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The interaction between the inclined and curved cracks is studied. Using the complex variable function method, the formulation in
hypersingular integral equations is obtained. The curved length coordinate method and suitable quadrature rule are used to solve
the integral equations numerically for the unknown function, which are later used to evaluate the stress intensity factor. There are
four cases of the mode stresses; Mode I, Mode II, Mode III, and Mix Mode are presented as the numerical examples.

1. Introduction

For two-dimensional crack, Panasyuk et al. [1], Cotterell and
Rice [2], Shen [3], and Martin [4] used perturbation method
to obtain the elastic stress intensity factor for a variety of crack
positions. Formulation in terms of singular, hypersingular, or
Fredholm integral equations for solving single [5] and multi-
ple cracks problems [6] in various sets of cracks positions was
proposed later. These integral equations are solved numeri-
cally. Numerical solution of the curved crack problem using
polynomial approximation of the dislocation distribution was
achieved by taking the crack opening displacement (COD) as
the unknown and the resultant forces as the right term in the
equations [7].

The curved length coordinate method [8] where the crack
is mapped on a real axis provides an effective way to solve the
integral equations for the curved crack. Boundary element
method, which avoids singularities of the resulting algebraic
system of equation [9], and the dual boundary element
method [10] have also been considered successtully.

In this paper, the interaction between inclined and curved
cracks is formulated into the hypersingular integral equations
using the complex potential method. This approach has been
considered by Guo and Lu [11]. Then, by the curved length

coordinate method, the cracks are mapped into a straight line,
which require less collocation points, and hence give faster
convergence. In order to solve the equations numerically, the
quadrature rules are applied and we obtained a system of
algebraic equations for solving the unknown coefficients. The
obtained unknown coefficients will later be used in calcula-
ting the SIE.

2. Complex Variable Function Method

The complex variable function method is used to formu-
late the hypersingular integral equation for the interaction
between an inclined crack and a curved crack. Let ®(z) =
(/5'(2) and ¥(z) = 1//'(2) be two complex potentials. Then
the stress (o,,0,,0,), the resultant function (X,Y), and the

displacemen}tc (u},’ v) are related to ®(z) and ¥(z) as [12]
0x+0y:4ReCD(z), (1)
o, -0, +2io,, =2[z0' (2) + ¥ (2)], (2)

f=-Y+iX=¢(2)+2¢' (z) +y(z) +c, (3)

2G(u+iv) = K¢ (2) — z¢' (2) + v (2), (4)



where G is shear modulus of elasticity, K = 3 — v for plane
strain, and K = (3 — v)/(1 + v) for plane stress; v is Poisson’s
ratio and z = x + iy. The derivative in a specified direction
(DISD) is defined as

](z)z) Zé) = ;_Z{_Y'f'lX}

=0(2)+D(z) + d—z(z®'(z)+m) ®)
dz

=N +1iT,

where ] denotes the normal and tangential tractions along the

segment z, z + dt. Note that the value of J depends not only
on the position of point z, but also on the direction of the
segment dz/dz [5].

The complex potential in plane elasticity is obtained by
placing two point dislocations with intensities H and —H at
points z = t and z = t + dt, yielding

dt
¢(z) = —H;>

v =-F at dt tdtz.
z (t-2)

-t -z

Making substitutions H and H by —g(t)/2m and —E/ 27 in
(6) and performing integration on the right side of (6) give

_ 1 g(t)dt
b0~ 1 808
1 (t)dt g (H)dt tg (t)dt 7
_ g9 g9 _ g
l//(Z)_Zn “L t—z +L t—-z L (t—z)z]’

where L denotes the crack configuration. Substituting (7) into
(4) and letting z approach t; and t, which are located on
the upper and lower sides of the crack faces, then using the
Plemelj equations, and rewriting £, as ¢, the following result
is obtained [5]:

2Gu)+iv(e) =i(k+1)g®), (tel), (8)

where (u(t) + iv(t)) = (u(t) + iv(t))" — (u(t) + iv(t))” denotes
the crack opening displacement (COD) for both cracks. It is
well known that the COD possesses the following properties:

git)=0 [(t - tBl)l/z] at the crack tip B,
12 )
gt)=0 [(t - th) ] at the crack tip B,.
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FIGURE 1: Inclined and curved cracks in plane elasticity with config-
urations on a real axis s. Cracks with lengths 2a (inclined) and 2b
(curved) are known as crack-1 and crack-2, respectively.

