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APPENDICES

Appendix A:

Below is the program used for the output of Figure 3.3 a main program extr from
differential ODE routines of the compendium of partial differential eqltt C
2 by Schiesser & Griffith (2009) and then modified to suit our reques]is

We labeled it as Listing 3.0.1 Vz

% Clear previous files
clear all \d‘
cle | (;X.
: <
2

% Parameters shared with the ODE routine Yv \

global ncall ndss V ‘\ g
% Initial condition \) CS"

n=31; \T

for i=1:n E ) ﬁ>’

hapter

u0(i)=sin((pi/2.0)*(i-1)/ (n-1));

: L
end \ \A‘Q
0/ %

S

/0

% Independent variable for Integrati

{0=0.0; ool uilils
t=5.0; N <
& ,? f é"
2 .9
%

tout=linspace(t0, tf,n}
nout=n; /
(,)(/) ’ : ‘é
% ODE intcwl the nonstiff i@%'rator ode45, requires
S,

ncall=0;
% ca 4,000 0 calls to pde_T*m, pde_2.m, pde_3.m;

0/

% thus, the of odel5s below)

mf=3;
reltdig1.0J%04; abstol=1.0e-04;

opti(ms=0dcsct('RclTol‘,reltol,‘AbsTol',abstol),‘

if(mf==1) % explicit FDs
[t,u]=odel5s(@pde_1,tout,ul,options); end

if(mf==2) ndss=4; % ndss = 2, 4, 6, 8 or 10 required
[t,u]=odel5s(@pde_2,tout,ul,options); end

if(mf==3) ndss=44; % ndss = 42, 44, 46, 48 or 50 required

.y
&
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[t,u]=odel5s(@pde_3,tout,ul,options); end
% Store numerical and analytical solutions, errors atx =1/2

n2=(n-1)/2.0+1;

sine=sin(pi/2.0*0.5); Y'

for i=1:nout \
u_plot(i)=u(i,n2); %
u_anal(i)=exp(-pi*2/4.0*t(i))*sine; &
err_plot(i)=u_plot(i)-u_anal(i);

end T

% Y
% Display selected output ? '

fprintf("\n mf = %2d abstol = %8.1e reltol = %8, 1c§

mf,abstol, reltol); \d‘
fprintf(\n t  u(0.5,t) u_anal(0.51) err u®11'); I (;X'
for i=1:5:nout A
fprintf('%6.3f%15.6f%15.6£%15.7f\n’,... g %3

t(i),u_plot(i),u_anal(i),err_plot(i)); R g {\v
end ‘ : %V § &
fprintf("\n ncall = %4d\n',ncall); \ O

o/

% ‘ \T A
% Plot numerical solution and erro = éi\
figure(1); N
subplot(1,2,1) N &

plot(t,u_plot); axis tight Y
title('u(0.5,1) vs t); xlabel(‘% el('y 0.5)1'_»' S
subplot(1,2,2) s

plot(t,err_plot); axis ti \
title("Err u(0.5,t) vs t' 3 xIMel('
print -deps -r300 pg if

@
% Plot numeric ionfi :pe@ctive
figure(2);

colormap('res

C=ones(n

g=ling @,n); % For distance x
h1 myaieall(t,g,u',C);
axis('treee');

)

grid off

xlabel('t, time'

ylabel('x, distance')

zlabel('u(x,t)")

s1 = sprintf('Diffusion Equation - MOL Solution');
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sTmp = sprintf('u(x,0) = sin(\\ pi x/2)");

s2 = sprintf('Initial condition: %s', sTmp);

title([{s1}, {s2}], 'fontsize', 12);

v =[0.8616 -0.5076 0.0000 -0.1770
0.3712 0.6301 0.6820 -0.8417

03462 05876 -0.7313 85590 \z
0 0 0 1.0000]; 3")

view(v);
rotate3d on;

Three cases were programmed corresponding to mf=1, tg which ODE routines,
brag

routines for use in the MOL solution of PDEs. W d beloy th

pde 1, pde 2 and pde 3 are called. The variable ndss to of differential

S s&'y are 42,
5

44, 48 or 50) they are quoted from the same referefl 1161111?1 boge.

%3
\,Y. - ;Y'

“7(7) WI;ilrcz dss042.m “
<<

function [uxx]=dss042(x],xu,n,u,ux 1% -KO
u“ \&

tion of a

ncﬁﬁfal derivative
S
BN

% xu Ru’ht @pcndent variable (input)
% n t spatlc gﬂ'd %ﬂmts including the end
% p( 1put

—dlmcnslonal array of the dependent variable to be
ifTerentiated (input)

6 ux One-dimensional array of the first derivative of u.

% The end values of ux, ux(1) and ux(n), are used in
% Neumann boundary conditions at x = xl and x = xu,
% depending on the arguments nl and nu (see the de-

o scription of nl and nu below)



approximations for a Secondkr ativ

6 boundaries of a spatial don{y
features

127

uxx  One-dimensional array of the second derivative of u
(output)

nl  Integer index for the type of boundary condition at

x = x| (input). The allowable values are c\:

1 - Dirichlet boundary condition at x = xI

a8
(ux(1) is not used)
3

2 - Neumann boundary condition at x = x1
(ux(1) is used) z

1 - Dirichlet boundary condition a
(ux(n) is not used)

(1) Only interior céwun*\r\ints

fictitious poir us N
1 O

¢
2) The nort daivijvc h"e Ifopindary is included as part
of the a ma?' J
'
)

e ddond derivative
3) Appegdimations for the@{mdary conditions are not used.

N

he dquistion is by Professor Gilbert A. Stengle, Department of
atngQ

(
(

dember 7, 1985.

m tics, Lehigh University, Bethlehem, pa 18015, and was done
0

For an approximation at the left boundary, involving the points
i,1+1, i1+2 and i+3, consider the following Taylor series expan-
sions



ux(i)(dx) uxx(i)( dx)**2 uxxx(i)( dx)**3
u(i+1) =u(i) + -+ + +...
1 2 6

ux(i)(2dx) uxx( )(2dx)**2 uxxx(1)(2dx)
u(i+2) = u(i) + ---------- g
1 2 6
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g
O
Y.

If we now form the following linear combination, mvNT con-

stants a, b, c and d to be determined, and use thegprd

Taylor series,

a*u(i) + b*ux(i) + c*u(i+1) + d*u(i+2)
N
J |9
we have
\ el gt

a*u(i) + b*ux(i) + c*u(i+1) + d*u(i+2 o\

(a+b+c+d)u(i)+ \;
a‘o T x:*

(b + dx*c + 2*dx*d)*ux(i o C}

(c*(dx**2)/2 + d*(( **N

ul ‘e

(c*(dx**3)/6 + d*(( % /6)* x }1 ORx+4)
&

The third deriv at1 uN x( ‘can d1® ed by taking

\ 1 O
c = -8*d % ¥ 4 C‘)
Q Y
The secong % ativié, ), ca'hoc retained by taking
1

N

\3-

W wn combined with the preceding result gives
-1/(2*(dx**2))

c =4/(dx**2)

J‘

The first derivative, ux(i), can be dropped by taking

ng two
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% b+ dx*c+ 2*dx*d =0
o Or

% b= -dx*c - 2*dx*d = -4/ dx - 2*dx*(-1/ (2%(dx**2))) = -3/ dx \?

