CHAPTER 5

NUMERICAL RESULTS

5.1 Introduction

Chebyshev polynomials. In doing so, we obtaine :
singular integral equations are formulated as a g smf
coefficients. We have tested the proposed n@ of
LogSIEk and SSIEK. \ £
& N
Several methods have been rcccnll%‘)pe& for
Specifically, Dezhbord et al. (2016)N51i02
(Case (I), Case (II), Case (III) ¢ d?c'(wl) of
space method. Eshkuvatov et u% ) congidey @Qg 10d based on collocation method;
they studied efficient ;1ppm&Nc mt]lh\For soéﬁg CSIEs of the first kind with four
cases (Case (I), Case (I Cd (11 “m:;;asc&')). We applied the same example and
compared the numcriu\%\ls ki )\filh‘fhose by various methods to make compar-
ison between the pr(% metigod gh llé\\s)elhods presented by Dezhbord et al. (2016)

and Eshkuvatov g %( 09). b 4 X
N
9

All the 1 \cul calculations reported in this chapter have been performed on the
NI

A

N

U] cal solution of the CSIEs.

um{&al solution of various cases

I ing reproducing kernel Hilbert

amming using programmes written in MATLAB code, some of these code

ppendix, a great deal of effort has been made in the development of MAT-

[LAB code for the approximate solution of LogSIEk and SSIEk.
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5.2 Special Logarithmic Singular Integral Equations of Order &

This section reports on two numerical experiments homogeneous and inhomogeneous
cases for the first and second kinds LogSIEK to study the accuracy and the performance of
the proposed adaptive strategy method. All experiments have been conducted using MAT-
LAB. All exact solutions are always known. Two examples were performe n=>3
and n = 10. We restrict the presentation to the simplest case k = 1,3,51 x The
right-hand side for the Galerkin method is always computed as explai % Chapters 3
and 4.

0(x)log |x° — £]dx = —gr (5.1)
- L
g
The exact solution of Eq. (5.1) is | _{-)
o) = —= ¥
=
VI—x0 \/ <
The approximation solution of Eq. (5.1) /m\a
9s(1) = anZ}, g x)%g) ¥ (5.2)

47
(=
o
2

\
oL c_)(z

Here, the exact a)zd zma ()n ) ééf()mude The absolute errors between exact
and approximati w ions ec (emv
N

9

Now, we re <( (5.1) to the form

S

-1
/ o(x)loglx—rldx = —mr,  re(=1,1) (5.3)
Tl
The exact solution of Eq. (5.3) is:
X
) = = x€(—1,1)
] —x*



The approximation solution of Eq. (5.3) has a form

1
+
Vil =12 A/

¢s(1) = aoTo(t)

1 5}
= bR () (5.4)
i=1

where T;(t) is Chebyshev polynomials of the first kind. We find the unknown coefficients:

g

a; =1[0,1.0,0,0,0,0]

The exact and approximation solutions coincide. v
\d. Y-

>
Example 2 Consider inhomogeneous linear LogSIE@seco d Bpd !@%SIE.?)'
¢ b

V

) (5:9)
;%

(p(,)#315+7rr3\/1~r°Jr vy z
3110 o i

The exact solution of Eq. (5.5) is:

(5.6)
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Table 5.1: Example 2: Absolute Error for different values of n

X n=>5 n=10
0.9 || 0.000000000000000 E+00 | 0.000000000000000 E-+00
0.8 || 5.551115123125783 E-17 | 0.000000000000000 E+00
0.7 || 2.775557561562891 E-17 | 0.000000000000000 E+00
0.6 || 1.387778780781446 E-17 | 0.000000000000000 E+g@,8'
0.5 || 0.000000000000000 E+00 | 0.000000000000000 Eg!
0.4 || 1.734723475976807 E-18 | 0.000000000000000 g
0.3 || 4.336808689942018 E-19 | 0.00000000000000 ™00
0.2 || 5.421010862427522 E-20 o.ooooooooooo@&ﬁ
0.1 || 1.694065894508601 E-21 | 0.0000000Q00 E+00
0 | 0.000000000000000 E+00 | 0.0000000 Q0E+0
0.1 || 1.694065894508601 E-21 | 0.000000 5"5@&.
0.2 || 5.421010862427522 E-20 | 0.00000840000D0Q J+p0 C,S-
0.3 || 4.336808689942018 E-19 | 0.0009§0000g0d00g E-+08
0.4 || 1.734723475976807 E-18 | 0.0800006QQuaf000 £
-0.5 || 0.000000000000000 E-+0Qe] 2B0000p0ggh00gTRE+00

0.6 || 138777878078 1446 E-L #000000QQF000G0 E+00
0.7 0.78P0Io@000 E+00

2.775557561562891 &
0.8 || 5.5511151231257 €0.00gd00g8A0000 E+00
-0.9 || 0.00000000000096Q¥®+00 00090000000 E+00
=
AN

