model
and its experiments can guide EB issuers in setting EB prices. Then, the variable sensitivities to EB
prices can be used by investors to choose EB according to their risk tolerance.

Keywords: earthquake bonds; inconstant event intensity; maximum strength; inhomogeneous
Poisson process; extreme value theory; risk-neutral pricing measure

MSC: 62P20; 91G15; 91G30; 91B64; 91B70

1. Introduction

Extreme earthquakes are rare events and affect the economy and human life [1-3]. An
analysis of data from the International Disaster Database (accessed on 28 October 2022 from
https:/ /www.emdat.be) shows that, on average, a single extreme earthquake results in
economic damage of USD 1,266,348,909, with the highest magnitude compared to other ex-
treme disasters, as illustrated in Figure 1. This high loss burdens the budgets of earthquake-
prone countries (countries whose territories lie atop tectonic plate lines) [4-7], so several of
them used traditional insurance mechanisms to obtain contingency funds for mitigation
from 1992 to 2000. However, this mechanism generally has shortcomings, whereby the
provided contingency costs pale in comparison to the actual losses incurred [8-10]. For
example, earthquake insurance in Turkey in 1992 and Japan in 1993 provided contingency
costs of USD 10.8 million (1.44% of actual losses) [11] and USD 16 million (1.6% of actual
losses) [12], respectively. Therefore, to overcome this shortcoming, in the last three decades,
earthquake-prone countries have attempted to develop traditional earthquake insurance
mechanisms to be more effective in providing post-earthquake contingency costs [13-15].
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So far, this development has established an earthquake insurance mechanism connected to
financial instruments in the capital market. Simply put, investors receive a portion or the en-
tirety of the earthquake risk associated with a country through financial instruments traded
on the capital market. This is known as earthquake-insurance-linked securities (EILS).
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Figure 1. Average of loss from several types of extreme disasters worldwide.

In EILS, bonds are the most successful financial instruments because these can raise
significant funds quickly with moderate risk [16,17]. This is what is called an earthquake
bond (EB). Several earthquake-prone countries have issued EB as a contingency cost source.
The history of countries using EBs is given in Table 1. Table 1 shows that most of the EBs
were issued by countries on the American continent. Only one was not—in the Philippines.
The first EB was issued by Mexico in 2006 [18-20]. Then, Mexico’s steps were followed
by Latin American countries, namely, Chile, Colombia, and Peru, in 2018 [21]. Finally,
the Philippines was the last to publish it in 2019 [22]. The term of an EB is generally two
or three years with a contingency fund of USD 75 to 500 million. This contingency fund
amount is more significant than that found in traditional insurance mechanisms [23], such
as those in Turkey and Japan, which were mentioned previously. This then reduces the
possibility of disproportion between the two in the insured country.

Table 1. History of earthquake bond issuance until 2022.

Month of Issues Country Sponsor Speii:lllilz?:fose Term (Years) C(:Ir}gr];g;lﬁ}l’izz;ld
May 2006 Mexico FONDEN CAT-Mex Ltd. 3 160
October 2009 Mexico FONDEN MultiCAT Mexico Ltd. 2 290
August 2017 Mexico FONDEN IBRD CAR 113 2 120
February 2018 Chile Chile IBRD CAR 116 3 500
February 2018 Colombia Colombia IBRD CAR 117 3 400
February 2018 Mexico FONDEN IBRD CAR 118-119 2 260
February 2018 Peru Peru IBRD CAR 120 2 200
November 2019 Philippines Philippines IBRD CAR 123 3 75

Based on Table 1, we see that a few earthquake-prone countries still issue EBs. One of
the reasons is that the pricing mechanism is still being studied, e.g., by Indonesia. Deter-
mining the fair price of EBs is a fundamental stage of EB issuance, which is complicated
because it integrates financial and earthquake risk variables, such as loss, strength, or the
intensity of the earthquake [24,25].
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Several studies have been conducted regarding modeling catastrophe (CAT) bond
prices in general. Jarrow [26] modeled CAT bond prices in closed form using a robust model
to obtain the solution analytically. Then, Nowak and Romaniuk [27] designed a CAT bond
pricing model assuming independence between CAT and interest rate risks using the Hull-
White and Cox-Ingersoll-Ross (CIR) models. Then, Ma and Ma [28] designed a CAT bond
pricing model with no closed-form solution using an inhomogeneous compound Poisson
process. The solution of the model is sought using an approximation method proposed by
Chaubey et al. [29]. Then, Liu et al. [30] designed a CAT bond pricing model considering
credit risk factors using Jarrow and Turnbull’s model [31]. Ma et al. [32] modeled CAT
bond pricing, whose catastrophe characteristics are accommodated by integrating the Black
Derman Toy [33] model and a double compound Poisson process. Then, Nowak and
Romaniuk [34] introduced a CAT bond pricing model using a diffusion process with jumps
and a multi-factor CIR model. In their research, Chao and Zou [35] developed a CAT bond
pricing model based on multiple trigger events with a loss and fatality index.