6 Finally, u(i), can be dropped by taking

% a=-c-d=8%d-d=-7*d =-7/(2*(dx**2)) q

% If we now solve for the derivative of interest, uxx i),Yv

% uxx(i) =-7/2(dx**2))*u(i) - 3/ dx*ux(i) \d

+8/(dx**2)*u(i+1)-1/(2*(dx**2))u(ﬁé~o(dx 2. | _\c}

+ 8572 + 16%x*dx + 8*dx**2
% _ 742 - 12%¢*dX) / (24(dx**2)) = 2
%

% uxx(i) = (1/(2%(dx**2)))*(-(x + 2¢dx)**3 + 8*(x + dx)**3
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%

% _7H(x*3) - 6¥dx*(3*x**2))

%

% = (1/(2%(dx**2)))¥(- x**3 - 6*dx*x**2 - 12%x*dx**

% Y’
% - 8¥AX**3 + 8*x**3 + 24*dx*XM*2 + 24*x*dx**2 + 8*dx**3 C\:

% s

% - 73 - 18*dx*x*2)

% Y-

% = (1/(2*(dx**2)))*(12*x*dx**2) = 6*x

% Y

% The preceding approximation for uxx(i) can be a 'ez at Ele

% left boundary value of x by takingi=1. Ana 1Matioh at
% the right boundary is obtained by taking dx = - d e&dg

% the subscripts in the preceding approximatio ithi§n | (,}v
% . Y-'\
% uxx(i) N

% z e il o

% = (1/ @A) uG2) + 8*u<i-1:%~1ti> £
%

% +O(dx**2) \

% &, S
% To obtain approximations ol%co & depivati hich do not
k

% involve the first derivative,k ‘I meaﬁ?ombination

%

% a*u(i)+b*u(i+1)+c(4¥: d* ﬁ S
% o
% we have ‘&\ 0
%

% a*u(i)+b*u(i@\)&* 2 g,‘u(eg =
% 7( ,@

%
% (dx*léx*c+4*dx*d)* N+

Q.

%

% v%Z) /2 + cH(2*dx)**2) /2 + d*((3*dx)**2)/ 2)*uxx(i) +
%

%Qx*’@) /6 + c*((2*dx)**3) /6 + d¥((3*dx)**3)/ 6)*uxx(i) +
%

%  O(dx**4)

%

% The third derivative, uxxx(i), can be dropped by taking
%
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% b+8*%c+27*d=0

%

% The second derivative, uxx(i), can be retained by taking
%

% (dx**2)*(b/2+ 2*c+ (9/2)*d) =1 Yv
% \

% The first derivative can be dropped by taking %

% &

% b+2*%+3*d=0

%

% Solution of the preceding equations for c and d by limtion of

% b gives %

%

o 6% +24*d =0 \d
% I .

%  d*c+18*d = -2/(dx**2) é | _{.,\T
% P N3

% Then, eliminating ¢, gives VY" \ S"

%

% (18- 16)d = -2/(dx™2) \(—) 6

[©)
(o]

% or

%

% d=-1/(dx**2)

%

% c=(24/6)/(dx**2) 4
%

% uxx(i) = (1/dx*2)*(2*u(i) - 5*u(i+1) + 4*u(i+2) - 1*u(i+3))

+ O(dx**2)



&

% Which is the four-point, second-order approximation for the second
% derivative, uxx(i), without the first derivative, ux(i).

%

% 1, u(i) = x, u(i) = x**2 and u(i) = x**3

%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%o
%
%

% Four checks of this approximation can easily be made for u(i) = Y’

O
uxx(i) = (1/dx*2)*(2*x - 5%(x + dx) + 4*(x + 2*dx)
O

-1¥(x + 3*dx)) =0 Y.
)

wxx(i) = (1/ dX*2)%(25%2 - 5¥(x + dx)**2 + 4*ace¥D

uxx(i) = (1/dx*2)*(2-5+4-1)=0

S 1¥(x + 3¥dx)2) = 2

uxx(i) = (1/ dx2)*(2*x*3 - 5%(x + dx)**$ {
S 14(x + 3*dx)™3) C—}' 3
S <

- 15%AX**2 - S*dx3 +‘ea + H1+q xﬁ%&-
AN

+ 48*x*dx**2 + 30%d \x** -9 X%\
\ J S

— (1/dx**2)* X X**

¢
The preceding app xivréti N o’@(i) can be applied at the
left boundar %ﬁ Ofgx Eﬂl in@ﬁ= 1. An approximation at
the right b %(y is obWRIrd taking dx = -dx and reversing
the subs

in the precedin&mpproximation, withi=n

N
uxx%l / dx*2)%(2*u(i) - 5*u(i-1) + 4*u(i-2) - 1*u(i-3))

(dx**2)

% Grid spacing

%

dx=(xu-x1)/ (n-1);

% uxx at the left boundary, without ux
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(
(3)-
) *u( 4))/(dx"2);

% uxx at the left boundary, including ux : Co\

elseif nl==2

/(2 *dxA2)...

1.)*u )
+(-6.)*ux(1) /(2.*dx); Y'
end ’ ,
; | | \d

%‘ uxx _a—t the right boundary, without ux Ay
if nu==1 | _{—,
uxx(n)=((2.)*u(n )... 2

+(-5.)*u(n-1)... R : T
+(4.)*u(n-2)...

+(-1.)*u(n-3))/ (dx"2); C? v\ é

%

% uxx at the right boundary, mcl ux /;k

é o T S

elseif nu==2
uxx(n)=((-7.)*u(n
+(8.)*u(n-

1)
+(-1)*u(n-2))/ @2 (
+(6.)* ux(n)/(Z*ci% :bj‘$
end
% S O
% uxx at the interger [
for i=2:n-1 @ ] \io' -

uxx(i)=(u( (1)} D) X
end 4 '
S

function [uxx]=dssO44(xl,xu,n,u,ux,nl,nu)
%
9% Function dss044 computes a fourth-order approximation of a
9% second-order derivative, with or without the normal derivative



%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%
%o
%o
%
%
%
%
%
%
%
%
%
%
%

%
%
%
%
%

% of CHE and Math, Lehigh University, Bethlehem, PA 18015, USA, on

at the boundary.

Argument list

xl  Left value of the spatial independent variable (input) \Y’

xu  Right value of the spatial independent variable mpﬁh

n  Number of spatial grid points, including the end

points (input) V

u  One-dimensional array of the dependent gle to be
differentiated (input)

ux One-dimensional array of the first d
The end values of ux, ux(1) and ux(
Neumann boundary conditions a
depending on the arguments nl an

scription of nl and nu below) c

uxx One-dimensional array Ems

(output)
0
nl  Integer index for th of bo ition at

x = xI (input). ThLVabl va sa{%
oua

1 - Dirichlet b ar ﬁé}( =xl
(ux(1) is sed \
L) &

N
2-Ne Nb up ylomgilionatx=x1
(u L?Y%se o *
<&'mdcx T the type of boundary condition at

T e
\A (input). The ak@(fable values are

- Dirichlet boundary condition at x = xu

% QE (ux(n) is not used)

2 - Neumann boundary condition at x = xu
(ux(n) is used)

The following derivation was completed by W. E. Schiesser, Depts

134
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9% December 15, 1986. Additional details are given in function
% dss042.

%

% *x;‘wu‘\x;‘u’u’uw‘n’nsr"a'w'w‘a'u'w'txna'sxxx:Ra'\xwxz'w'w"nxn:'wuww%k%a‘»kxkkwkaknxz‘sikna‘snxkv‘w‘w\

% T
% (1) uxx at the interior points 3, 4,..., n-2 \

0/

/0 ,

% To develop a set of fourth-order correct differentiation forﬂ*

9% for the second derivative uxx, we consider first the interi

% grid points at which a symmetric formula can be usec)V

%

% If we consider a formula of the form ' i

o |

/0

% a*u(i-2) + brui-1) + e*u(i) + cu(i+l) + d*u(if \\4f
@

%

% Taylor series expansions of u(i-2), u(i-1),

9 can be substituted into this formula. Weﬁ"
d

% linear albegraic equations relating a, b, ¢

9 retain certain terms, i.e., uxx, and dr N L0 PXXX
% uxxxx and uxxxxx.
%

% Thus, for grid points 3, 4,..., - (0

2
% L .
%  To retain uxx \ , ¥

% 4*at+b+c+t 4*d% ?
% 4 '3
%  To drop uxxx ot

% 16*mad ¢ +16*d =0 &Y 3)
% N e

% '%J UXXXXX

B

o NGFa-b+c+32d=0 (4)
%

% Equations (1) to (4) can be solved for a, b, ¢ and d. If equa-
% tion (1) is added to equation (2)
0/

% 4+ 2tc+12xd =2 )
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‘;Z If equation (1) is subtracted from equation (3)

‘2 12*a + 12*d = -2 (6)

‘Z If equation (1) is added to equation (4) %\Y’
"//: -28%a + 2*c + 36*d =2 (7) _ A

%

% Equations (5) to (7) can be solved for a, c and d. If equgtio
% (5) is subtracted from equation (7), and the result c 1¥ed
% with equation (6)

%
% 12*a +12*d = -2
%
% 24*a+24*d =0
%

% Equations (6) and (8) can be solved for a gd h
% =d. From equation (6),a=-1/12a

% equation (9), ¢ = 4/3, and from ec&m
%

% The final differentiation forrﬁhel%
% o Y
% (-1/12)*u(i-2) + (4/3)*u(& ¥
%

N D (/ERN) , 7

% $

% (-1/12+4/3-1{¢¢1/3®~uxx
e N\ O
f) or (') 1 ¢ 2 S

o O

% uxx(i) = @de}* Wl u®+ 16*u(i-1)
% 4 %

% A)*u(i) +16Mu(iRy T*u(i+2)  (9)

% %+ O(dx**4)

% that the ux term drops out, i.e., the basic equation is
%

% D*al- bt +28d =

%

% 2%(-1/12) - (4/3) + (4/3) + 2*(-1/12) =0

%

3R
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Equation (9) was obtained by dropping all terms in the underlying
Taylor series up to and including the fifth derivative, uxxxxx.