0
s s
N

&

Eq. (5.5) can be reduced t wor %
& &
o(1) = b5 —ridx. e (L) 5.7)
&
The exact solution I (5.7 {\
X v
t) = g e (Bl
O W S e
The appn '1%21’0/1 solution of Eq. (5.7) has a form
s (1) To(t) : + : iaT(r) (5.8)
= i1 .
S 040 \/1*1‘2 \/14121.:1 i

We find the unknown coefficients:

a;=[0,1,0,—5.551E — 17,0, —5.551E — 17]

95



Table 5.2: Absolute Error for different values of n of Eq. (5.7) (after reduction order)

b n—=:>5 n=10
1 0.9 || 0.000000000000000 E+00 | 0.000000000000000 E+00
0.8 || 0.000000000000000 E+00 | -2.220446049250313 E-16
0.7 || 1.110223024625157 E-16 | 2.220446049250313 E-16
0.6 || 1.110223024625157 E-16 | 1.110223024625157 E-1
05 || 1.110223024625157 B-16 | 1.110223024625157 E
|04 || 0.000000000000000 E+00 | 0.0000000000000004™eQ
0.3 || 0.000000000000000 E+00 | 0.00000000000000 =00
0.2 || 2.775557561562891 E-17 o.ooooooooooowo
0.1 || 1.387778780781446 E-17 | 1.387778780 6 E-17
6.798155367234457 E-33 | 6.7981553
-0.1 || 1.387778780781446 E-17 | 1.38771
0.2 || 2.775557561562891 E-17 0.0%@
-0.3 || 0.000000000000000 E+00 | 0.00M8Q00
-0.4 | 0.000000000000000 E+00
205 || 1.110223024625157 E-16

0.6 || 1.110223024625157 E*
0.7 || 1.110223024625157 € B4)od313¢ E-16

|
[
|
\
\
0.8 | 0,000000000000003 67220%6040350313 E- 16
i

>
20.9 || 0.00000000000 00 ‘Moo@oooooo E+00

=
O WS




5.3 Special Singular Integral Equations

This section considers three numerical experiments to study the accuracy and the perfor-
mance of the proposed adaptive strategy method. All experiments have been conducted
using MATLAB. The exact solution of all examples are always known. Three examples
were performed with n = 5. We restrict the presentation to the simplest casqgr= 1.3.5
respectively. We solve all examples in four cases (Case (I) - Case (IV)) dl compar-

ison test between of them and the exact solutions. The computational IG%E&[S presented.

Example 3 has been solved by several researchers using approaches ZEshl\uvatov et al.

(2009) and Dezhbord et al. (2016). Therefore, we will compdl esu wnh those.

Example 3 Consider the singular integral cqu(m()n (SI Eg I\Ww al. (2009),
Dezhbord et al. (2016)):

/ f’“m_. 50 4 2% x— (5.9)
Ji=1 X
Case (I): The solution is unbounded at bma
The exact solution of Eq. (5.9) is:
o(1)
The approximation sol,
(5.10)

where Ti(t) is Ché ‘M\ poly lmmm/ng/:( first kind. Applying the proposed method, we

find the unkn ()(’//l( ients: N
u()— i 0 ]
Q aj (0.23873241463784301880823018263044
a| | 0.55704230082163371055253709280436
as | 0.21883804675135610057421100074457
ay 0.1989436788648691823401918188587
s | | 0.01989436788648691823401918188587 |
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Table 5.3: Example 3 Case (I): Absolute Error compared with Eshkuvatov et al. (2009)
% =15 n=20
-0.95 || 2.220446049250313 E-17 || 8.881784197001252 E-16
-0.9 || 6.661338147750939E-17 || -6.661338147750939 E-16
ii)] 2.775557561562891E-17 || 7.494005416219807 E-16
-0.5 || 6.938893903907228E-17 || -5.551115123125783 E-16
-0.3 || 5.551115123125783E-17 || 2.220446049250313 E
-0.1 5.551115123125783E-17 || -3.330669073875470 -1
0.0 || 0.000000000000000E+00 || 1.665334536937733 E-1
0.1 5:55 IHIST123 195783 F 17
0.3 1.110223024625157E-16
0.5 1.110223024625157E-16
FO.7 0.000000000000000E+00
0.9 3.885780586188048E-16
0.95 || 4.440892098500626E-16

The absolute errors between exact and appr .\‘W sokioMycomared with results are
given by Table 5.3. \Y 0y

. \
Case (IT): The solution is bounded end*poigtsqy @t{:
The exact solution of Eq. (5.9) t q | 0’

O

The approximation A‘()/l%\“ D SR 8) s A Tyrm:
5
Q?f i @H 1—12Y aUi(t) (5.11)
i=1
where U;(t) i.\‘ﬂ)

S

1eDYshev polynomialSNf the second kind. Applying proposed method, the

unknown cge nts are found:
Q. el e 0 ]
aj —1.5119719593730057857854578233261
a| | —0.47746482927568603761646036526088
as | —0.3978873577297383646803836377174
as —0.03978873577297383646803836377174
las] | ¢ J