Instead of modeling CAT bonds for general types of disasters, other studies have ex-
plored earthquake bond pricing models, with several models being developed and applied
to various regions. Romaniuk [14] introduced a simple EB price model and a stochastic
iteration method as an alternative way to obtain the model solution. Zimbidis et al. [8]
introduced an EB price model with a discrete period using the extreme value theory (EVT)
approach, the Vasicek stochastic interest rate model, and geometric Brownian motion.
Then, the model is applied to earthquake data in Greece. Shao et al. [36] added earthquake
depth factors and real interest rates to the Zimbidis et al. [8] model, which was applied to
earthquake data in the United States. Gunardi and Setiawan [37] used the block maxima
method and the CIR model to categorize EB prices into three types: zero coupon, coupon
at risk, and principal and coupon at risk. The model is applied to earthquake data in
Indonesia. Tang and Yuan [13] combined distorted and risk-neutral probability measures
to design earthquake and interest rate risks. This model was then used for experiments
estimating EB prices in Mexico and the United States. Then, Hofer et al. [38] introduced a
municipal EB pricing model involving spatial weights between provinces in Italy, while
Wei et al. [10] designed an EB price model based on a double trigger index (earthquake loss
and strength) using the EVT and copula approaches. Mistry and Lombardi [39] developed
the approach of Hofer et al. [38] with a constant coupon and a constant earthquake intensity
rate, while Kang et al. [40] designed an EB pricing model considering the level of liabilities
described through the asset liability management model. Aghdam et al. [41] introduced an
EB pricing model using a Chebyshev-based spectral method. Anggraeni et al. [42] designed
a municipal EB pricing model using EVT and the K-Means clustering method.

In reality, extreme earthquake intensity is inconstant across different time intervals.
However, in the eleven related studies on EB price modeling explained in the previous
paragraph, the risk of earthquake strength is still formulated based on a constant earthquake
intensity (in fact, Hofer et al. [38] used one that is inconstant; however, it was used to
describe the risk of loss, not strength). Therefore, previous models have not been able to
accommodate this inconstant intensity, and this represents a gap that substantiates the
novelty of this study.

Based on the research gaps presented, this research aims to design an EB pricing
model that involves the inconstant event intensity and maximum strength of extreme
earthquakes under the risk-neutral pricing measure. The inconstant intensity is measured
based on only the finite frequency of extreme earthquake events. It is done to simplify the
modeling stage and data processing time compared to considering all earthquake events
that continuously occur throughout time. The inconstant intensity is formulated by an
inhomogeneous Poisson process, while the maximum strength is modeled using extreme
value theory (EVT). Then, the model is used in experiments using earthquake data in
Indonesia, the country with the second highest frequency of earthquakes in the world.
Finally, the variable sensitivities to the EB price involved in the model are also analyzed.
The maximum strength risk model for extreme earthquakes can be used by practitioners,



Mathematics 2024, 12, 786

40f21

disaster management agencies, and geological agencies to measure the risk of earthquake
severity based on its strength in a region. Then, the EB price models can be used by the
issuer in setting reasonable EB prices. Then, the experiments conducted can guide us in
how to use the models designed in this research. Investors can use the sensitivity of the
variables to EB prices to choose an EB that suits their risk tolerance.

2. A Brief Explanation of Earthquake Bond

An earthquake bond is a type of earthquake insurance-linked security (ILS), where a
sponsor, such as an insurer, reinsurer, or government, partially or fully offloads earthquake
risk onto investors in exchange for elevated yields. This risk transfer is done by establishing
a special purpose vehicle (SPV), which protects the sponsor and raises funds by issuing
bonds to investors with a term of one to five years [43]. The SPV acquires bond and
premium proceeds from investors and sponsors, respectively. Then, the SPV allocates them
to secure financial instruments, such as Treasury bonds, and deposits the proceeds into
a trust account. The proceeds are typically exchanged for variable returns linked to the
London Interbank Offered Rate (LIBOR) provided by a reputable counterparty engaged
in swap transactions. The purpose of the swap is to protect the sponsor and investors
against potential risks associated with interest rate fluctuations and the possibility of
default [44]. Supposing that the covered event does not occur within the specified period
of the earthquake bond, investors will be reimbursed their original amount and additional
compensation for their exposure to catastrophic risk. In the event of an earthquake risk
event with predetermined conditions, the SPV will compensate the sponsor, leading to
partial or complete principal repayment to the investors [45,46]. The earthquake bond
structure explained in this paragraph is visually summarized in Figure 2.

Coupon
) (LIBOR + Premium)
Premium B
Special- o
. , Principal
Sponsor Purpose Investor
shi 3
Cover Vehicle ‘
Compensation Earthquake
pen: Bond Proceeds
Investment Premium +
Income Earthquake
Bond Proceeds
LIBOR
Trust Swap
Account Counterpart
Investment

Income

Figure 2. Simple framework of earthquake bond.

Determining trigger events is crucial in structuring earthquake bonds. There are
three distinct categories of earthquake triggers: indemnity, index, and parametric [47]. An
indemnity trigger pertains to the tangible financial damages experienced by the sponsor.
Then, an industry index trigger uses the utilization of an index derived from estimations
of losses provided by catastrophe-modeling firms, such as EQECAT, Applied Insurance
Research (AIR) Worldwide, Property Claim Service (PCS), and Risk Management Solutions
(RMS). Lastly, a parametric trigger relies on measurements of strength scale or depth of
earthquake magnitude from designated data stations. In this paper, we model earthquake
bond prices that utilize parametric triggers based on the strength scale.

3. Modeling Earthquake Bond Prices
3.1. Mathematical Notations and Assumptions

The following are the assumptions made in EB price modeling used in this research:
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(@) [0, T] fora fixed T > 01is a real number interval representing continuous trading time;

(b) (Q,F, P) represents probability space, where () is the set of states of the world, F is
the sigma field of subsets of (), and P is the probability measure on F;

(c) JFi C Ffort e [0,T]is increased filtration;

(d) {N::te]0, T|}isaninhomogeneous Poisson process with intensity m; = fot Asds >0
representing the process of extreme earthquake frequency;

(e) uis the threshold value between extreme and nonextreme earthquakes;

(f) {Xj j=12,..., Nt} is a sequence of random variables with the domain {x € R: x > u}
representing the strength of extreme earthquakes. These are assumed to be indepen-
dent and identically distributed (i.i.d.);

(g) {M;:te]0, T|} represents the maximum strength process of an extreme earthquake;

(h) {Vi:t € [0, T]} represents the EB price process involving region type, earthquake
type, interest rate, extreme earthquake intensity, etc.;

(i) {r::t € [0, T]} represents the force of interest rate process.