Thus, equation (9) is exact for polynomials up to and including

fifth order. This can be checked by substituting the functions

1, x, x**2, x**3, x**4 and x**5 in equation (9) and computing the Y’
corresponding derivatives for comparison with the known s
derivatives. This is done for 1 merely by summing the we&%
coefficients in equation (9), which should sum to zero, 1.e,

-1+16-30+16-1=0. Y.

and the computed derivatives can be comparc®ggith gheqgf numeri-

cal second derivatives. This is not a proof offggrrectngss \Y'
equation (9), but would likely detect any s1n eqyati (‘)).1(:’

*******************************‘k**************?**** N ****Y,

(2) uxx at the interior points i = )1 O‘ﬂ

For grid point 2, we consider %\ulaﬁbtjr -
(] A &
a*u(i-1) + f*u(i) + b*u(i+1 (i+ iwﬁ e*u(i+4)
\é 3

Taylor series expansiem oNu(i-1) fu

,_
—¢
117
c
TR
+
w2
"
o
]
Q.

u(i+4) when substituted jgito this \ﬂzgwe linear algebraic

equations relatinK\c, d ke =
&

%» 4¥c + 9*d + 16%e = 2 (11)
% 3

rop UXxx
-a+ b+ 8%+ 275 + 64*e = 0 (12)

To drop uxxxx
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% a+ b+ 16% + 81*d + 256*e =0 (13)
%

%  To drop uxxxxx

%

%  -a+b+32% +243*d + 1024*e =0 (14) Yv
% \

% EBEquations (11), (12), (13) and (14) can be solved for a, b, ¢, !%

% dand e. If equation (10) is added to equation (11)

%

% 2b+hfedl2rd¥2e=2 (15) z

% NV

% 1f equation (10) is subtracted from equation (12) Y’

% n

% 6% +24*d + 60*e =0 (16) \d
% * X

% 1f equation (10) is added to equation (13) é J | _\"}
%
rLd

9  2%b+ 18% + 84*d + 260% = 0 Y‘(w N

%

% If equation (10) is subtracted frorwe\%lon 6

%

9  30% + 240*d + 1020%e = 0 C'J ng &k
% o c}
I{g)

% Equations (15), (16), (17) a ca s qu&@' b, c, d
% and e. S

L C :z ? |

% 6*c+ 24*d + 60%e= s 2 TQ’

% St v

% If equation (15) i@mt@ eq\ 1on (17)

% \ 3 | )

A L ey %*e =/-2 R (19)
v

%

9 equation (16) is subtracted from equation (19),

Qy

(0]

SO as

%  30%+ 10265 T (18)
. >
% Equ lﬁgs 6), (18) and (19j\an be solved for ¢, d and e. If
(o tW@
4 +

a2

120% = -2 (20)

% If five times equation (16) is subtracted from equation (18),
%

% . 1208 A 72 0e= (21)

%
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Equations (20) and (21) can be solved for d and e. From (21),

e = (-1/6)*d. Substitution in equation (20) gives d =-1/2.

thus, e =1/12. From equation (16), ¢ =7/6. From equation

(15), b=-1/3. From equation (10), a =5/6.

The final differentiation formula is then obtained as c\z

(5/6)*u(i-1) + (-1/3)*u(i+1) + (7/6)*u(i+2) + (-1/2)"u(i+3)

+ (1/12)*u(i+4) = (5/6 - 1/3 + 7/6 - 1/2 + 1/12)*u(i) \3.
£ uxx(dx*2) + O(dx*6) Y’
I

o I\d "

wxx(i) = (1/125dx*2)*(10%u(i-1) - 15*ui) - @a) J | &
(22)

+ 14*u(i+2) - 6*u(i+3) + 1*u(i+4))

Equation (22) will be applied at i{@l

wxx(2) = (1/12%dx**2)*(10*u(1)
+ 14%u(d) - 6*u(5) + 1*u@;
uxx(n-1)=(1/12*dx**¢$ u(n) 15 PR um-2)
+ 147u(n-3) - gS
(3) uxx at &nnc}a ’0'2;1 s & n

Finally&grld point 1, an @proximation with a Neumann bound-

ary c tion of the form
El) + b*u(i+2) + c*u(i+3) + d*u(i+4) + e*ux(i) + f*u(i)

i1l be used. the corresponding algebraic equations are

To drop ux

Ak 28 B capidingd wWia =) (25)



%

%  To retain uxx

%

% a+4*b+ 9% +16*d =2 (26)
%
%  To drop uxxx

| &
(ﬁ a + 8%b + 27*c + 64*d = 0 (27) %
Y,
I

%
%  To drop uxxxx

%
%  a+16% +81% +256*d =0 (28) ?
%

%  To drop uxxxxx \d
I &

%
% a + 32%b + 243%c + 1024*d = 0 @ p

% ]
% Equations (25) to (29) can be solved fg a, Z e Wi o
% Equation (26) is subtracted from w ns (27),%0) a@29),

%

%  4*b + 18% + 48*d = -2 (')nh\) §
% e

—=

%
% 12*b + 72*c + 240*d = -2 \

’ SR
% 28*b +234% + 1008 ’_' (NG 2)
%

£
% Equations (30), (3& (32) ca sobé’ forb,cand d
%

% 18 +96%d N ) . 1 i)
. ﬂ) / ?; )
% 108% + - 12
e s

% Equat@) and (34) can b&\b’olved forcandd,c=8/9,d =

% -1/8:

~
4

%
% Fr quation (30), b = -3. From equation (26), a = 8. From
% ion (25), e = -25/6.

%

% The final differentiation formula is then obtained as

%

% 8*u(i+1) - 3*u(i+2) + (8/9)*u(i+3) - (1/8)*u(i+4)

%
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- (25/6)*ux(i)*dx
=(8-3+(8/9) - (1/8))*u(i) + uxx*(dx**2) + O(dx**6)

or

uxx(i) = (1/12*dx**2)*((-415/6)*u(i) + 96*u(i+1) - 36*u(i+2)r
(35)

+(32/3)*u(i+3) - (3/2)*u(i+4) - 50*ux(i)*dx) + O(dx**4) Y.

Equation (35) will be applied ati=1andi=n Yv

uxx(1) = (1/12*dx**2)*((-415/6)*u(1) + 96*u(2) u(3d) '

(36)
+ (32/3)*u(4) - (3/2)*u(5) - 50*ux(1)*dx) + O(XN4) I

(3%
+(32/3)*u(n-3) - (3/2)*u(n-4) + 50*@@
Alternatively, for grid point 1, ho ' q\
boundary condition of the for ; o
a*u(i+1) + b*u(i+2) + c*u(i+g£;* i

(
can be used. The corr%\; ing ?],%(Ji& é&
&
To drop ux ‘\\ i S| Z

a+ 2%+ 3*@ +/5*b 27 “)o (38)
To retain%Q' F

%
a+ é% +16*d + 25*&}—'2 (39)

@ uxxx
b 8*b + 27*c + 64*d + 125*¢ =0 (40)

To drop uxxxx

a +16*b + 81*c + 256*d + 625% = 0 (41)
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To drop uxxxxx

a + 32*b + 243*c + 1024*d + 3125*¢ = 0 42)

Equations (38), (39), (40), (41) amd (42) can be solved for a, q
b, c, d and e. \

S
2%b + 6*c + 12*d + 20%e =2 (43) A

6*b + 24%c + 60*d + 120%e = 0 (44) \/Y.