98



Case (II): T

le 3 Case (II): Absolute Error compared with Eshkuvatov et al. (2009)

Table 5.4: Examp

X

n—>5

n =20,

-0.95

5.551115123125783E-17

1.665334536937735 E-16

-0.9

0.000000000000000E+00

3.330669073875470 E-16

-0.7

4.440892098500626E-16

17.76356839400250 E-16

-0.5

5.551115123125783E-16

593 1115123125783 E-16

-0.3

4.440892098500626E-16

2.220446049250313 E

| -0.1

2.220446049250313E-16

0.0

0.000000000000000E+00

2.220446049250313 5—1
6.661338147750939 E-

L 0.1

2.220446049250313E-16

0.000000000000008E+00

0.3

2.220446049250313E-16

(%3]

2.220446049250313E-16

6.66133814 7ME-16
E-16

0.7

2.220446049250313E-16

0.9

2.220446049250313E-16

0.95
s

2.220446049250313E-16

Table 5.5: Example 3 Case (I1I): Absolute Ex

T/zcz.& E/mimz of Eq. (5.9)is

&0

I\s tion is bounded;q the point x = —1:

X n=>:

-0.9

0.00%O
-0.6 || 4.4 S

-0.3

0.0 00 E§-0

S(s‘ oy,
b N |
I‘Nt) 2268 -1

S

sy = L, [T

TV 1-—

T ar?

303 7
oL +r—§)

The approximation solution of Eq. (5.9) has a form

[1+1 L+1
os(1) = ao T——IVO(I) + \/;Za,-\/,-(r)
=il
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where Vi(t) is Chebyshev polynomials of the third kind. Apply proposed method, the un-
known coefficients are found:

ao —0.755985979686292886015053227311

aj 0.51725356504845010352511280871113

a| | 0.039788735773183758759330430621048

az| | 0.17904931097817231022695239062159 Y'
a, 0.019894367886696896069453899258406 %\
as | | —2.099890478883082430439340790E —

T

Table 5.6: Example 3 Case (1II): Absolute Error compared wjth]bord et al. (2016)

% n—5 n =200

-0.9 || 1.599E-12 || 9.949 K

-0.6 || 1.130 E-13 : \do
-0.3 || 2.860 E-13
0.0 || 0.000 E+00
0.3 || 2.860 E-13

0.6 || 1.137 E-
0.9 || 1.600 E-

Case (IV): The soluti

The exact solution og

:%(z)n :é?(r4+6131;r3+61+%) (5.14)

The apy ";Ei()n solution of Eq. (5.9) has a form
) = (1) ,/——1" 5 aiWi(1) (5.15)
Y = =y W .
s ( CON el l+r[:El iWi
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where Wi(1) is Chebyshev polynomials of the fourth kind. The unknown coefficients are:

fag] [ 0.75598597968613712172469831784838 |

ai 0.9947183943239800152369411989639

a| | 0.43767609350234643050825411592086

ay| | 0.21883804675099033376639567904931

as 0.019894367886121169103352812612684

as| | —3.657695932040300321376818072E — 13 \Y.

X =53 n =200,
-0.9 || 9.184 E-13 || 2.594 E-8

-0.6 || 6.506 E-14 || 3.486 E- Y. ,
-0.3 || 1.639 E-13 || 8.386
0.0 || 0.000 E+00

Table 5.7: Example 3 Case (IV): Absolute Error compared with D ?-d et al. (2016)

AN
0.3 || 1.636 E-13 | .{"’
0.6 || 6.528 E-14 Y_\T
0.9 || 9.199 E-13; 4\
\"’ S

The absolute errors between exact and

Dezhbord et al. (2016) are given by |

1”6[ l Il(@ompamd with results in

(5.16)
Y—
Case (I): The n is unbound Yboth end-points x = +1:
The exact sn%\o/ Eq. (5.16) is:
f(t)= 2[2 =R o (5.17)
The approximation solution of Eq. (5.16) has a form
12
() = apZ o (1 + aZ (5.18)
./3( ) 0 (1.())( )\/1_,(1 2 1~r"~2
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The unknown coefficients are found:

F(I()
aj
an
aj

ay

as

0
0
0

—0.47746482927568602599735201099929

0

| 0.47746482927568602599735201099929

n—>5

| 5.828670879282072E-16 | 5.828670879282072 E-10

0.7 | 1.110223024625157E-16 | 1.110223024625157E IMQf024625157E-16
0.5 | 1.249000902703301 E-16 | 1.2490009027033 2400903301 E-16
03| 2.081668171172169E-17 | 2.081668171172 J1 6613

0.1 | 4.208059681959364¢ E-18 | 4.208059681959 J20808R081959364¢ E-18
0.0 | 0.0000000000000000 E+00 | 0.00000000 10.0083000000000000 E+00
0.1 | 4.065758146820642 E-19 | 4.06575 £P5758146820642 E-19
0.3 | 2.081668171172169E-17 | 2.081G68171 R.081668171172169 E-17
0.5 | 1.110223024625157-16 | 1.1IQM4ETSSR16 G 1.110223024625157-16

0.7 | 5.551115123125783E-17 | SAINSI2IRIYBE-&F| 5.551115123125783 E-17
209 | 4.163336342344337 E-16 4.163336342344337 E-16

The absolute errors between e:

S
A
3

S

&

102

given by Table 5.8.