3. Hypersingular Integral Equation

The hypersingular integral equation for an inclined or a
curved crack problem is obtained by placing two point dis-
locations at points z = t and z = t + dt. It is given by [5]

lh.p.J g dt2 + 1
T L(t—t)" 27

L K, (t,ty) g (t)dt

+ ZLJ K, (t,t)) g (t)dt = N (t,) +iT (t,), t, €L,
m L

(10)
where
-1 1 dtydt
K, (t,t,) = +——
() (t-t,)  (1-1,) dtodt
(11)
- t df, 2(t—t,) di, dt
Kz(t>to)=_—}2(ﬂ+%>——_( _Ozﬁﬁ
(t-1,)" \dt dty) (-1,) dtodt

and g(t) is the dislocation distribution along the curved
crack. In (10), the first integral with h.p. denotes the hypersin-
gular integral and it must be interpreted in Hadamart sense
(8].

Now consider the interaction between inclined and
curved cracks problem (see Figure 1). For the crack-1, if the
point dislocation is placed at points z = t;, and z = dt,,
g:(t,) is the dislocation doublet distribution along crack-1,
and the traction is applied on the t,,, then the hypersingular
integral equation for crack-1is

1 gi(t)dt; 1 I
—h.p. —_ K, (t;,t t,)dt
. J-Ll (t1 —tw)z + 2 ), 1( 1 10) 91( 1) 1

1 PR .
+ m JL K, (t1>t10) g1 (tl)dtl =Ny (tl()) +iTy, (tlo) >

(12)
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where Ny, (t,) + iT},(t,,) denotes the traction influence on
crack-1 caused by dislocation doublet distribution, g, (t,), on
crack-1and

-1 1 dt,dt
K (t;,t;) = + — —_—
(ot (t, - t10)2 (t, - t10)2 dtyp dt,
-1 dt, dt
K, (£, b)) = —— (2 | @ho
2( 1 10) (El _Elo)z <dt1 + dtl()) (13)

_2(f1—f10)@d_?1
(t, - 1,,) 9t dty

The influence from the dislocation doublet distribution on
crack-2 gives

1 j g (t)dt, 1 J
- . et K, (¢t t,) dt
L, (t, -1, 27, 1 (B2 t10) 9, (1) dt

1 — .
+ . J K, (ty:t10) g2 (£,)dty = Ny, (£19) + Ty, (t10) »
T L,

(14)
where N, (t,y) + iT},(t,,) denotes the traction influence on

crack-1 caused by dislocation doublet distribution, g,(t,), on
crack-2 and

-1 1 dt,, dt
K, (tyty9) = PR — =2,
(ta—t)” (5 —1ty) dty dt,
-1 dt, dt
K, (tyty) = m <# + f) (15)
2~ 1Ly 2 10

_z(tz_tlo)@d_zz
(5, - 1,) 9t dty

Note that since t, — t,, # 0, all three integrals in (14) are
regular and note that g,(¢,) and g,(t,) satisfy (9). By super-
position of the dislocation doublet distribution, g, (¢,), along
crack-1 (12) and the dislocation doublet distribution, g,(t,),
along crack-2 (14), we obtained the following hypersingular
integral equation for crack-1 which is as follows:

1 9 (t1)df1 1 J
h.p. JIAVU 7L K, (£t £V dt
T P JLI (tl _tlo)z 2 L 1( 1 10) gl( 1) 1
+ —1 J K 1 J D (tz) dtz
i, t t)dt, + — EER T aiets
2 I, 2 (tiotig) g1 (t)dty L6 tlo)z
1 K; (tz, tlo) 9 (tz) + K, (tz, tw) 9> (tz) dt,
2 [Jr,