3.2. Force of Interest Rate Process

In general, the force of interest rates throughout the world has a nonnegative value.
Only a few countries have negative values, e.g., Japan and Switzerland. Therefore, in
this study, we assume that {r; : t € [0, T]} is a nonnegative process and follows the mean-
reverting square root process, which is formulated as follows [48]:

dry = k(0 — r¢)dt + op\/1edWy, 1)

where © > 0 represents the mean reversion force measurement, § > 0 represents the
long-run mean of the force of interest, o7 > 0 represents the volatility parameter for the
force of interest, and {W; : t € [0, T|} represents the standard Wiener process according to
physical measure Q initiated at zero. In this process, the force of interest is guaranteed to be
nonnegative because 2«6 > 07 [49]. This process is also known as Cox-the Ingersoll-Ross
model. If the model is applied to a country with a negative force of interest rates, several
models can be used, e.g., the Vasicek and the Hull-White models.

The process in Equation (1) can be used for pricing zero-coupon bonds under the
no-arbitrage assumption. In summary, the price of a zero-coupon bond with a maturity of
[t, T]is given as follows [34]:

EQ (e_ftT Tst

Fi) = Bt T) = A(t, T)e Be0n, @)

where

) (K+'y)2(T—t) 2
— e
A(t/ T) - (K+7) (e'Y(T_t)—l)—O-Z’Y

2(e7(T- 1) 3)
() (7T —1) +29”

v = /K2 +20%.

3.3. Extreme Earthquake Strength Process

B(t,T) =

The strength of extreme earthquakes in this study is represented as a sequence of
random variables {X;:j=1,2,..., N;} with domains {x € R: x > p} thatareii.d. The
distribution function of X; is as follows:

P{p <X <«x}

F(x) = PX < 21X > i} = =525

4)

Equation (4) is difficult to determine because the “parent” distribution of X; is unknown.
Therefore, we use the Pickands—Balkema—de Haan Theorem (See Salvadori et al. [50] and
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Tang and Yuan [13]) as an alternative to approach it. If there exist functions « (y) and ()
with «(y) > 0, then when p — oo, Fle(p)(x — u) + &(i)] converges to the generalized
Pareto distribution as follows:

Gy (X) = {1 1+ &)

)

X—p

1
C LA
1—e 2 =0

where ¢ € (—00,00) and 03 € (0,00). When & > 0, the domain of X; is {x € R: x > u}, and
when ¢ < 0, the domain of Xj is {x eER:u<x<u— %} In other words, this means
that Fx(x) with x > p converges to Gg g, , (x) [51,52], or

Pusx<y f1-[teie-w] " g0
Fx(x) =P{X<x|X>ul=—L—"="T » 2 . (6)
P{X>I’t} { 1_e (72} g:o

3.4. Maximum Strength of Extreme Earthquakes Process

Earthquakes occur all the time, so the event frequency is challenging to calculate.
In other words, the intensity of the event in each time interval is infinite. Therefore, as
an alternative, measurements of the risk of earthquake strength focus on extreme types
of earthquakes only because their frequency can be calculated. Extreme earthquakes are
defined as earthquakes with a strength greater than a certain threshold value.

Let u# be the threshold value between extreme and inextreme earthquake strengths.
The maximum strength of an extreme earthquake is designed into a compound distribution
consisting of the following:

(a) Frequency of extreme earthquake events.

This is represented as an inhomogeneous Poisson process {N; : t € [0, T|} with inten-
sity m; = fot Asds > 0 and a probability function of [53,54]

n

PNy =) = e in=0,12,...; @)

(b) The strength of an extreme earthquake.

This is represented as a sequence of random variables {Xj j=12,... ,Nt} with
domain {x € R: x > u} whose i.i.d. Gz, -
The maximum value of extreme earthquake strength up to time ¢, denoted by M;, is
modeled as
M; =max{X;:j=1,2,...,N}. (8)

In more detail, {X]- j=12,... ,Nt} and {N; : t € [0, T]} are assumed to be independent.
In other words, the frequency of extreme earthquakes does not affect their strength, and
vice versa. The distribution function of M; is

1
—m £ (x—p)) ¢
e t(1+¢72( F)) ¢ 6#0

FMt<x) =

")
e M =0

Proof. See Appendix A.[]

3.5. Earthquake Bond Pricing Models

We use a risk-neutral pricing measure to model EB prices. We follow Cox and Peder-
sen [55], whereby the original distribution characteristics of the maximum strength of the
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extreme earthquake process are assumed to be retained after the conversion of the physical
probability measure P to the neutral risk measure Q. Under the neutral risk pricing measure
Q, events that depend on financial variables and events that depend on earthquake risk
variables do not influence each other (for more details, see Cox and Pedersen [55]).
Suppose a bond is purchased at time ¢ and matures at time T. In a zero-coupon EB, the
investor will receive a payoff of Rt. This Rt value is the payoff of the EB redemption value,
which depends on the maximum strength of the extreme earthquake up to time T. In this
study, Rt is used as a piecewise function, which is mathematically expressed as follows:

mK 0L M[t,T] <d

172K 1dp < M[t,T] <dy
Ns—1K tds—2 <My q <ds—1

nsK My > ds

where K > 0 represents the redemption value of EB, {11, 72,...,715: 0 <5 <151 < --- <
1 <1,m +n+---+ns =1} 1is a fixed value that represents the proportion of payoff K,
{d1,dy,...,ds_1} is an increasing sequence of positive real numbers that represent the
strength of the earthquake, and M|, 1) is the maximum strength of the extreme earthquake
from time ¢ to time T. Using expectations under the risk-neutralized pricing measure Q,
the zero-coupon price EB is expressed as follows:

Vi = EQ(e k" Ry| i) = Borr(t, T)K

S-1
s+ 3, (m — ’7m+1)P(M[t,T] < dm)] , (11)
m=1

where
—my (4 (A=) €
e 2 : 0
P<M[m : dm) - (- Lty 7 (12)
e Mieme 2 :¢=0
and
Berr (8, T) = Alt, T)e*B(t/T)Tt,
_ e
A(t,T) = l(K+7)(3W(T—t)1)+27‘| ’ .
2(erT)1)

B(t, T) = (K+’)/)(€'Y(T7t)*l)+27,

v = /K2 +20%.

Proof. See Appendix B. [J

Next is coupon-paying EB (CPEB) price modeling. At time T, investors in this type
of EB will receive a payoff of Rr. The amount of Rt consists of the redemption value and
coupon, both of which depend on the maximum strength of the extreme earthquake up
to time T. Rr is reconstructed as a piecewise function, which is mathematically expressed
as follows:

M (K + C) :0< M[t,T] < dq
172(K + C) ) < M[t,T] < dp

Ry = : : : , (14)

ns-1(K+C) :ds o <My <ds
ns(K+C) My =ds
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where C represents the coupon. Using expectation under the risk-neutralized pricing
measure (, the CPEB price model is expressed as follows:

; S-1
Vi = EQ (e_ff rstRT‘]:t> = BCIR(t, T) (K-I— C) ns + Z (ﬂm - Uerl)P(M[t,T] < dm>] , (15)
m=1
where )
—mpp ) (+ & (dm—p)) ¢
e 2 : 0
P(Myr <) = 70 (16)
e Mpme 1E=0
and

BCIR(t, T) = A(t, T)e*B(th)Vt,

2e (x+7)(T=H) o2
A(t, T) = (K+7) (e'Y(Tft)fl)+2’Y 7

17)
_ 2(37(T*f),1)
(k) (T 1) 4297

_ 2
v = /1% + 207

B(1,T)

Proof. See Appendix C. ]

4. Model Experiment to Actual Data
4.1. Data Description

Indonesia has the second highest frequency of earthquakes in the world after Japan.
This happens because the region is geologically located above four active plate lines:
Eurasia, Indo-Australia, the Philippines, and the Pacific. However, under these conditions,
Indonesia has never issued EBs [56-58]. Therefore, the model in this research is applied to
earthquake data in Indonesia.

We obtained data on the strength and frequency of extreme earthquakes from the
National Disaster Management Authority (BNPB) of the Republic of Indonesia from 2008
to 2021. We use a threshold value between extreme and inextreme earthquake strengths
of 1 = 5 because earthquakes with strengths above this value cause significant damage.
Data on the strength of extreme earthquakes were collected daily from 1 November 2008 to
31 December 2021 (4808 days). Meanwhile, data on the frequency of extreme earthquakes
were collected annually from 2008 to 2021. Visually, data on extreme earthquake strength
and frequency are given in Figures 3 and 4, respectively. Statistical descriptions of both
are given in Table 2. Table 2 shows that the means of strength and frequency of extreme
earthquakes in Indonesia are 5.3452 M| (Richter scale) and 258.5 extreme earthquakes
per year, respectively. The standard deviations are 0.3794 M and 119.16488 extreme
earthquakes per year, respectively. In one year, there are 596 extreme earthquakes on
average, while the highest extreme earthquake strength is 7.9 Mj.

4.2. Extreme Earthquake Strength Distribution

In this research, the theoretical distribution that will be matched to the distribution of
extreme earthquake strength data is the GPD given by Equation (5). There are two types of
GPD used in this equation: when ¢ # 0, which we call GPD Type I, and when ¢ = 0, which
we call GPD Type II. Parameter estimation for the two types of GPD was conducted first
using the MLE method. The results of the parameter estimate from the two distributions
are given in Table 3.
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Figure 3. Extreme earthquake strength from 1 November 2008 to 31 December 2021 in Indonesia.
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Figure 4. Annual frequency of extreme earthquakes from 2008 to 2021 in Indonesia.

Table 2. Statistical description of the strength and frequency of extreme earthquakes in Indonesia.

Statistical Description Value
Mean of Strength (M) 5.3452
Maximum of Strength (Mr) 7.9
Standard Deviation of Strength (M) 0.3794
Mean of Frequency (Earthquake per year) 258.5
Maximum of Frequency (Earthquake per year) 596
Standard Deviation of Frequency (Earthquake per year) 119.16488

Table 3. GPD parameter estimation results.

GPD Type Parameter Estimator(s)
I & = 0.100956 and & = 0.3106285

I 0y = 0.3452422
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Then, the next step is checking the fit between the two types of GPD and the data
distribution. This was conducted visually and theoretically. Visually, it was conducted
using a probability—probability plot (PP-Plot). The data distribution follows the GPD
visually if both scatters on the Cartesian diagram are around the line with one gradient [59].
The PP-Plot of the data distribution and the two types of GPD are given in Figure 5.

1 1
0.9 0.9
0.8 0.8 1
0.7 1 0.7 /4
[ ] /
= 3
S 0.6 g 0.6 ///
2 05- @ 05 | /
& 05 s 05 //
Q 04+ 9 0.4+ /
O [C]
0.3 0.3 1
0.2 0.2
0.14 0.1
0 : : : T T T T T T 0 : T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
Data Distribution Value Data Distribution Value
(a) (b)

Figure 5. Scatter between data distribution with GPD Type I (a) and Type II (b).