Eq. (5.16) can be reduced to the form:

i iles e o)
l:—rcl.\_8r — 8t +1, te(—1,1) (5.19)
Case (I): The solution is unbounded at both end-points x = +1 (after redu or-
der): \
The exact solution of Eq. (5.19) is: :%
: 1 . .
= ﬁ(8t3~ 12¢° + 4¢) Y- (5.20)
e f—

The approximation solution of Eq. (5.19) has a form

where T;(t) is Chebyshev polynomials of the first kind.

Table 5.9: Example 4 Case

f5(t) = agTo(t)

ag

ay

ay

—0.1591549430 34562\7\&%
6

O 9
0.1591 549@95@@522@696
: S

S/

| |
+
V1—12

9

'S

\%

(OS]
~J
(@)

b (%.,(5. 19) (after reduction order)
- n 79

X n=>
0.9 | 7.216449660063 -16 7.7 @1!9@‘6)63518 E-16 | 7.216449660063518 E-16
0.7 | 2.046973701§° ZB- 0 69‘9*‘/( 1652632E-16 | 2.046973701652632E-16
0.5 | 1.1102230240%#>57 E-16 lfl @‘3024625157 E-16 | 1.110223024625157 E-16
0.3 | 1.110223 5157 E-16 1.1&55_23024625 157 E-16 | 1.110223024625157 E-16
i ORISR 55s 562891 E-17 | 2.775557561562891 E-17 | 2.775557561562891 E-17
0.0 | 7. W 65038752 E-17 | 7.796343665038752 E-17 | 7.796343665038752 E-17
_—(71"%)04925()3 13E-16 | 2.220446049250313E-16 | 2.220446049250313E-16
-0.3 | 0.000000000000000 E+00 | 0.000000000000000 E+00 | 0.000000000000000 E+00
0.5 | 3.885780586188048E-16 | 3.885780586188048E-16 | 3.885780586188048E-16
-0.7 | 3.712308238590367 E-16 | 3.712308238590367 E-16 | 3.712308238590367 E-16
] -0.9 | 3.885780586188048 E-16 | 3.885780586188048 E-16 | 3.885780586188048 E-16
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The absolute errors between exact and approximation solutions are given by Table 5.9.

Case (II) : The solution is bounded at both end-points x = +1:

The exact solution of Eq. (5.16) is:

11 = 22V TR 810

41)

The approximation solution of Eq. (5.9) has a form:

The unknown coefficients are found:

r - -

a

2.6
0.9 3.191891195797325 E-16
0.7 5.551115123125783 E-17
0.5 8.326672684688674 E-17
0.3 1.908195823574488 E-17
0.1 | 421483594 183 4.214835945537399 E-18
0.0 o.oooooom(% 00 E+00"| 0.084A00000000000 E+00 | 0.000000000000000 E+00
0.1 | 4.133528882000986 E-19 | 4.3%6808689942018 E-19 | 4.336808689942018 E-19
0.3 | 2.42 6367530 E-17 | 2.428612866367530 E-17 | 2.428612866367530 E-17
0.5 | 1 3MRIY780781446E-17 | 1.387778780781446E-17 | 1.387778780781446E-17
-0.7 é&ll5123125783 E-17 | 5.551115123125783 E-17 | 5.551115123125783 E-17
-0.9 | 7.771561172376096 E-16 | 7.771561172376096 E-16 | 7.771561172376096 E-16

The absolute errors between exact and approximation solutions are given by Table 5.10.
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Case (IT) : The solution is bounded at both end-points x = +1 (after reduction order):

The exact solution of Eq. (5.19) is:

f()

1
= L= 12(81> — 4r)

The approximation solution of Eq. (5.19) has a form:

(])5(1) =&Vl -1261()U()(I)+ V1 —IZZJ:(I,'U,'(I‘) s%
i—1

(5.24)

N

(5.25)

where Ui(t) is Chebyshev polynomials of the second kind. The unkno& coefficients are

found:

Table 5.11: Example 4 Case (II): Absolute mof

[ag] [

aj

as

aq

) |

o O O

0.31830988618379069121

0

&

P

) zsl\
20192752
o

(&Qreduction order)