= N, (ty) + 1T} (t1) »
(16)

where N (f19) +iTy(tyg) = Ny (t1o) + Nip(tyo) + (T (fy0) +
iT},(ty0)) is the traction applied at point t,, of crack-1, which

is derived from the boundary condition. The first three
integrals in (16) represent the effect on crack-1 caused by
the dislocation on crack-1 itself, whereas the second three
integrals represent the effect of the dislocations on crack-2.

Similarly, the hypersingular integral equation for crack-2
is

1 h J I (tz) dt,
— 'p‘ —_—
L,

: J
+— | Ki(tyty)g,(t,)dt
T (tz—tzo)z 2T L, 1\*2> %20 2\*2 2

1 — 1 ( g,(t)dt
+ = J K, (ty,ty) g, (t,)dt, + — J e
L, i,

o (t - t)’
+ % [L (Kl (tita) 91 (1) + K5 (tl,tzo)M) dt1]
=N, (ty) + T, (ty)

17)

where N, (ty) + iT,(t50) = Ny () + Ny (tsg) + (T, (£5g) +
iT,,(ty)) is the traction applied at point t,, of crack-2 and

-1 1 dt,, dt
K; (tz’tzo) = PR — Zd_zod_z’
(t, —1t9)"  (E; —ty) H20 Gls
-1 dt, dt
K, (tyty) = ﬁ <d_t2 + f)
t, —ty 2 20

_2(t2—t20)@d_22
(t, — 1,,)" At dty

K, (t)ty) = -, —dtzo&,
PP 2 (7 _7 Yty dt
(t—ty)" () —ty) %20 91y

-1 dt, diy,

K, (t)tyy) = ——— [ =2 + =2

(i) Gﬁgy<¢fﬂm

2(t — ty) dityy diy
(f, — Fy)” a0 Aty
(18)

In (17), the first three integrals represent the effect on crack-
2 caused by the dislocation on crack-2 itself, and the second
three integrals represent the effect of the dislocation on crack-
1. Equations (16) and (17) are to be solved for g, (¢,) and g, (t,).

Mapping the two cracks configurations on a real axis s
with intervals 2a and 2b, respectively, the mapping functions
t,(s;) and t,(s,) are expressed as

91 (t1)|t1=t1(sl) = \/“2 - siH, (s1), (19)

92 (t2)|t2:t2(52) =\’ - s5H, (s,), (20)
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FIGURE 2: (a) An inclined crack in upper position of a curved crack (ModeI). (b) An inclined crack in upper position of a curved crack (Mode
1I). (¢) An inclined crack in upper position of a curved crack (Mode III). (d) An inclined crack is located below the curved crack (Mix Mode).
(e) An inclined crack is located on the right position of the curved crack (Mix Mode).

where H,(s;) = H,,(s,) + iH,(s;) and H,(s,) = H,,(s,) +  where G(s) is a given regular function, M € Z,
iH,,(s,). In solving the integral equations, we used the fol-
lowing integration rules [13] for the hypersingular and regular

integrals, respectively; 5; = sj = acos (M 3 ) . =123, M+1,
1 2 Va? - s2G(s) al 23
P J_ (_—2ds = 2 Wi (%) G(s;) 2 M S )
S - @) W) =g 2 e DV U ().
(Iso] < @),
1 (@ M+l where
—J Va? - s2G(s)ds = ! (az—S«z)G(s‘ ,
T —a M + 2 j:1 ] ] (22)
. jr . [ (n+1)jm
V! =sin ( > sin . (24)
(|So|<“)> ] M+2 M+2
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FIGURE 3: Nondimensional SIF for the interaction between an inclined and a curved crack subject to normal loading (Mode I) (see

Figure 2(a)).