Figure 5 shows that the scatter between the data distribution with GPD Type I is closer
around the one gradient line colored red than the scatter between the data distribution
with GPD Type II. This indicates that the data distribution follows GPD Type I more
closely than GPD Type II. Next is a theoretical examination using the Anderson-Darling,
Kolmogorov-Smirnov, and Chi-Squared tests, with a significant value of 0.05 and a sample
size 3468. For these three goodness-of-fit tests, if the test value is smaller than the critical
value, then the data distribution follows the specified theoretical distribution, and vice
versa [60-62]. Briefly, the results of the fit check are given in Table 4.

Table 4. Distribution fit test results.

.. Critical Value (for 0.05 Test Value
Statistical Test L g
Significant Value) GPD Type I GPD Type II
Anderson—Darling 2.5018 1.3707 7.8682
Kolmogorov-Smirnov 0.0231 0.0155 0.0389
Chi-Squared 19.6750 15.8630 47.6670

Table 4 shows that the GPD Type I test values in each statistical test are smaller than the
critical values, while all GPD Type II test values in each statistical test are not smaller than
the critical values. This indicates that the data distribution follows GPD Type 1. Therefore,
GPD Type I was chosen to describe the data distribution.

4.3. Extreme Earthquake Frequency Process

In this study, the process of determining the annual frequency of extreme earth-
quakes is modeled using the inhomogeneous Poison process {N; : t € [0, T]} with intensity
my = fot Asds > 0. In Figure 4, the data pattern of annual extreme earthquake intensity
appears to tend towards being cyclical and periodic. Therefore, we use a model that can
accommodate this, namely the Vere—Jones model [63]. The model is stated as follows:

Ay =a+bsin(t +c¢) + A, (18)
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where a, b € R. Equation (18) is hereafter called model A. Model A can be discretized. The
method is to discretize the interval [0, T| into {¢p =0, ¢1,...,Z, = T}, where z represents
the number of steps. The discretization results of Model A are expressed as follows:

A{k+1 =a-+ bsin(i‘kﬂ + {k) + /\gk,

A/\fkﬂ =a+ bsin(¢y 1 + Zx), (19)

where Ay = Ay — Ay withk=1, 2,..., z—1. The MLE method is used to estimate
parameters a and b. Briefly, the estimation results 4 = —8.13277 and b = 21.37195. In

addition, we also compare the model in Equation (19) with the autoregressive integrated
moving average (ARIMA) (1, 1, 1) model, as follows [64]:

A)\fk+1 = OélA)\gk + 131651( + SRy (20)

where «1 € R represents the autoregressive coefficient, B; € R represents the moving
average coefficient, and €;, ~ i.i.d. N (0, 02). Equation (20) is hereafter called model B. To
estimate the parameters a7 and 81, the MLE method is used. Briefly, the estimation results
& = —0.8610 and B; = 0.1734. We also considered using a constant intensity A = 258.5.
This is referred to as model C. For model selection, the accuracy measure used is a mean
absolute percentage error (MAPE). The results of these accuracy measurements produce a
MAPE of 57 per cent for model A, 30 per cent for model B, and 37 per cent for model C.
Based on the criteria of time-series model accuracy from Lewis [65], model A is said to be
inaccurate, while models B and C are called reasonable. Because the MAPE of model B is
smaller than that of model C, the model used to estimate the annual intensity of extreme
earthquakes in this experiment is model B, ARIMA (1, 1, 1).

4.4. Force of Interest Rate Process

The data used to apply the CIR model in this research are annual interest rate data from
Indonesia from 1990 to 2021. The data are converted into the force of interest with the for-
mula 7; = In(1 + ¢;), where z; is the interest rate at time ¢. Data were obtained from Bank In-
donesia, the Central Bank in the country. First, we discretized Equation (1) to make it easier
to estimate the parameters. We discretized the interval [0, T] into {t) =0,t,...,t, =T},
where 7 represents the number of steps. The discretization result of Equation (1) is ex-
pressed as follows [66]:

Ay, = k(0 —11;,)Ati 1 + 07 MEtil

Ary. ,

\777“ - KeAt'\/%l — K\ /P A1 + 01 y/Dli 1, 1)
where i = 1,2,...,n—1, Ary, | = 11, — 1, Dtiyr = tiy1 —t;, and ¢; represents i.i.d.
N(0,Atj11). Parameter estimation of Equation (21) was conducted 15,000 times using
the MLE method. Briefly, the results of these parameter estimates are £ = 0.493096,
0 = 0.0255701, and &7 = 0.002278. We also compare the CIR model with the constant
interest rate model r = 0.098015. We call this the constant interest rate model. Next, the
accuracy of both models was measured using MAPE. In short, the MAPE obtained was
31 per cent for the CIR model and 54 per cent for the constant interest rate model. According
to Lewis [65], the accuracy of the CIR model was reasonable, while the accuracy of the
constant interest rate model was low. Therefore, the CIR model was chosen to estimate the
annual interest rate in the model experiments in this study.

4.5. Estimating Earthquake Bond Prices

To determine the estimated price of zero-coupon EBs (ZCEBs) and coupon-paying
EBs (CPEBs), the values of some variables must be determined first. The values are given
in Table 5.
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Table 5. Variable values in EB price estimation.

Variable Value
t 1 January 2022
T 31 December 2023
K 1IDR
C 0.1 IDR

Table 5 shows that an EB has a redemption value of K = 1 IDR, a coupon of

C =0.11IDR, and a term of 2 years, namely, from 1 January 2022 to 31 December 2023.