X n—=5 n=9
Fo_g 1.110223024625157 E-16 1.110223024625157 E-16
| 0.7 | 7.285838599102590 E-1 7.285838599102590 E-17
0.5 | 5.551115123125783 E-1 5.551115123125783 E-17
0.3 | 1.110223024625157 1.110223024625157 E-16
0.1 5.5511151231257*% 510095783 E-17 | 5.551115123125783 E-17
0.0 | 0000000000000 00f| ©.0pdgd0dH000000 E+00 | 0.000000000000000 E+00
0.1 | 5551115123} 17| ?5)1198723125783 E-17 | 5.551115123125783 E-17
[-03] 11 1022?:§; 7EAIRY £116823024625157 E-16 | 1.110223024625157 E-16
0.5 | 2.2204468QQ50313 E-16 | 2:8M446049250313E-16 | 2.220446049250313E-16
-0.7 RIN6T4310 E-16 | 3417405247674310 E-16 | 3.417405247674310 E-16 i
0.9 536937735 E-16 | 1.665334536937735 E-16 | 1.665334536937735 E-16
Case (III): The solution is bounded at points x = —1:
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The exact solution of Eq. (5.16) is:

. 3 1413 . .
f(z):?? 1_{3(8r'2—8z)—4r(’+4r") (5.26)

The approximation solution of Eq. (5.16) has a form:

I ,2 R .
i a()— \/ 1—13 ( 5.0 1—13 ZG'Z(&:‘)(I) YE'T/)
i=1 \
The unknown coefficients are found: 1%

ao ( —0.000000000000220389632900042202

aj 0.0000000000002202856244134613306

a| | —0.00000000000022021641724558

as B 0.4774648292754654632652488

ay 0.95492965855137199610918

_agj 1 0.0000000000003721716297316° i, o

| &
Table 5.12: Example 4 Case (I11)Y lut\ \)‘r
VZ"'“ 3

X n=>5 & n=9

0.9 | 4.898859096158503 E-13 \4&.@8859096158503 E-13

0.7 | 6.111777750561487 E-14 9111777750561487 E-14

0.5 | 1.016686734800487 E-13 7 1.016686734800487 E-13

0.3 | 5.106678968580525 E-14 5.106678968580525 E-14

0.1 | 5.924968360989519 E-1 5.924968360989519 E-15

0.0 | 0.000000000000000 E+0 0.000000000000000 E+00

-0.1 5.933221850027565 E-15
-0.3 95 ](1%67022 E-14 | 5.473399511402022 E-14
-0.5 4377&97358660 E-13 | 1.464522947358660 E-13
-0.7 )30798837 E-14 | 9.481304630298837 E-14

0.9 l.98716()4?§é_ %25’13’0’1’ 98 R00436200952 E-13 | 1.987160436200952 E-13
N i

O the absolute errors between exact and approximation solutions.

Table 5.12

Case (III) : The solution is bounded at points x = —1 (after reduction order):

The exact solution of Eq. (5.19) is:

SO ey :
1=~ 1—2(8#4134;-4-41) (5.28)
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The approximation solution of Eq. (5.19) has a form

, 1
f5(1) = 90

141

L

S

Y a

=

1

v/

1+1¢

Vo(t) +

Vi(t) (5.29)

where Vi(t) is Chebyshev polynomials of the third kind. The unknown coefficients are

Jfound:

Table 5

ag

a)
an
as

ay

as

_~(lOOOOOOOOOOOOO47989612378746780—
0.000000000000047978011939178823
—0.000000000000047980296874245238
—0.159154943091847411729133909830
0.15915494309184741172913390983
0.0000000000000479498896614 3832

1)
4

.13: Example 4 Case (III): Absolute Error of Eq. !5 1

n—>

0.9

2.096101070492296 E-13

0.7

6.327924295668197 E-14

0.5

2.775557561562891 E-15

03

3.747002708109903 E-14

0.1

8.798517470154366E-14

: 3317007708 109903 E-14

l4<

0.0

9.585601317401377 E-14

;‘s 798517470154366E-14

-
Q1S Eg

9.585601317401377 E-14

-0.1

8.813783036742961 E-14

8.813783036742961 E-14

0.3

3.774758283725532 E-1

-0.5

5551 115123125783

-0.7

3.774758283725532 E-14

5.551115123125783 E-17

-0.9

Z%“

MMWSS E-14

6.283688847030788 E-14

2 ()%271516341

6.28368884703078%

2.098321516541546E-13

*0@2%1‘&4154613 13

Table 5

]wee;sAx

<S'J.-

bsolute errors

Case IV)Qolutlon is bounded at the point x = 1:

The exact solution of Eq. (5.16) is

B
f(t)= “;’"

— P .
lJr,3(81 “+ 8t
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veen exact and (I])])I()Ulnafl()ll solutions.