Here U, (t) is a Chebyshev polynomial of the second kind,

defined by
U, ) = sin(W—l)e), t = cos0. (25)
no
H,(s) and H,(s) can be evaluated using
Az s
H = U i ) >
1(5) nzocln n<a> |SO| <a
(26)

M
H2 (5) = ZCZnUn (£> > |50| < b’
n=0

b

where

Cin

Gn

M+1
2

M+2 -4 IanHl (s1),
=

(27)
2 M+1 N
Z ViH, (s2)

T M2 4
j=1

and H, (s;) and H, (s,) are defined from (19) and (20), respec-
tively.
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FIGURE 4: Nondimensional SIF for the interaction between an inclined and a curved crack subject to shear loading (Mode II) (see Figure 2(b)).

4. Stress Intensity Factor

The stress intensity factor (SIF) for the two cracks can be

calculated, respectively, as follows:

Ky, = (K, —iKz)Aj = @thﬂg \/‘t—fAj 9 (@),
i

j=12,

Ky, = (K; - iKz)B]. = \/ﬁtl_i)rp |t— t3j|9; (),
Bj

i=1,2,

(28)

where g{(t) and gé(t) are obtained by solving (19) and (20),

simultaneously.

In order to show that the suggested method can be used

for solving more complicated curved cracks problems, several
numerical examples are presented. For verification purposes,
we observe that if the two cracks are far apart, we have [t,—t;,|
and |t; —t,,| approach infinity. These lead to the second three
integrals vanish in (16) and (17). Then (16) and (17) become an
equation for an inclined and a curved crack, respectively. For
the curved crack with the length 2b, we compare the result
with the exact solution with the remote traction 6}° = 07" =

1, given by Cotterell and Rice [2]:

y

3 (ﬂb)l/2 cos (6/2)
L=

_ (7b)'*sin (8/2)

1+ sin®(8/2) 27 1+sin®(8/2) )

where & is the tangent angle at the direction of crack tip.
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FIGURE 5: Nondimensional SIF for the interaction between an inclined and a curved crack subject to tearing loading (Mode III) (see

Figure 2(c)).

TaBLE 1: The SIF for single curved crack: a comparison between
exact and numerical results.

0 Kia, Kia, (exact) Kia, Ka, (exact)
15 0.9980 0.9989 0.0174 0.0174
30 0.9956 0.9967 0.0466 0.0465
45 0.9913 0.9927 0.0694 0.0693
60 0.9826 0.9871 0.0928 0.0924
75 0.9714 0.9748 0.1117 0.1145
90 0.9611 0.9713 0.1382 0.1369

The numerical results are tabulated in Table 1. It can be
seen that maximum error is less than 1.0%.

4.1. Example 1: Mode I. Consider an inclined crack in upper
position of a curved crack (Figure 2(a)); the traction applied
is 0;0 = p, and the calculated results for SIF at the crack tips
Ay, A,, By, and B, are, respectively, expressed as

KiAj:FiAj<g’e>p1\/7T_, i,j=1,2,
(30)
Kig, = Fy (g,s) Vb, i j=1,2.

Figure 3(a) shows the nondimensional SIF for an inclined
crack when 8 is changing for § = 45°. It can be seen that as 8
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FIGURE 6: Nondimensional SIF at the crack tips when 0 is changing subject to mix loading (see Figure 2(d)).

varies within the range 0° < § < 90", the values of F 4 , F,  ,
Fi,,>and F,, are varied significantly due to shielding effect.
Whereas Figure 3(b) shows the nondimensional SIF for a
curved crack when § is changing for 6 = 45°, the values of
Fip,» Fop > Fip,, and F,p are varied significantly for the consi-
dered domain.