By using the ARIMA (1, 1, 1) model, we iteratively obtained that the intensities of extreme

earthquakes in 2022 and 2023 were A1s = 261.2826 and A1 = 264.5583 extreme earthquakes

16

per year, respectively. Hence, m; 1) = ftT Asds = ), Ay = 525.8409. Then, using the force
£=15

of interest in 2021, ¢ ~ r3y = 0.0344014, we obtained Bcjr(t, T) ~ 0.98112. Then, the
payoffs of ZCEB and CPEB at time T were as follows:

1 0< M[t,T] <5
0.875 :5< Mj,
Rr=1{ 075 :6< Mg <7 (22)
0625 :7 < M[t,T] <8
0.5 : M[t,T] 2 8

and
1.1 0< M[t,T] <5
0.875(1.1) :5 < M[t,T] <6
Rr = 0.75(1.1) 16 < M[t,T] <7, (23)
]

0.625(1.1) :7 < M1 <8
0.5(1.1) . M[t,T] Z 8

respectively. The selection of the interval M; 7) at each step is based on the classification of
earthquakes in Indonesia based on their strength, as follows:

(@) 0 < My, 1) < 5represents the classification of earthquakes with micro to light strength;
(b) 5 < My 7] < 6 represents the classification of an earthquake with moderate strength;
() 6 < My 1) <7represents the classification of an earthquake with strong strength;
(d) 7 < My 1) < 8represents the earthquake classification with major strength;

(e) My, 1) > 8represents the classification of an earthquake with great strength.

Then, the set of EB payoff proportions can be adjusted to suit investor tolerance. In
this study, investors only want to lose half of their payoffs if the maximum strength of the
earthquake is greater than or equal to 8 M|, and receive the whole amount if the maximum
strength of the earthquake is less than 5 M. Meanwhile, for other earthquake strength
intervals, the proportion of payoffs to EB is determined by an arithmetic series with a
difference of 0.125. With the specified variable values, the estimated prices of ZCEB and
CPEB in Indonesia are IDR 0.5595 and IDR 0.6155, respectively.

5. Discussion
Returns from ZCEB and CPEB are as follows:

1205595 .0 < M q <5 04405 :0< My <5
087505595 g o
Q875-055% 5 < Mr) < 6 0.3605 :5< Mg <6
Rzcep = o002 16 <My <7 =4 02539 :6<Myn<7  (24)
0622055 .7 < M,y < 8 0.1047 :7 < Mg <8

0598255595
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= 0.44079P(0 < Myq < 5) +0.36090P (5 < Myq < 6) +...—0.11842P (M[m > 8),

_ P (0.4407910§ Miyp<5 +03609015<pr, . <6+ ... — 0118421y, =g ’.7-}),

13 0f 21
and
1.1-0.6155
2RI :0<M <5
0875(1.%.)170.6155 = Tl 0.4405 :0< My <5
“osnan . O SMpr <6 03605 :5< Mjq <6
Rcpep = 0'758%}5)(;(1)')6155 PO My <7 =4 02539 :6<Myp<7, (25
% 17 < Myq <8 0.1047 7 < Mg <38
05(1.1)-0.6155 i —0.1191 : M, > 8
05(1.1) My, = 8 ]

respectively. Equations (24) and (25) show that with the same payoff proportions {11, 72, ..., 75}
and intervals M|, 1), the returns from ZCEB and CPEB appear to be the same for each
possibility. Thus, the means of returns of both are also the same. The maximum return from
EBs based on Equations (24) and (25) is 44 per cent. This amount is very large compared to
traditional bond securities. Then, the smallest return from EBs was deemed to be —11.8 per
cent. The means of returns from ZCEB and CPEB received by investors are as follows:

EP(Rzcep|Ft) = EP(Repes| Ft),
(26)

= 0.00494.

Next, we examine the effect of the EB term on its price. Rationally, the EB term has a
negative relationship with its price, whereby the longer the EB term, the lower the price,
and vice versa. We will validate this through our model. Visually, the relationship between
the EB term and its price is given in Figure 6. This shows that the EB term is inversely
proportional to its price. Therefore, the model can describe this according to reality.

0.70

=@==7CEB Price (IDR)

Price (IDR)
©
o
(92

—&— CPEB Price (IDR)
0.50

0.45

EB Term (Year)

Figure 6. Effect of EB term on its price.

The effect of the stochastic force of interest on EB prices is analyzed next by exam-
ining the difference between EB prices with the stochastic and constant force of interest
assumptions for a term of one to five years. The constant interest rate used is 6 per cent
according to actual conditions in 2021. This difference in EB prices with two assumptions is
visually shown in Figure 7. It shows significant differences in EB prices between the two
assumptions, with ZCEB and CPEB prices ranging between 3.12 and 9.21 per cent and 3.43
and 10.13 per cent, respectively.
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0.10
o
& 0.08
Q
e 0.06 —e—DDifference ZCEB
= Price (IDR)
?DE 0.04 —e—Difference CPEB
Price (IDR)
0.02
0.00

1 2 3 4 5
EB Term (Year)

Figure 7. The difference between EB prices with the assumption of stochastic and constant force of
interest rates.

The analysis in Section 4.2 reveals that GPD Type I is more fit than GPD Type II for
describing the distribution of extreme earthquake strength data in Indonesia. The study
also examines the effect of the fit on EB prices by examining the difference between EB
prices using two GPD types for a term of one to five years. The difference in EB prices is
visually shown in Figure 8. It shows significant differences in EB prices, with ZCEB and
CPEB prices ranging between —7.01 and —6.28 per cent and —7.71 and —7.02 per cent,
respectively. Therefore, the careful selection of the most appropriate type of GPD is crucial.

-0.060
1 2 3 4 5
-0.065
3
=
T =@=Difference ZCEB
£ -0.070 Price (IDR)
o
g =@==Difference CPEB
a Price (IDR)
-0.075
-0.080

EB Term (Year)

Figure 8. The difference between EB prices based on the use of GPD Types I and II.