(5.30)




The approximation solution of Eq. (5.9) has a form:

/2 1*[323 12 1—23 8 3

The unknown coefficients are found:

Os(t) = (5.31)

[ap] [ —0.00000000000022037460505787461922 Y'

ap —0.00000000000022037460505787461922 (}

a| | —0.00000000000022037460505787461922

ay| | 0.4774648292754654632652488999156

ay 0.477464829275465574287551362431Q6

las| | -0.0000000000003720830445567721

I
Table 5.14: Example 4 Case (IV): Abgplute rrc" \d‘ \Y'
AN
X n—:>5 n—17 b \T: 9

0.9 | 1.979805208662810 E-13 1.97980520866220 BN 208662810 E-13
0.7 | 9.459100169806334 E-14 | 9.4591001 @0SWA34E ) 4en 20M00169806334 E-14
0.5 | 1.465216836749050 E-13 | 1.465216 377 1095216836749050 E-13
0.3 | 5.475307707225596 E-14 | 5.4751 AM75307707225596 E-14
0.1 | 5.927129989070912 E-15 | 5. 2'5.927129989070912 E-15
0.0 | 0.000000000000000 E+00 | 0-3wglwogy 0.000000000000000 E+00
0.1 | 5.918009138294877 E-1 ?()OS’BS@ S7ZE=15 | 5.918009138294877 E-15
0.3 | 5.108066747361306 E-1 0 @L3OVE-14 | 5.108066747361306 E-14
0.5 | 1.016547956922409 QIOsQr056928#9 E-13 | 1.016547956922409 E-13
0.7 | 6.08957329006898 ORRAUFT 32908984 E-14 | 6.089573290068984 E-14
0.9 | 4.887756865912 3] 4.887756865912252 E-13

4. 9 20863912252 E-13
)

v \,: 4
The absolute err An'm)n exact ana’t@r{)_\'unalmn solutions are given by Table 5.14.

Case (IV)

\

The exact solution of Eq. (5.19) is:

=5

1
T

olution is bounded at the point x = | (after reduction order):

1
(e Ly
141

— 412 — 4¢)
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The approximation solution of Eq. (5.19) has a form

[0 T =
5(1) = ap=1/ —Wo(t) + =1/ — Y a;W;
f5(t) = ao— R l+r1.§:1aw(r)

(5:33)

where W;(t) is Chebyshev polynomials of the fourth kind. The unknown coefficients are

found:

ap]  [-0.00000000000004796535691419559 ] \Y'

aj —0.00000000000004794285909200319 C—)

a| | -0.00000000000004796535691419559 &

az| | 0.159154943091847411729133909830 Y-

as 0.1591549430918473839735582942

las| | -0.0000000000000479653569141

I
Table 5.15: Example 4 Case (IV): Absolute Error of Eq, (5. (a?eM&on@rder)
AN
x n=>5 =il b = 9
0.9 | 2.098321516541546 E-13 F0983% 16541546 E-13
0.7 | 6.301556498833350 E-14 6.30T856498833350 E-14
0.5 | 0.000000000000000 E+00 0@3000000000000 E+00
0.3 | 3.752553823233029 E-14 (CN752553823233029 E-14
0.1 | 8.795741912592803E-14 3 8.795741912592803E-14
0.0 | 9.598250272923368 E-14 272 8 9.598250272923368 E-14
0.1 | 8.779088567223425 E-1 '6732!4@14 8.779088567223425 E-14
-0.3 | 3.763656053479281 E-1 16363005 A2928PE- 14 | 3.763656053479281 E-14
0.5 | 3.330669073875470 338 73878470 E-16 | 3.330669073875470 E-16
0.7 | 6.3509961178986 S30§961 L ZUBOSS E-14 | 6.350996117898688 E-14
0.9 | 2.087219286295€0a013 || #2.997219645295294E-13 | 2.087219286295294E-13
O

Table 5.15 refers

&

(5.19) (after re Nn order).

S

o/

o absolute ermr.s‘.@(rcen exact and approximation solutions of Eq.

3
S

Example 5 Consider the singular integral equation SSIES:

19w

| oS

b =AY g

109

ze (=151

(5.34)




Case (I): The solution is unbounded at both end-points x = +1:

The exact solution of Eq. (5.34) is:

S

o(t) = %ﬁ(&l‘- Iople i) (5.35)

The approximation solution of Eq. (5.34) has a form

: =5 = IJ' 5 5 A%
P5(1) = aoZy ) (1) () (5.36)

g Za,Zl..
aVT—110  gy/1—110 & (L.0)

Use MATLAB code, the unknown coefficients are found: V

—(I()— I 0
: l

aj

0
a| 0
a3 0.795774715459476709995,@949988 ]3 | _\"}
ay 0 ’ \IY.