The effect of the distance between both cracks, a/b, is also
studied by taking 0 = 45° and the results are shown in Figures
3(c) and 3(d) for § = 90° and & = 45°, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.2. Example 2: Mode II. Consider the problem in
Figure 2(b); the traction applied is o> = p, and the

calculated results for SIF at the crack tips A, A,, B;, and B,
are, respectively, expressed as

a

Kix, = Fia, (E’6> p,Vma, ij=1.2,

(3D
KiBj :FiBj (g,@)pzﬁ, i)j: 1,2
Figures 4(a) and 4(b) show the nondimensional SIF for an
inclined crack when 6 is changing for § = 45" and the nondi-
mensional SIF for a curved crack when § is changing for
0 = 45°, respectively. It can be seen that as 6 and & vary
within the range 0" < § < 90°, the values of Fy 4 , F,4 , Fy 4,
Fy,» Fip» Fop > Fip,> and Fyp are varied significantly for the
considered domain.
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FIGURE 7: Nondimensional SIF at the crack tips when 0 is changing subject to mix loading (see Figure 2(e)).

The effect of the distance between both cracks, a/b, is also
studied by taking 6 = 45" and the results are shown in Figures
4(c) and 4(d) for § = 90" and § = 45°, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.3. Example 3: Mode III. Consider the problem in
Figure 2(c); the traction applied is afj; = ¢q and the
calculated results for SIF at the crack tips A, A,, B;, and B,

are, respectively, expressed as

(32)

KiBj = FiBj (g,S)q\/%, i,j=1,2.

Figures 5(a) and 5(b) show the nondimensional SIF for an
inclined crack when 6 is changing for § = 45° and the nondi-
mensional SIF for a curved crack when & is changing for
0 = 45°, respectively. It can be seen that as 6 and & vary
within the range 0° < § < 90°, the values of Fy 4 , Fo4 , Fi 4,
Fyu,» Fip» Fop > Fip , and Fyp are varied significantly for the
considered domain.

The effect of the distance between both cracks, a/b, is also
studied by taking 6 = 45° and the results are shown in Figures
5(c) and 5(d) for § = 90° and § = 45°, respectively. As the two
cracks are close together, the nondimensional SIF at the crack
tip becomes higher.

4.4. Example 4: Mix Mode. Consider that the inclined
crack is located at the lower position of the curved crack
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(Figure 2(d)). The traction applied is a‘y’o = 0,° = pand the
calculated results for SIF at the crack tips A, A,, B;, and B,
are, respectively, expressed as

KiAj =FiAj<£>6)p\/7T_, i,j= 1,2,
a
(33)
Kip, = Fip, (2,9)})%, iLj=12.

Figures 6(a) and 6(b) show the interaction of both cracks
by evaluating the nondimensional SIF at the crack tips A,
and A, when ¢/a = 1.5,2.0,2.5 for F; and F,, respectively,
whereas Figures 6(c) and 6(d) show the interaction of both
cracks by evaluating the nondimensional SIF at the crack tips
B, and B, when c¢/a = 1.5,2.0, 2.5 for F, and F,, respectively.
From these results, we see that F; and F, at the crack tip A,
are higher than A ;.

4.5. Example 5. Consider that the inclined crack is located
at the right position of the curved crack (Figure 2(e)). The
traction applied is 07 = 0}° = p and the calculated results
for SIF at the crack tips A;, A,, B;, and B, are, respectively,
expressed as

C . .
Kis, = Fia, <;,6)p\/n . Lj=1,2,
(34)

1

K‘Bj :EBJ' <£,9>p\/%, i,j=12
a

Figures 7(a) and 7(b) show the interaction of both cracks by
evaluating the nondimensional SIF at the crack tips A; and
A, whenc/a = 1.5,2.0,2.5 for F, and F,, respectively, where-
as Figures 7(c) and 7(d) show the interaction of both cracks
by evaluating the nondimensional SIF at the crack tips B, and
B, when c/a = 1.5,2.0,2.5 for F, and F,, respectively. As the
c/a decreases, the nondimensional SIF becomes higher.

5. Conclusion

In this paper, the different types of loading modes have been
applied to the inclined and curved cracks in plane elasticity.
We obtained different results of nondimensional SIF due to
the different loading modes. We also observed that the SIF
increases as both cracks become closer.
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