14%b + 78%c + 252*d + 620%e = 0 (4 Y’ I

30*b + 240%c + 1020*d + 3120%e = 0 l \d‘ Yy

i aé\ | &
Equations (43), (44), (45) and (46) can be s d tor b, [,
4 \S

and e
B
6% + 24*d + 60%e = - (_}37- g ’Sl"

36%c + 168*d + 480*e = -14 \ : \(@T &
e Rl S
150%c + 840*d + 2820%c = e

Equations (47), (48) ar&?@n ; 0
24*d + 120%e = 2 & xdhd

SO's

240*d + 13208 =20 '

From equati (3) a‘!d( TN d =61/

(47),c=-1 % eﬂua_gl (43& =
=77/ X
i

The ifferentiation formula is then obtained as

—

2,e=-5/6. From equation
07/6. From equation (38),

—

% @g u(i+1) + (107/6)*u(i+2) - 13*u(i+3) + (61/12)*u(i+4)

- (5/6)*u(i+5) = (-77/6 + 107/6 - 13 + 61/12 - 5/ 6)*u(i) +
uxx(i)*(dx**2) + O(dx**6)

or

142
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%

% uxx(i) = (1/12*dx**2)*(45*u(i) - 154*u(i+1) + 214*u(i+2)
% (52)

% -156*u(i+3) + 61*u(i+4) - 10*u(i+5)) + O(dx**4)

%
% Equation (52) will be applied ati=1and i=n

% (53)

%  -156*u(d) + 61*u(5) - 10*u(6)) + O(dx**4)
%
% uxx(n) = (1/12*dx**2)*(45*u(n) - 154*u(n-1) + 21 *um
% (54) |

% -156*u(n-3) + 61*u(n-4) - 10*u(n-5)) + O(d
: ‘\d "

% ***********************************************%***** *% ’ :(}
0,
Jo b4 X"

% Grid spacing
dx=(x;-}:<1)/(§-1); 0}3- 1\ «Sr

%
% 1/(12*dx**2) for subsequent use \

112dxs=1./ (12.0%dx"2); & NS
% ? o C}
% uxx at the left boundary
% N ,
%  Without ux (equati SIQS [
ifpl== % :bl‘ 3
uxx(1)=rl2dxs*... \ @

N
S
% uxx(1) = (1/12*dx**2)*(d5*u(1) - 154*u(2) + 214*u(3) A
%3

13
(-415.0/6.0%u(1)...
+96.0%u(2)...
-36.0*u(3)...
+32.0/3.0%u(4)...
-3.0/2.0%u(5)...
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-50.0%ux(1)*dx);
end

uxx at the right boundary

Without ux (equation (54))

if nu==1 %\Y'
uxx(n)=r12dxs*... A
( 45.0%u(n ).. Y.
Y

-154.0*u(n-1)...
+214.0*u(n-2)...

-156.0*u(n-3)...
+61.0%u(n-4)... Y’ |
-10.0*u(n-5)); \d
o
With ux (equation (37)) é I | _{'}
’

elseif nu==2 Y. \
uxx(n)=r12dxs*...
(-415.0/6.0%u(n ).. NV ’Sl"
+96.0*u(n-1)... \C) 6«

-36.0*u(n-2)...

s *u(n- \ >
W 9 NS

: 7 &
+50.0%ux(n )*Ni &/
end Y. , ‘e\A

a=A-1 (equation (24))
uxx(n-1)=r12dxs*...

(2 10.0f1(0 )
-15.0*u(n-1)...
-4.0*u(n-2)...
+14.0*u(n-3)...
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-6.0*u(n-4)...
+1.0*u(n-5));

%

% 1=3,4,..,n-2 (equation (9))
for i=3:n-2
uxx(i)=r12dxs*...

( -1.0%u(i-2)...
+16.0*u(i-1)...
-30.0%u(i )...
+16.0*u(i+1)...
-1.0*u(i+2));

End

% File: dss046.m
%
function [uxx]=dss046(xl,xu,n,u,ux,nl,nu)
% \'
% Function dss046 computes a sixtlx‘ﬂ? app
% second-order derivative, with or wi

% at the boundary.
%

% Argument list

%

% x1 Left value of t% ial in :9‘
%

% xu  Right val

n \w

pomts

ensm z&ra %the dependent variable to be
entlated (mput&}’

Neumann boundary conditions at x = x] and x = xu,
depending on the arguments nl and nu (see the de-
% scription of nl and nu below)
%
% uxx One-dimensional array of the second derivative of u
% (output)

\%)ne -dimensional array of the first derivative of u.
0 he end values of ux, ux(1) and ux(n), are used in
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%
% nl Integer index for the type of boundary condition at

% x = xI (input). The allowable values are

%

% 1 - Dirichlet boundary condition at x = x1 Y’
% (ux(1) is not used) \

% C‘)
% 2 - Neumann boundary condition at x = xI A
% (ux(1) is used) Yw

%

% nu Integer index for the type of boundary condigjorMat

% x = xu (input). The allowable values are '

%

% 1 - Dirichlet boundary condition at x =

% (ux(n) is not used) :
%

% 2 - Neumann boundary conditi

% (ux(n) is used)

%

% The following sixth-order, elght- prox1

% second derivative can be used a he ::gin
% domain. These approximatio et

% a6

% (1) Only interior and bo e
% fictitious points are i

% l

% (2) The normal der w%e t%ﬁlf y is included as part
% of the appro @on f(lr ecorgrlvatlve

%

&
OB Approx1 s reth i)ln‘éiy conditions are not used.

%

% We1ghtm c1e “{0}1 it ference approximations, computed
% by an rrtber , are used in the following approxi-
% matlonﬁle combmatlon.gm-nese coefficients to give the second

% dcrl approx1mat1ons at the boundaries in x, including the first
% d was suggested by Professor Fornberg.

anbcrg, B., Fast Generation of Weights in Finite Difference

%  Formulas, In Recent Developments in Numerical Methods and

%  Software for ODEs/DAEs/PDEs, G. Byrne and W. E. Schiesser (eds),
%  World Scientific, River Edge, NJ, 1992

%

% Grid spacing
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dx=(xu-xl)/(n-1);
rdxs=1.0/dx"2;
%
% uxx at the left boundary
%
%  Without ux

if nl==1 %\
uxx(1)=rdxs*... A
( 5.211111111111110*u(1)... Y.

-22.300000000000000*u(2)...
+43.950000000000000*u(3)...

-50.722222222222200%u(4)... Y’

+41,000000000000000%u(5)... I

~20.100000000000000%u(6)... \d

+5.661111111111110%u(7)... .

-0.700000000000000*u(8)); é NG
% 4 \’Y'

%  With ux VY. N év.

elseif nl==2

mxx(l)=ToxE \C)

(-7.493888888888860*u(1)...
+12.ooooooooooooooo*u£° >\T ,é
_7.499999999999940*1% & / $
+4.44444444444457 e 2y
-1.87499999999996@™.. ¥ $
+0.4799999999999 u6).., s
-0.0555555555% .
-4.9000000008Q0000*

end

% < | o
% uxx at the ri @n%r?f (j)
% Q’ Y

% WithoE% 4 ‘v) 4\

.
4

if nug=

u =rdxs*... \‘"
$§11111111111110*u(n e
22.300000000000000*u(n-1)...
Q'+43.9sooooooooooooo*u(n-2)...
52.722222222222200*u(n-3)...
+41.000000000000000%u(n-4)...
-20.100000000000000*u(n-5)..
+5.661111111111110%u(n-6)...
-0.700000000000000*u(n-7));
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%
%  With ux
elseif nu==2
uxx(n)=rdxs*...
(-7.493888888888860*u(n )...
+12.000000000000000*u(n-1)... \Y'
-7.499999999999940*u(n-2)... C«,
+4.444444444444570%u(n-3)... A
-1.874999999999960*u(n-4)...
+0.479999999999979*u(n-5)... Y.
-0.055555555555568*u(n-6)... \)
+4.900000000000000*ux(n)*dx); Yv
I

end

% \d
‘;A) uxx at the interior grid points . \Y'
% | _{—;
% i=2

s \’Y'

xx(2)=rdxs*...
- X( 0.700000000000000*u(1)... VTU\\ év

)
10.388888888888889*u(2)... C—) &
-2.700000000000000%u( )\ @)
+4.7sooooooooooooo*u(4)(,’ \T &
o S

-3.722222229222990%
+1.800000000000000

-0.50000000000000Q%

+0.0611111111@11 855/ ' [
% L) 4 Dj‘ %Q'
\ 0

% i=3
uxx(3)=rdxs*..&\ ‘Q%
(-0.06111 M M1 O
+1.1888 sty 9
-2.10 000QDOQ, &

: )
+0 % 222£2$u(§.\
%2 0002220022 4@)...