‘o-

as 0.79577471545947670999&6.68 M .,
N )
X

S
Table 5.16: Example 5 4g5 I):ﬂ SoOIgc r;%g
q ({?—
X = 3) ~ n—9

0.9 | 1.110223024625157 E-16 il;ﬁ@le 1.110223024625157 E-16

0.7 | 1.942890293094024 E-16 %%TE-I() 1.942890293094024 E-16

0.5 | 1.734723475976807 1BATY759BVO7 E-18 | 1.734723475976807 E-18
03 | 4.06575814682004 201 0642 E-18 | 4.065758146820642 E-18

0.1 | 2.5419260223754¢ 20 375454 E-20 2.541926022375454 E-20

0.0 | 0.00000000000pEE+@l| QA o@( 00000000 E+00 | 0.0000000000000000 E+00
0.1 | 3.79758619 0 E-20 Tf7%‘§§6192230950E-20 3.797586192230950 E-20

0.3 | 1.029992 M 220 E-18 | 1.DR9992063861229 E-18 | 1.029992063861229 E-18

-0.5 | 6.93889: 07228 E-18 6.938893903907228 E-18 6.938893903907228 E-18

3125783 E-17 SSIESTDS1DSTR3IE-17 5551151281957 88 E 1§

=) RIS S =
-0.9 ().(%)()()()000()0() E+00 | 0.0000000000000000 E+00 | 0.0000000000000000 E+00

Eq. (5.34) can be reduced to the Eg. (5.16)

110



Case (I): The solution is unbounded at both end-points x = +1 (after reduction or-
der):

Eq. (5.20) and Eq. (5.21) represent the exact and approximation solutions respectively.

Tuble 5.9 refers to the absolute error:

Case (II): The solution is bounded at both end-points x = +1:

The exact solution of Eq. (5.34) is: YV'
’ 5 4 10 15 S ,
O(x) = =x"v1—x10(8x"> — \d 5:37)
i

T
The approximation solution of Eq. (5.34) has a form >\
S
54 b i

0s(¢) = agt* \/1*‘110252_0)(’) i

The unknown coefficients are found: \:’

| \é",%;
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Table 5.17: Example 5 Case (II): Absolute Error

-0.9 | 0.000000000000000 E+00

Case (ITI): The solution @nd’
The exact .\'0/1{/1’011(}@ .34)’1’.\'0)

e

—_

i n—> n="7 ="

0.9 | 0.000000000000000 E+00 | 0.000000000000000 E+00 | 0.000000000000000 E+00
07 4 5:551115123125783 B-17 11 5:5511 15123125783 BE-17 .| 5:551115123125783 E-17
0.5 | 1.734723475976807 E-19 | 1.734723475976807 E-19 | 1.734723475 7E-19
0.3 | 3.984442083884229 E-18 | 3.984442983884229 E-18 | 3.98444083%4229 E-18
0.1 | 2.541595150130433E-20 | 2.541595150130433E-20 2.541% 130433E-20
0.0 | 0.000000000000000 E+00 | 0.000000000000000 E+00 | 0.0 0000000 E+00

0.1 3.797834346414716 E-20 | 3.797834346414716 E-20 72%?;46414716 E-20
-0.3 | 1.138412281109780 E-18 | 1.138412281109780 E-18 412281109780 E-18
-0.5 | 3.989863994746656 E-17 | 3.989863994746656 E-1 89?63994746656 E-17
-0.7 | 5.551115123125783 E-17 | 5.551115123125783 B

a&er reduction order):
$
»a

dd 91‘0x'%1i0n solutions respectively.

4
.
5 1 + [ b} g ~
Q\ B(1) = —1*4 | T—5(8% 8110 — 4110 4 4r%) (5.39)
The apprggimdon solution of Eq. (5.34) has a form
o (1415 [ e
¢5(1) = apt? — 20 ) (1) +1* — X}(Iizf3.i)(,) (5.40)




The unknown coefficients are found:

ao

ay

F~{l00000000000049554309547592779264—
aj 0.000000000000495743027294239142540
—0.00000000000081234714538149777328
—0.79577471545898048610467867547413
0.79577471545898015303777128792717

_()OOOOOOOOOOOOSI161772380260358544_

Table 5.18: Example 5 Case (II1): Absolute Error Vz

The absolute errors between e&&
Case (ITI): The solutioz&ﬂndfj

Eq. (5.28) and

Table 5.13 x/mn@solutc error.

Case (IV): The solution is bounded at the point x = 1:

The exact solution of Eq. (5.34) is

o) =~

3)
T

Eq  USl) represent the

t4\/l—r5(8
V1413

X (=5 n— e
0.9 | 4.408695630786497 E-13 | 4.408695630786497 9695930786497 E-13
0.7 | 5.803690861228006 E-14 | 5.803690861228006 §80329¥56 1338006 E-14
0.5 | 5.619463228079269 E-14 | 5.6194632280792 6 @doB238079269 E-14
0.3 | 7.981652448349474 E-15 | 7.98165244834 § o 60F8349474 E-15
0.1 | 9.909698929102953 E-17 | 9.9096989294029%8 Eg] ™. 929102953 E-17
0.0 | 0.0000000000000000 E+00 | 0.000000Q0 0.0aQ0H00000000000 E+00
0.1 | 9.915430380849271 E-17 9.91543‘%53'92 LE4O | JoA5430380849271 E-17
0.3 | 8.076953819310950 E-15 931 )57 4881076953819310950 E-15
05 | 6.607388247648060 E-14 QP 6.607388247648060 E-14
0.7 | 2.473021787352536 E-13 %" | 2.473021787352536 E-13
0.9 | 3.763656053479281 E-14 14 | 3.763656053479281 E-14

Y-

1318

[2()+8f15 74,1()*4,5)

at ot A — 1 (after reduction order):
v)-' ~

>
a\‘@-r and approximation solutions respectively.