Based on the analysis in Section 4.3, inconstant extreme earthquake intensity models
are more accurate than constant ones in describing annual extreme earthquake intensity
data. The effect of this accuracy on EB prices is also analyzed by examining the difference
between EB prices using these inconstant and constant assumptions for a term of one to five
years. The difference in EB prices is visually shown in Figure 9. Figure 9 shows significant
differences in EB prices, with ZCEB and CPEB prices ranging between —0.09 and —0.06 per
cent and —0.10 and —0.07 per cent, respectively. Therefore, it is crucial make the choice
using assumptions to yield a more accurate annual intensity forecast.
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o —@-Difference ZCEB
£ Price (IDR)
m o
L -0.0008 *leference CPEB
£ Price (IDR)
o

—0.0009

—0.0010

EB Term (Year)

Figure 9. The difference between EB prices using inconstant and constant extreme earthquake intensities.

6. Conclusions

This research presents an EB pricing model involving inconstant event intensity and
the maximum strength of extreme earthquakes under the risk-neutral pricing measure.
Focusing on extreme earthquakes simplifies the modeling process and data collection and
computing time compared to considering the infinite frequency of earthquakes occurring
over a continuous time interval. The inconstant intensity of the event is accommodated
by an inhomogeneous Poisson process, while the maximum strength is modeled using
extreme value theory (EVT). Then, the model is applied to earthquake data in Indonesia,
the country with the second highest frequency of earthquakes worldwide. Finally, the
variable sensitivities of EB prices are also analyzed.

The results of the sensitivity analysis of the variables show that EB can provide a
positive return of almost 50 per cent. Meanwhile, it is also possible to obtain the largest
negative return, but the quantity is not as much as the maximum positive return. Then, the
inconstant extreme earthquake intensity and force of interest rate have crucial implications
for EB prices. There is a significant difference between EB prices with the assumption of
inconstancy and constancy in two variables. This indicates that it is important to use the
inconstant extreme earthquake intensity and force of interest rate. Then, the selection of
GPD Types I and II that fit the extreme earthquake strength data distribution also has an
important effect on the EB price, and there is also a significant difference in EB prices based
on the fits of the two GPD types. Therefore, the careful selection of the most appropriate
type of GPD is crucial.

The maximum strength risk model for extreme earthquakes can be utilized by prac-
titioners, disaster management agencies, or geological agencies to measure the risk of
such disasters in a region, and the EB price models can be used by the issuer in setting
EB prices. Then, the conducted experiments can guide how to use the models designed
in this research. Investors can use the sensitivity of the variables to EB prices to choose
EBs that suit their risk tolerance. As a suggestion for future research, the model in this
study can be developed to include multiple triggers. An additional trigger that can be
used is the indemnity index. The involvement of this index ensures that the severity of
the earthquake can also be measured financially. Then, the country’s territory can be
further decomposed into smaller administrative regions. Accommodating differences in
earthquake risk characteristics through this decomposition can help make earthquake bond
prices more reasonable.
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Appendix A

The event {M; < x} occurs if n extreme earthquakes occur, n = 0, 1, 2,... , and
the maximum strength of the n extreme earthquakes is less than or equal to x. There-
fore, the event {M; < x} can be represented as a union of the mutually exclusive events
{Nt =n,M; < x}, or

{My <x}=J {Ne =n M <x}.
n=0
Thus,
FMt(x) = P{Mt < x},

[ee]
= Y P{N;=n,M; <«x},

n=0

— ¥ P{N; = n}P{M; < x|N; = n}.
n=0

Then, the event { M; < x} for a fixed n is equivalent to the event {X; < x,..., X, < x|X; >
U, ..., Xn > p} such that

=
—~

Fap, (x) = ZOP{Nt =n}P{X; <x,..., X0 <x|Xy>4,...,Xn > u},
n=

)
— — P{X1<x/ SXn <X, X1 >, ,X11>V}
B nEOP{Nt N Tl} P{X1>p,..., Xn>p}
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— P =n HSAXA1SX,.. 1 nS

7’!20 { } P{X1>}l,,Xn>]/l} 4
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Appendix B
Let [0, T] for finite positive real number T be a continuous trading time. Let finan-

cial market and earthquake risk variables be modeled within filtered probability triples

(Q(l), F), P(l)) and (Q(z), F2), P(Z)), respectively. Then, let (Q), F, P) be the probabil-

ity triple for the full model, where:

e 0=00x0® represents the sample space for the full model;

o F=FW x F@ represents the sigma field of subsets of O, where F; = .7-',51) X ]__k(z) C
F,k=0,1,2,...,Tis a corresponding increasing filtration;

. P(w(l),w(z)) = pW (w(1)>P(2) (w(2)) represents the probability measure on F,
where (1) € O and @ € OO are generic states of the world representing the
states of the financial market and earthquake risk variables.

To explain the ZCEB price model in Equation (11), a brief explanation of the steps
developed by Cox and Pedersen [55] is shown first. In the context of the comprehensive
model that relies on financial market variables or earthquake risk variables, the new
increasing filtrations Agl) c AM and Agz) C .A( ) are defined for t € [0,T]. These
filtrations are generated from sigma field Agl) ) x {2,0} and .A ={0,0} x .7-" 2,
They prove that sigma fields A(Tl ) and A(Tz ) are 1ndependent under the probability measure
P so that P(a; Nay) = P(aq)P(ap) with oy = Ap X 0@ ¢ .A(Tl) for some A; € .7-"%1) and
ay = oW x Ay € A(TZ) for some A; € ]-';2)

A random variable X on (Q), F, P) is dependent only on financial market risk vari-
ables if X is measurable with respect to .,él(T1 ). In other words, X (w(l), w(2>> =X (w(l)) .
Similarly, a random variable X on (Q), F, P) is dependent only on earthquake risk variables
if X is measurable with respect to A(Tz). In other words, X (w(l), w(z)) =X (w(z)) .