IM000000000000°2B)...

88388388888889*u(7)...

35.011111111111111*u(8));
%
Ik

YN = e
uxx(n-1)=rdxs*...
( 0.700000000000000*u(n)...
-0.388888888888889*u(n-1)...
-2.700000000000000*u(n-2)...



+4.750000000000000*u(n-3)...
3.722222222222220%u(n-4)...
+1.800000000000000*u(n-5)...
-0.500000000000000%u (n-6)...
+0.061111111111111*u(n-7));

%

(-0.061111111111111*u(n )...
+1.188888888888890*u(n-1)...
-2.100000000000000*u(n-2)...
+O.72777777?722773*11(11—3)... Y’
+0.472222222222222*%u(n-4)... '

-0.300000000000000*u(n-5)... \ﬂ_

+0.088888888888889*u(n-6)... | (‘}
-0.011111111111111*u(n-7)); A
% ’ \’Y'

% 1=4,5, .., n=< \
i for4i=fl:n-3 ) VY-U\ év
uxx(i)=rdxs*... \c) 6

( 0.011111111111111*u(i-
-0.150000000000000%u(i >\’T \&k
+1.500000000000000 agmi. & 3% O
-2.777777779797770*\ Bt A‘Q
+1.5oooooooooooo&.@+1)'..“ \ S
-0.1500000000(% i+2)4 S
+0.01111111111711 uQ\@‘bz‘&

- NI
A) 1u—x)i1 (—13-2)=rdxs*... A
<&
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End | M
‘% NS Ao 4

% File: dsso4%
% &
functior =dssO48(xl,xu,ﬁ‘:Li,ux,nl,nu)

%
% E dss048 computes a eighth-order approximation of a

%, S€ ~order derivative, with or without the normal derivative
% b boundary.

%

% Argument list

%

% xI  Left value of the spatial independent variable (input)

%
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% xu  Rightvalue of the spatial independent variable (input)
% .

% n  Number of spatial grid points, including the end

% points (input)

% Yv
% u  One-dimensional array of the dependent variable to bE\

% differentiated (input)

% A
% ux  One-dimensional array of the first derivative of

% The end values of ux, ux(1) and ux(n), are used@

% Neumann boundary conditions at x = x] and x =

% depending on the arguments nl and nu (s tm-

% scription of nl and nu below) % '

% V
% uxx One-dimensional array of the secongderivatife . N
% (output) | _{')
% ¥ X

% nl Integer index for the type of boun¥ary M na Y\"

% x = xl (input). the allowable v, re é

%

% 1 - Dirichlet boundary co%n a<=
% (ux(1) is not used) G) N

% 2 - Neumann boun ondon it x 13-
% (ux(1) is used) , N
% i

nu Integer index %

%
% x = xu (inpu he ali
%

va are
7 1 - Diri b N t

% - Diri oyn Qn natx =xu
% (ux ot fised¥® & (%)

% N

% 2 ﬁ%v anf Iﬁaré\ondition atx =xu

% x(n) is used) WV

F X N

% Th ing eighth-order, ten-point approximations for a
% s erivative can be used at the boundaries of a spatial
%4dom@in. These approximations have the features

%
% (1) Only interior and boundary points are used (i.e., no
% fictitious points are used)

%
% (2) The normal derivative at the boundary is included as part



% of the approximation for the second derivative

%

% (3) Approximations for the boundary conditions are not used.

%

% Weighting coefficients for finite difference approximations, co nw

% by an algorithm of B. Fornberg (1,2), are used in the followi \

% approximations. The combination of these coefficients to %é‘n%tie

% second derivative approximations at the boundaries in x,

% the first derivative, was suggested by Professor Fornber&'

%

% (1) Fornberg, B., Fast Generation of Weights in Fin%erence
1

%  Formulas, In Recent Developments In Nume ethods And

mng

%  Software for ODEs/DAEs/PDEs, G. Byrng ' E S‘chie ser (eds),
%  World Scientific, River Edge, NJ, 1992 \J.
. | &
% (2) Fornberg, B., Calculation of Weights I ite Differdfce
% Formulas, SIAM Review, Vol. 40, No 6856 pt@Ber,
% 1999 :, i
% >0 P .
% Grid spacing \ 6
dx=(xu-xl)/ (n-1);

% uxx at the left boundary \

%
%  Without ux %z , S
if nl==1 \ \0' s &

uxx(1)=rdxs*...
(6.463293 65
S

1329214230295 38 ) !
+83.842857 28?71 T
139 &’5555 5 (%'\.\
+160gh 9999989980+ KS)...
-&oooooooooooo@(@...
Oy, 544444444444444%0(7)...
628571428571430*u(8)...
6.083928571428572*u(9)...
0.603968253968254*u(10));

%rdxs=1.()/dx’\2; %% ﬂ>\21§
¥ Ky

%
%  With ux
elseif nl==2
xx{1)y=rdxsts
(-8.914169501133784*u(1)...
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+16.000000000000000%u(2)...
~14.000000000000000%u(3)...
+12.444444444444444%u(4)...
-8.750000000000000%u(5)...
+4.480000000000000%u(6)...

Ng
-1,5555555088508556 (7 ). %
'
%, 5

+0.326530612244898*u(8)...
-0.031250000000000%u(9)...
5.435714285714286*ux(1)*dx);

end

% T
% uxx at the right boundary |

%
%  Without ux \d, NS

if nu==1 ? (_}
uxxi(n)=rdxs®... J ’Y:\
N

(-0.603968253968254*u(n-9).. Yv
+6.083928571428572*u(n- 8) \'
-27.628571428571430*u (n 7{,)
+74.544444444444444%u(n®
~132.500000000000000*@n.5). Y A
+162.47499999999999 )n>7 ,_3‘5
-139.755555555555 L3, “ &
+83.8428571428571 N A

-32.92142857142 u(n}l)... N
+6.4632936 2*u(n W N

%  With ux \&\ l 4?

Llself nu

UXX =1
(- 2 ooo 0

5555 5%5*&('1'1 6
4800000()0000 o8 (- 5)
\8 750000000000000*u(n-4)...
412 444444444444444%u(n-3)...
o ~14.000000000000000%(n-2)...
+16.000000000000000%u(n-1)...
8.914169501133790*u(n )...
+5.435714285714287*ux(n )*dx);
end

%
% uxx at the interior grid points
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%
%

%
%

%

0

%

i=2

uxx(2)=rdxs*...

i=3

QE +0.078571428571429*u(8)...
%

uxx(4)=rdxg;...
o.oo%z
-0.14Q6 57}
1428

8
2
; 1
0222020 50+]Y)...
41500000000000@'{1(5)
6)

N\ 0.175000000000000%(

(0.603968253968254*u(1)...
+0.423611111111111*u(2)...
5.742857142857143*u(3)...

S
+11.366666666666665*u(4)... &
%3

-12.922222222222221*u(5)...
+10.274999999999999*u(6)...
-5.666666666666665*u(7)...

+2.068253968253968*u(8)... Y-

-0.450000000000000%u(9)... l

+0.044246031746032*u(10)); \d
]

uxx(3)=rdxs*... é J ! "\C}‘r
4 \T

(-0.044246031746032*u(1).