(5.41)




The approximation solution of Eq. (5.34) has a form

| e A0 | 2
4 3 4
(()5 (1‘) = —dapl " _l 7 284.())(1) — [ —-——1 7 _EO(I’Z(54.1')(I) (5.42)

The unknown coefficients are found:

ap| [ —0.000000000000495795756565002577 Y
aj —0.0000000000004959890972244685351 C\
ay| _ | ~0.0000000000008119956169097415126| 4

as 0.79577471545898037508237621295848
as 0.79577471545898059712698113798979
as | —0.000000000000812180169357413382°

Table 5.19: Example 5 Case (IV): AbsolutErrgr \d, NS
N

50 n=>5 = 11?—.9

2
0.9 | 3.796962744218035 E-14 | 3.796962744213N¢B E- \33%9@@#4218035 E-14
0.7 | 2.474687121889474 E-13 | 2.4746871 4E™3 [).47467121889474 E-13
0.5 | 6.608949498776440 E-14 | 6.60894 440 E-Tf 6.G08D49498776440 E-14

0.3 | 8.077224869854072 E-15 | 8.0772@48698540RER5 ) $877224869854072 E-15
a_oapﬂsg ¥-17 £9.918344620865357 E-17

0.1 | 9.918344620865357 E-17 9.91%~
0.0 | 0.00000000000000 E+00 | 0-AQI00008QOY E+0§4 0.00000000000000 E+00

0.1 | 9.912612590092610 E-17 12 900@2}1(1@»7 9.912612590092610 E-17

-0.3 | 7.982709545467648 E-1 ,4'@?15 7.982709545467648 E-15

0.5 | 5.620157117469660 7469600 E-14 | 5.620157117469660 E-14

-0.7 | 5.79258863098175 5S4 E-14 | 5.792588630981754 E-14

-0.9 | 4385380947269 530 3 | 438> §b9c§2€9368E-13 4.385380947269368 E-13

&

The absolute errogg gtween exact and @'{).\‘imation solutions are given by Table 5.19

Case (I$tion is bounded at point x = I(after reduction order):

Eq. (5.32) did Eq. (5.33) represent the exact and approximation solutions respectively.

Table 5.15 shows the absolute error.
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5.4 Conclusion

In this chapter, the proposed methods are built upon in Chapter 3 and 4. It was shown that
the unknown function can be written with bases of Extended Chebyshev polynomials. The
special logarithmic singular integral equations of order k (LogSIEk) and special singular
integral equations (SSIEk) are formulated in a system of linear equations wi Known
coefficients. The proposed method has been tested for many values of.‘\ interval
(—1.1), with some values lying close to the end points. All results show. e values of
the approximation solution is good. The absolute errors between exact‘a%pproximation
solutions with compared results are given in tabulated form. The res resented shows

a very good convergence of the values use Extended Chebyshev pw)mials (ECRBs)-

1 l‘omooeneous cases
and the rmance of the

proposed method. All exact solutions are always know 0 exgmplgs pvegsperformed

Section 5.2 reports on two examples of the homogeneo

for the first and second kinds LogSIEKk to study the accura

with n =35, 10. We restrict the presentation to the simpI®y case} : resertively. Also,
we reduced example (1) and (2) to the reduction OKTSfO‘N . (5 3s‘?a’11d (5.7)), then
we found the exact and approximations solu'%w sol'qte orsﬁ presented with
n = 15,10 (before and after reduction 01'dersw O

A,

Section 5.3 considers three exum% tuﬁy;ge Rll@ and the performance of
q
19, Of

the proposed method. The exact so a ajhple always known. Example
(??) was performed withn =5, w d i:’ [OUgC ses@ase (I) - Case (IV)) and make
io'n:s)lso, we applied the same exam-

comparison test between lhcm% exaf. sol i$
ple and compared the numer"gllc'l Cults bbi{ d w@"those by various methods to make
0S¢

comparison between the sCd Mg nd tgynethods presented in Dezhbord et al.

\
(2016) and Eshkuvatov NQO Ok | @)
C—) 3 9
&
Examples (4) wg rmes{\wilh n=>5,7and 9. We solved four cases

(Case (I) - Casm) and made com T(s.on tests between them and the exact solutions.
Wed it to the reduclihl order form (Eq. (5.16)), then we found the exact

1 solutions in four cases (Case (I) - Case (IV)); absolute errors were
presented 1 = 5,7 and 9 (before and after reduction orders). All experiments have
been con ed using MATLAB

Moreover, we

and approxa

ks
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