A stochastic process M is evolved through dependence only on financial market
risk variables if adapted to .A(). Similarly, a stochastic process M is evolved through
dependence only on earthquake risk variables if adapted to A?).

They proved that under the assumption that aggregate consumption depends only on
the financial variables, for any random variable X that depends only on catastrophic risk
variables, EQ(X) = EP(X). Put simply, the distributions of the process representing the
maximum strength of extreme earthquakes remain unchanged when transitioning from the

risk-neutral measure Q to the physical probability measure P. The sigma fields A(Tl ) and

.A(T2 ) exhibit independence under the probability measure Q.

Based on the primary findings of Cox and Pedersen [55], we can infer that in the
context of risk-neutral pricing measure Q, events that only depend on financial market
risk variables are independent of those that depend on earthquake risk variables. Thus,
Equation (11) can be obtained as follows:

Vi = EQ e-ﬁT’sdsRT\ft)
= EQ (el | R ) EQ(Rr| F2),
= BCIR(f T)EP(R1|Fy),

)
,T)EP ( mKlo<my py<ay + 12K gy <My py<ty + +773K1M[m>¢5,1 ]:t)/
= Beir(t, T) [mKP(O < M) < dl) +172KP(d1 < My, < dz) +-
+15KP(Mpeq) > 251) ],
= Beir(t, T)K { [ ( 1] < d’l) _P<M[t,T] < 0)}
+172[ ( ) < ¢2) - P(M[m < dl)} +
+1s [1 - P(M[t,T] < 48—1” }
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= Boir(t T)K [P (M) < 1) =P (Mg <0) + 1P (M7 < 2)
—WZP(M[t,T} < dl) to s — USP(M[t,T] < d871>}’

= Berr(t, T)K[_ﬂlp(M[t,T] < 0) + 771P(M[t,T] < a’l) - WzP(M[t,T] < dl)
+1P (Mg < ) = 1P (M) < d2) +-+-
+77871P(M[t,T] < a’sq) - WSP(M[t,T] < dsfl) + 775},

= Beir(t, T)K :_ﬂlp(M[t,T] < 0) + (1 — WZ)PEMU,T] < 0’1) + (12
_773)P(M[t,T] < dz) + ot (1521 —ns)P(Mpq) < a’sq)
+115,

= Berr(t, T)K (71 — 1) P (M) < 1) + (12 = 13)P (M < ) + -+
+(115-1 — US)P(M[t,T] < dsfl) + 773},

-1
= Ber(t, T)K |1s + Zﬂ (1m — 77m+1>P(m[t,T] < dm)],

where 1
—myyr) (4 g (d—p) €
e 2 : (’: # O
P(M[t,T] S 'dﬂl) = (7m) )
— [7‘2
e MTe . g -0
and
Beir(t, T) = A(t, T)e BT,
Z'yew %
A(t,T) = (b)) (T 1) 727
N Z(eW(T*f)_l)
B(t,T) = () (@ T D—1) 127"
=/ +20
Appendix C

Vi = EQ(e~ ) o Ry| F)

= EQ(eh | 7 ) EQ(Rr| ),

= Beir(t, T)EP (Rr|F1),

= Beir(t, T)EP (1(K+ C)lozm, <y + 12(K+ C) 1y < <y + -+ +11s(K
FO My =5 1 | Ft)s

= Berr(t,T) [;71(1< + C)P(o < Mjyq < 41) (K + C)P(a’l < M < dz)
-+ ns(K+ C)P(M[t,ﬂ > dsq)},

= Berr(t, T) (K + C){’?l [P(M[t,T] < dl) - P(M[LT] S 0)}
+1[P(Myry < d2) = P(Mpp < a1)] +-+-
+is[1=P(Myn) < s )] .

= Ber(t, T)(K+C) {771P(M[t,T} < dl) - ’Ylp(M[t,T} < 0) + WZP(MU/T} < dz)
—UzP(M[t,T] < a’l) + s — USP(M[t,T] < d5_1>},

= Ber(t, T)(K+C) {_Ulp(M[t,T] < 0) + ﬂlP(M[t,T] < d1> - sz(M[t,T] < 41)
+172P(M[t,T] < dz) - 773P<M[t,T] < ﬂ’z) +e
+’7$—1P(M[t,T] < ds-1> - USP(M[t,T] < afs—l) + '75},
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= Beir(t, T)(K+C) :_WlP(M[t,T] < 0) + (m — Uz)P(M[t,T] < ﬂ'l) + (12
—13 P(M[m < dz) ot (ns-1— US)P<M[t,T] < 4871)
+1s), )
= Beir(t, T)(K+C) | (1 — ’72)P<M[t,T] < ¢1> + (112 — 773)P<M[t,T] < dz) + -
+(1s-1 - ﬂs)P(ﬂ@[m = 45—1) + ﬂs},

S-1
= Ber(t, T)(K+C) |15 + 2—1 (1 — 77m+1)P(777/[t,T] < dm>:| ,

~—

where 1
—mp 1+ & (dm—p)) &
e 2 , 0
P(My) < @) = s C#A0
e "Mme . :¢=0
and
BCIR(t, T) = A(t, T)e*B(tzT)rt, g
2o S 7
AL, T) = () (T D 1) 127 ,
Y(T—t) _
B(t, T) — 2(8 1)

(k47) (7T -1)+297
v = /K% + 202
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