+1.046428571428571*u(2)... z Mol
1.567460317460318*u(3).. g}' ) <
0.433333333333333*u (NG,

+2.075000000000000%*
A TI22200029299 0%

+0.9833333333333 o
-0.3571428571428 15 RN
+0.07718253968 (9(1 e\

-0.007539685% *u(l ) ? S
g P s

—~~

-0.188888888888889*u(7)...

-0.017857142857143%u(9)...
+0.001785714285714*u(10));

i=n-3

uxx(n-3)=rdxs*...

(0.001785714285714*u(n-9)...
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-0.017857142857143*u(n-8)...

+0.078571428571429*u(n-7)...

-0.188888888888889%u(n-6)...
+0.175000000000000%u(n-5)...
+1.150000000000000%u(n-4)...
22.472020222222224*u(n-3)...
+1.385714285714286*u(n-2)...
-0.119642857142857*u(n-1)...
+0.007539682539683*u(n ));

%
% i=n-2
uxx(n-2)=rdxs*...

(0.007539682539683*u(n-9)...
+0.077182539682540%u(n-8)...
-0.357142857142857*u(n-7)...
+0.983333333333333*u(n-6)...
11.772222022222222%u(n-5)...

+2.075000000000001*u(n-4).

-1.567460317460318*u (n

+1.046428571428572* 1)
-0.044246031746032* /
%
%

*unl)

Seae S, o
-0.433333333333335*u(n- 3)(§. ? OQ‘Q\

i=n-1

uxx(n-1)=rdxs*.
(0. 04424603
-0. 450000
2 06825
-5.666
+10.2
—12 2

66
857142
423611111111

O 603968253968254*
4 SR £ n 4

%
001‘1 5n4

uxx(i)=rdxs*..

CC

(10.001785714285714*u(i-4)...
+0.025396825396825*(i-3)...
-0.200000000000000%u(i-2)...
+1.600000000000000%u(i-1)..

3
5
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-2.847222222222221*u(i )...

+1.600000000000000*u(i+1)...
-0.200000000000000*u(i+2)...
+0.025396825396825*u(i+3)...

-0.001785714285714*u(i+4)); i
End C\
% File: dss050.m P_/i
% N
function [uxx]=d55050(xl,xu,n,u,ux,nl,nu) l

%

% Function dss050 computes a tenth-order apprO%mafion -
9% second-order derivative, with or without ormdl de V’\ti(f)\v-
% at the boundary. -
% ’
(o}
% Argument list z

% >N
% xl Left value of the spatial Mgependent

%
% xu Rightvalue of the sg%in‘(‘:lé\ieit

%

q
% n  Number of spatiam owludﬁhe end
% points (input T 7
% %‘ 'S

sio

ar ¢ endent variable to be

% u One-dimen:

% differen%(in}@ ,e

% &

% ux On@n@sloma ?\'y céi‘\e first derivative of u.
S

% Thgmnd#alu ,u(1) and ux(n), are used in
% nn } a r£t10115 at x = xl and x = xu,
% ding o ey ar&rments nl and nu (see the de-
% iption of nl an@ below)

% AN

% One-dimensional array of the second derivative of u
":o) (output)

% nl Integer index for the type of boundary condition at
% x = x| (input). The allowable values are

% ,

% 1 - Dirichlet boundary condition at x = x1

% (ux(1) is not used)
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%

% 2 - Neumann boundary condition at x = xI

% (ux(1) is used)

%

% nu Integer index for the type of boundary condition at q
% x = xu (input). The allowable values are \

% s )
% 1 - Dirichlet boundary condition at x = xu

% (ux(n) is not used) Y"
%
% 2 - Neumann boundary condition at x = Vy

% (ux(n) is used)

% |

% The following tenth-order, twelve-point appiggim iw'a
% second derivative can be used at the bourfgries of p sp iil | 9
% domain. These approximations have t

%
% (1) Only interior and boundary oinz ar
% fictitious points are used) ¢

’ ™
% (2) The normal derivative gt the®oyndar
% of the approximation % seq, ’1
* gu O
% (3) Approximations f& bou cong®tons are not used.
l >

% Weighting coefficights [§r finitg di Aqen\t} pproximations, computed
% by an algorithm of B. BprnRew; .‘azg,used in the following

% approximation W c@lon ghese coefficients to give the
of & imgfi

% second derivadiwapp on?1 he boundaries in x, including

% the first de 'Ne, 38 Fts@) y Professor Fornberg,.
% r% ]V @

% (1) For 7 ,{ é?e erapwn of Weights in Finite Difference

, In RegrifDewglopments In Numerical Methods And

are For ODEs/ s/PDEs, G. Byrne and W. E. Schiesser (eds),
Scientific, River'Edge, NJ, 1992

% w'
% %
% ornberg, B., Calculation of Weights in Finite Difference

9,

Formulas, SIAM Review, Vol. 40, No. 3, Pp 685-691, September,
% 1999
%
% Grid spacing
dx=(xu-x1)/ (n-1);
%



% 1/dx**2 for subsequent use
rdxs=1.0/dx"2;

%

% uxx at the left boundary

%

%  Without ux

if nl c§.
if nl==
uxx(1)=rdxs*... A
( 7.561626984126982*u(1)... Y-

Y

-44.437301587301590*u(2)...
+138.593253968253980*u(3)...

-295.519841269841320%u(4)... Y"

+457.029761904761930*u(5)... |

-521.113333333333460*u(6)... \d
2

+439.394444444444330%u(7).. X
\

-271.261904761904700%u(8)... (NG
+119.413690476190470*u(9)... 2 e
-35.551587301587304*u(10)... Y' M A, QJ
+6.423730158730158"u(1) N3 S
-0.532539682539683*11(]@&—)

%

%  With ux
elseif nl==2
uxx(1)=rdxs?...
(-10.1286227639

+20.0000000g600
-22.4999999%
+26.666668606606
-26.249% 9
+20.1 99

, : ¥16913580246933(10)...
N 02000000000000%*u(11)...

-5.857936507936508*ux(1)*dx);
Qd
%

xx at the right boundary

%  Without ux
if nu==
uxx(n)=rdxs*...
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(-0.532539682539683*u(n-11)...
+6.423730158730161*u(n-10)...
35.551587301587304*u(n-9)...
+119.413690476190480*u(n-8)...
-271.261904761904760*u(n-7)... Y'
+439 394444444444390%u(n-6)... (}
-521.113333333333340*u(n-5)... A
+457.029761904761930*u(n-4)...
-295.519841269841270*u(n-3).. Y"
+138.593253968253980*u(n-2)... N
-44.437301587301590*u(n-1)...
+7.561626984126984*u(n )); Y.'
%

%  With ux \d.

elseif nu== é | "}Y'

uxx(n)=rdxs*... ~
(-0.019999999999999*u(n-10)... ’ \,T

+0.246913580246904*u(n-9). z o 43'
1.406249999999986*u(n-8). W ]
+4.897959183673493*11@@s c.'.) 6’*

-11.666666666666686*
+20.15999999999996
-26.2499999999999

4) 7} Q.
+26.66666666666600QY (n-w RN
-22.49999999999 801 (nf2).. N
+20.0000000%§8*u( DY S
-10.12862276 83l ¢ &
+5.8579§>@365Q )*d

end @ {Q
%o \ ’ l (.)(J
% uxx at th '%or 4id rgsb
% p ) N
% i= <Q ‘' ¥
uA=rdxs*... 0\,"

\0.53253968253968 (=
+1.171150793650794*u(2)...

QE -9.289682539682540*u(3)...

+21.434523809523807*u(4)...
-31.912698412698408*u(5)...
+35.258333333333333*u(6)...
-29.046666666666663*U(7)...
+17.623015873015873*u(8)...
7.654761904761902*u(9)...
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+2.254960317460317*u(10)...
-0.403968253968254*u(11)...
+0.033253968253968*u(12));

%
% i=3
uxx(3)=rdxs*.

+0.931587301587302*u(2)...
11.023611111111112*u(3)...
-1.973809523809523%u(4)...

+4.973809523809524*u(5)...
-5.575555555555556*u(6)... z '

+4.531666666666666*u(7)...
-2.709523809523809*u(8)... \d_

+1.162301587301588*u(9)... | S
-0.338888888888889*u(10)... -
+0.060198412698413*u(11)... 4 % 3

10.004920634920635*u(12)); Y. Mng i, -
&1
0 1uxx(4)=rdxs*... \

( 0.004920634920635*
-0.09230158730158 4

i 4
+1.2563492063 3)..Aj A‘o
£ 10615079365@%* @] S
+0.4619047 2*u(5f... ? S
+1.07666666 6 67udp” ¢ &)
11.028883M8388 8@ \§J
+0.634 ) ég, |
27 34095 240(9).
f6 Ex
26 ﬁ

1150 9RP50994

\
& =rdxs*.
0001150793650794* u(d) s

+0.018730158730159*u(2)...
-0.168253968253968*u(3)...
+1.509523809523809*u(4)...
-2.675793650793650*u(5)...
+1.373333333333333*u(6)...
+0.013333333333334*u(7)...

%

S
( -0.033253968253968*u(1)... A
% 3
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-0.117460317460318*u(8)...
+0.064880952380952*(9)...
-0.020634920634921*u(10)...
+0.003809523809524*u(11)...
-0.000317460317460%u(12));

%

¥
% 1i=n-4 A
uxx(n-4)=rdxs*... Y"
N

(-0.000317460317460*u(n-11)...
+0.003809523809524*u(n-10)...

-0.020634920634921*u(n-9)...
+0.064880952380952*u(n-8)... z '

-0.117460317460317*u(n-7)...
+0.013333333333333*u(n-6)... \d,

+1.373333333333333*u(n-5)... é I (,}V'

-2.675793650793652*u(n-4)... <

+1.509523809523810%u(n-3)... \.' %3
-0.168253968253968*u(n-2).. Y. =
+0.018730158730159*u(n- c—) 3 S
-0.001150793650794*u( n\

%

% i=n-3 N
uxx(n-3)=rdxs*.. % “ ‘§?
(0. 001150793650 11).
79\ \A

-0.01412698412 (nt
+0. 0797619% 55u(rd9)..
-0.27380952380 & T
+0.634 &@2389
E 028%866 88

+1.0 ?666 @?
+0 761P0 14)---
A‘&gg 0 5 9&06&(\? %)

0923015873015%\’1@-1)...
+o 004920634920635*u(n ));
%

0 xx(n-2)=rdxs*.

(-0. 004920634920635*u(n sELE
+0.060198412698413*u(n-10)...
-0.338888888888889*u(n-9)...
+1.162301587301588*u(n-8)...
-2.709523809523809*u(n-7)...




%
%

%o

+4.531666666666666*u(n-6)...
-5.575555555555556*u(n-5)...
+4.973809523809526*u(n-4)...
-1.973809523809526*u(n-3)...
11.023611111111110%u(n-2)...
+0.931587301587302*u(n-1)...

i=n-1
uxx(n-1)=rdxs*...
(0.033253968253968*u(n-11)...
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-0.033253968253968*u(n )); §
% 3

-0.403968253968254*u(n-10)... i '

+2.254960317460318*u(n-9)...
-7.654761904761904*u(n-8)...

+17.623015873015873*u(n-7)... N
-29.046666666666670*u(n-6)... (NG
+35.258333333333340%u(n-5)... ? X

+1.171150793650794*u(n-TN
+0.532539682539683* faamy); >\Y

1 =07

for i=6:n-5 \

uxx(i)=rdxs*... ?
(0.00031746 j
-0.00496 460315™s

+0.039 S

-31.912698412698411*u(n-4)... Y' Ui T
+21.434523809523810*u(n- \, X
-9.289682539682541*u(nag ™

n-

%\-0.004960317460317*u(i+4)...

+0.000317460317460*u(i+5));
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Appendix B:
Below are the list of the subordinate routine called by main program in Listing 3.1-3.9

(Schiesser & Griffith, 2009). They are initial_1, ua, simp and pde_1. Y-
See initial 1 first as Listing 3.10, \

% Function inital 1 sets the initial condition for the CSE ? .
%

globalncall q x xI xu rt2 n V
" of

% q in cubic Schrodinger equation (CSE)
q=1.0; \d
OA) | ] T

% Precompute 2°0.5 | _\C}
rt2=sqrt(2.0); P Y

% Y' N

% Grid spacing \ g
dx=(xu-x1)/(n-1); W

%

% 1C over the spatial grid \Y A
fori=1:n >, é

% )

“

% Uniform grid AQ?'
x(1)=xI+(i-1)*dx; e\
% '
% Initial real, imagina
% of u(x,0) = u0(x) /2"0.5
% - oyerxlis=x <&\
%
% sech(x) \

xXP(-

solute value
(x),i=(-1)"0.5

sch=2.0/(e i¥)+e
% ’
% Real X

V(i) meN0s(0.5*x (1)) *schy &Y

% AN
% %ﬂary part
rt2*sin(0.5*x(1)) tsch:

en
. 0
% Two vectors to one vector
for i=1:n
u0(i) =v(i);
u0(i+n)=w(i);
end
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We can note the following details about initial_1:
1. After the routine is defined and some parameters are declared as global, a
spatial grid is defined for —10 < x <40 (recall that number of g\YWnls n,

m

ain of

and left and right boundary values of x, xI and xu are set inﬁ\

Listing 3.1-3.9 as global parameters) ;

% Function inital 1 sets the initial condition for the CSE
% i

globalncall q x xI xu rt2 n

%
% q in cubic Schrodinger equation (CSE) z
q=1.0;

% \d
% Precompute 2°0.5 4,

rt2=sqrt(2.0); é J ' _\d}
%
% Grid spacing Y- \" i
dx=(xu-x1)/(n-1); V 'S’
% (—) Q\

% IC over the spatial grid \
for i=1:n

% Cny A\T &

% Uniform grid % L] )

x(1)=x1+(@1-1)*dx;

2. Finally real and i%a;y par, ofJ?{ﬁEquation (13.5.8) are computed
a8 C

% Initial real, imagy ar%rts lv(x, ?w(x ¥ absolute value
% of u(x,0) = u0GQ = W"0. *i*e)%th(x),i=(-l)’\0.5

% overxl<=x &=
%
% sech(x) %’ .ééj
sch=2@ 1))+e& V) Y
a

v(i 0s(0.5*x(i))*sch;

“—
S

=r{2*sin(0.5*x(1))*sch;

end

%

% Two vectors to one vector
fori=1l:n

u0(i) =v();
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u0(i+n)=w(i);
end
The analytical solution of equation (13.5.7a) is programmed in ua (see Listing

%
9% Function ua computes the analytical solution to the CSE

3.11) QZ
function uanal=ua(t,x) %

% Y'

% The following exact solution is |u(x,t)|*2 which is comp%d

% with the numerical solution

uanal=2.0*(2.0/(exp(x-t)+exp(-(x-1))))"2; |

routine for calculating the integrals of Equat

rule is given in Listing 3.12:

function uint=simp(xl,xu,n,u)

% \/
% Function simp computes three il\%l
% rule

% ( :
global q o A
%
9% One vector to two vectors\ Aj
fori=1l:n Y- ,
v(iy=u(i); (,) . ?“l ‘3}
w(i)=u(itn);
end &\ @
%
% Three inva"'\ : i C-)O
for int=1:3 % ¥
h=(xu-x@; l ? é_}

if] N
%(1 Fu(1)2+v(1)"2;
és(n)=u(n)/\2+v(n)’\2;
int(1)=uabs(1)-uabs(n);
for i=3:2:n
uabs(i-1)=u(i-1)"2+v(i-1)"2;

uabs(i )=u(i )"2+v(i )"2;
uint(1)=uint(1)+4.0*uabs(i-1)+2.0*uabs(i);
end

uint(1)=h/3.0*uint(1);
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end
%
% 12
if(int==2)
vx=dss004(xl,xu,n,v); i
wx=dss004(x1,xu,n,w); \
int(1)=v(1y*wx(1)-w(1)*vx(1); 5")
int(n)=v(n)*wx(n)-w(n)*vx(n);
uint(2)=int(1)-int(n); Yv

for i=3:2:n
int(i-1)=v(i-1)*wx(i-1)-w(i-1)*vx(-1);
intd =v(i )*wx(@@ )-w(@ )*vx( ); Y'
uint(2)=uint(2)+4.0*int(i-1)+2.0*int(1); l
end
uint(2)=h/3.0*uint(2);
end
%
% 13
if(int==3)

uxabs(1)=vx(1)"2+wx(1)"2;
uxabs(n)=vx(n)"2+wx(n)"2; %(
uint(3)=uxabs(1 )-O.S*q*uabs(N

for i=3:2:n
uxabs(i-1)=vx(i-1)"2+ CPD A\ T §
éi-

uxabs(i) =vx(i )" 2+wk 0

uint(3)=uint(3)+4.0%( - abs T 2)...
+2.0*(uxa%? 5, abXi ) 2%
end :
uint(3)=2.0*h/3.% ) )“J‘?
O

s

end
end \ | = ~
v \W
simp has thrﬁ@ cclre%i}x‘g 164 integrals 11, 12, 13 of equations (13.5.9a)-
O

(13.5.9¢)
&) S
1.Thg csing for 11 is c})v
&

f on umt=simp(x1,xu,n®J
%
Q nction simp computes three integral invariants by Simpson's

ule

global q

%

% One vector to two vectors
for 1i=1:n
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v(i)=u(i);
w(i)=u(i+n);
end

%

% Three invariants

h=(xu-x1)/(n-1);

%
%

end

I1
if(int==1) z
Y,

uabs(1)=u(1)"2+v(1)"2;
uabs(n)=u(n)"2+v(n)"2;
uint(1)=uabs(1)-uabs(n);
for i=3:2:n
uabs(i-1)=u(i-1)"2+v(i-1)"2; \d,

uabs(i )=u( )"2+v(i )"2; '\Y'
uint(1)=uint(1)+4.0*uabs(i-1)+2.0*uabegg | -{')
end

uint(1)=h/3.0*uint(1);

for int=1:3 Y.
' &
l

After defining the function, vector u is

u(x,t) =v(x,t)+io(x,t). the integ
where x]1= -10 and xu= 40 are lnéi
is an implementation of the fm' 1

function ‘u(x,/)?-\ (the m%c b

% n-2 \
Iu(x,l)dx ~ AU, O+ @
2. Similarly, th%\

12
1 i §2
s004(x1,xu,n,v); \")

S

t
dss004(x1l,xu,n,w);
mnt(1)=v(1)*wx(1)-w(1)*vx(1l);
int(n)=v(n)*wx(n)-w(n)*vx(n);
uint(2)=int(1)-int(n);
for i=3:2:n
int(i-1)=v(i-1)*wx(i-1)-w(i-1)*vx(i-1);
int(i )=v( Y*wx@ )-w@d )*vx(@ );
uint(2)=uint(2)+4.0*int(i-1)+2.0*int(i);
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end
uint(2)=h/3.0*uint(2);
end

The only difference is the use of integrand v (x,7)@, (x,1) —.@(x,1)v, (x4 mding to

equation (13.5.9b). the derivatives v, (x,/)and®,(x,f) are compu call to the
differential routine dss004. ‘K

3. Finally the coding for I3 of equation (13.5.9¢) is

% 13 Y~
if(int==3) l
uxabs(1)=vx(1)"2+wx(1)"2;
uxabs(n)=vx(n)"2+wx(n)"2; \d’
uint(3)=uxabs(1)-0.5*q*uabs(1)"2-(uxabs(Q.5*q* uhbs( i); '\Y'
for i=3:2:n .{"
uxabs(i-1)=vx(i-1)"2+wx(i-1)"2; P o b,
uxabs(i) =vx(i )"2+wx(i )"2; T \ ke g
uint(3)=uint(3)+4.0*(uxabs(i—1)@ abs
+2.0*(uxabs(i )-0.5/q 1 )8
end \
uint(3)=2.0*h/3.0*uint(3); % \T &&
d =
en o c}
o u

end

u (x,1)

(9‘ y ' §
The MOL ODE routige, pde’1, cv.),{ (ﬁ@ or odel5 in pde 1 main of Listing
3.1-3.9 s given in L&g .JQ @

\ N

uncti 1P
Qi ))
% FUSI compukes e t ®Rrivative vector of the CSE

The integrand is

) Nncall s med e N
0
% vector to two vectors
or i=1:n
v(i)=u(i);
w(i)=u(i+n);
end

%
% PDEs
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%

% v

% XX

%
vx=zeros(n,1);
v(1)=0.0;

\3
S
<&

nu=1;
vxx=dss044(xl,xu,n,v,vx,nl,nu);
%

% W T

% XX é l
wx=zeros(n,1);

w(1)=0.0; \do '\Y'
w(n)=0.0;

nl=1; é 2 'Y‘_f’
nu=1;

wxx=dss044(xl,xu,n,w,wx,nl,nu); \ {3\"
S 1?

% ODEs at the boundaries
vi(1)=0.0; \
wt(1)=0.0; (,’
vt(n)=0.0; N,
wt(n)=0.0; % 9 u Qc-)
% N ¥ Aoy
% ODE:s at the interior p?-
for i=2:n-1 ‘ : , ? I o,
% 2 s
% VFF2 4 wrE2 ' Sl g
v2w2(i)=v(i)’¥&1 2;0
% \

% vt 4 “l C')o
vi(i)=-vgNi) - V22 (i i);\(_)
%

fv/s
% wt @}"
W xx(1)+q* V2W2(i)*\ V)

0

00 0 vectors to one vector
1=1:n
ut(i) =vt(i);

ut(i+n)=wt(i);
end
ut=ut';
%
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wxx=dss044(x].xu,n,w,wx,nl,nu

Note this few details about the calculation of second derivatives
a.The first derivative arrays, vx and ux, which are input arguments to dss044, are not
actually used in the calculation of uxx and wxx. However, Matlab require% at least

one element of array that is an input to the function has numerica: % This is

accomplished by setting all the elements of v and w to zero through th®&Matlab zero
utility. z
b. also BCs of equation (13.5.1) are not required since —10 <‘§N is equivalent to

— o0 < x <. However, the calculation of v, and @, by refuires BCs (since

this is a general purpose routine that is typically applie thep fin zltial domain
that requires BCs), so the Dirichlet BCs v _(K%-10.70=4 'Ii&; 0 and
o, (x=-10,) =v(x =40,/)=0 are used (and m eﬁ (I)KQ,V)., v(n)=0.0,

i B\ .
w(1)=0.0, w(n)=0.0). Also these Dmchlet%nust be 1 entl@’ before calling
dss044 by nl=1, nu=1 for the lower (x=-/ ary val ofd

AN
<IN

4. Now that the spatial derivat] equﬁtion 5 épave been computed, the
%b

MOL programming of equati 13, g @ed.

%?' FARE
N %
% ODEs at the boun@ @ <
vi(1)=0.0; \ '
wi(1)=0.0; (,’ ’ ,' (3>
vi(n)=0.0; Q’ l)? {J
=0.0;
(V:m(n) Q[ v/ $

% ODEs

for 1=

wI)=v(i)"2+w(1)"2;
%
% vt
vi(i)=-wxx(i)-q*v2w2(i)*w(i);
%

% wt
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wi(1)= vxx(1)+q*v2w2(1)*v(i);

end

%

% Two vectors to one vector
fori=1:n

ut(i) =vt(i);
ut(i+n)=wt(1);

end %\

ut=ut'; A

%

% Increment calls to pde 1 Y.
ncall=ncall+1;

Note that the derivatives in t at the boundaries are set to to r‘:ﬂect the Dirichlet
BCs). Then the real and imaginary parts of u are prografgne fMpte{_g)r points
rcular th p’o&f%lming of

[
nonlinear term is accomplished. Then two dcrivY;g e% nd@' are returned
atidn by O

from pde 1 as a singular vector, ut, for intw S or 15s. The usual

transpose of ut is included as well as the »@ of thb;‘ te@c the calls to pde 1
| A,
Sy

2<i<n-1 according to equation (13.5.1).
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